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PREFACE. 



The word Geometry imports no more than to measure 
the earthy or to measure the land ; yet, in a larger and 
more proper sense, it is applied to all sorts of dimensions. 
It is generally supposed to have had its rise among the 
Egyptians^ from the river Nile^s destroying and confound- 
ing all their landmarks by its annual inund£ltions, which laid 
them under the necessity of inventing certain methods and 
measures to enable them to distinguish and adjust the limits 
of their respective grounds when the waters were with- 
drawn. And this opinion is not entirely to be- rejected, 
when we consider that Moses is said to have acquired 
this art when he resided at the Egyptian court. And 
Achilles Tatius, in the beginning of his introduction to 
Aratus^s PhcBnomenc^ informs us that the Egyptians were 
the first who measured the heavens and the earth, and 
of course the earth first ; and thai their science in this 
matter was engraven on columns, and by that means de- 
livered to posterity. 

It is a matter of some wonder, that though Surveying 
appears to have been the first, or at least one of the first, 
of the mathematical sciences, the rest have met with 
much greater improvements from the pens of the most 
eminenr mathematicians, while this seems to have been 
neglected ; insomuch that I have not been able to meet 
with one author who has suffidently explained the whole 
art in its theory and practice. For the most part, it^ has 
been treated of in a practical manner only ; and the few 
who have undertaken the theory have in a great mea- 
sure omitted the practice. 

These considerations induced me to attempt a method- 
ical, easy, and clear course of Surveying : how far I have 
succeeded in it must be determined by the impartial ^ 
reader. The steps I have taken to render the whole |#/ 
evident and familiar are as follow : — ^"^^ 
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VI PREFACE. 

In section the first (Part the First) you have Decimal 
Fractions. The second section contains Involution and 
Evolution. The thiid section contains the nature and 
power of'^jOgarithms, with their application, and the 
method of computing them. 

The fourth section contains geometrical definitions, 
theorems, and problems, with the description and use 
of the sector, Gunter's scale, and other mathematical 
drawing instruments used by surveyors. 

The fifth section contains Plane Trigonometry, right- 
angled and oblique, with a variety of rules and practical 
examples. 

The first section (Part the Second) gives an account 
of the chains and measures used in Great Britain and 
Ireland^ methods of surveying and of taking inaccessible 
distances by the chain only, with some necessary prob- 
lems ; also a particular description of the several instru- 
ments used in surveying, with their respective uses. 

The second section contains the mensuration of heights 
and distances, with a great variety of problems and prac- 
tical examples. 

The third section contains the mensuration of areas, 
or the various methods of calculating the superficial con- 
tents of any field ; also several new rule.s and problems, 
with practical examples, and various methods of finding 
the areas of maps from their geometrical construction; 
two of which, more concise than the rest, were first pub- 
lished in this work. Also, it contains four new and much 
more concise methods of determining the areas of sur- 
veys from the field-notes, or by calculation, than any 
hitherto published ; to these is added the method of cal- 
culating the area of a survey, by having the meridian 
pass through the east or west point of ^ the survey, with 
the method of discovering these points from the field- 
notes, and the method of correcting the errors by the 
pen, when the survey does not close: also another new 
method for calculating the area, by having a parallel of 
latitude pass through the north or south point of the 
survey. The whole geonietrically considered and de- 
monstrated.* 

* The remaining part of the Author* s Trtfcuot I have altered according 
to the arrangement and improvement of this new edition, — Editob. 
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PREFACE. VU 

The fourth section contains the nature of offsets, and 
the method of casting them up by the pen. 

The fifth section contains the ftidthod of finding the 
areas by intersections. 

The sixth section shows how to enlarge or diminish a 
map, or to reduce a map from one scale to another ; also 
the manner of uniting separate maps of lands which join 
each other into one map of any assigned size. 

The seventh section contains the method of dividing 
land, or of taking off dr enclosing any given quantity. 

Section the eighth treats of surveying harbours, shoals, 
sands,. &c. 

Section the ninth treats of levelling, adapted to the 
surveying of roads and hilly ground, with promiscuous 
questions. 

§ection the first (Part the Third) contains the astro- 
nomical methods of finding the latitude, variation of the 
compass, &c., with a description of the instruments used 
in these operations. 

Section' the second contains a description of the instru- 
ments requisite in astronomical observations. 

Section the third shows how to find the variation of 
the compass ; witfi a description of the azimuth compass, 
and its use. 

In this edition is introduced a new set of accurate 
Mathematical Tables. 

Truth calls upon me to acknowledge, that the methods 
of calculation herein set forth got their rise from those 
of the late Thomas Burgh, Esq,* who first discovered a 
universal method for determining the areas of right-lined 
"figures, and for which he obtained a reward of twenty 
thousand pounds sterling from the Irish Parliament. I 
hope, therefore, it cannot be construed as an intention in 
me to take from his great merit when I say, that the 
methods herein contained are much more concise and 
ready than his. 

* This method, with very little alteration and improvement, in this 
country, is usually called the Pennsylvania Method of Calculation. — Ed. 
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EXPLANATION 

OF THE MATHEMATICAL CHARACTEBB U8ED IN THK WOBK 



+ signifies plus^ or addition. 

minus^ or subtraction, 
multiplication, 
division, 
proportion, 
equality, 
square root, 
cube root, &c. 

difference between two numbers, when it is not 
known which is the greater. 



• 


i( 


X or. 


(( 


m 


fti 


■ • . • 
• • • . 


k( 


— _ 


(t 


V 


(( 


^ 

QQ 





Thus, 



5 + 3,'denote9 that 3 is to be added to 5. 

6 — 2, denotes that 2 is to be taken from 6. 

7 X 3, or 7 . 3, denotes that 7 is to be multiplied by 3. 

8 -T- 4,- denotes that 6 is to be divided by 4. 
2:3 : : 4:6, shows that 2 is to 3 as 4 is to 6. 

6 + 4 = 10, shows that the sum of 6 and 4 is equal to 1(K 

>/ 3, or 3 , denotes the square root of the number 3. 
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v^5, or 5 , denotes the tube root of the number 5. 
7', denotes that the number 7 is to be squared. 
8', denotes that the number 8 is to be cubed. ' 
Et cetera. 
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THE 

THEORY AND PRACTICE 

OF 

SURVEYING. 



The word Surveying, in the mathematics, signifies the art 
of measuring land, and of delineating its boundaries on a map. 

The Surveyor, in the practice of this art, directs his attention, 
at first, to the tracing and measuring of lines ; secondly, lo 
the posUion of these lines in respect to each other, or the angles 
formed by them ; thirdly, to the plan, or representation of the 
field or tract which he surveys ; and fourthly, to the calculation 
of its area, or superficial content. When this art is employed 
in determining the variation of the compass, in observing and 
delineating coasts and harbours, their latitude, longitude, and 
soundings, together with the bearings of their most remark- 
able places from each other, it is usually denominated Maritime 
Surveying. This branch of Surveying, however, demands no 
other qualifications than those which should be thoroughly 
acquired by every land-surveyor who aspires to the character 
of an accomplished and skilful practitioner. Surveying, there- 
fore, requires an intimate acquaintance with the several parts 
of the mathematics which are here inserted, as an introduction 
to this treatise. 



PART I. 

Containing Decimal Fractions^ Involution and Evolution, the 
Nature and Use of Logarithms^ Geometry, and Plane Trigo- 
nometry. 

SECTION I. 

DECIMAL FRACTIONS. 

If we suppose unity or any one thing to be divided into any 
assigned nmnber of equal parts, this number is called the de- 
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12 DECIMAL FRACTIONS 

nominator ; and if we choose to take any number of Bach parts 
less than the whole, this is called the numerator of a fraction. 

The numerator, in the vulgar form, is always written over 
the denominator, and these are separated by a small line thus 
}, or f ; the first of these is called three-fourths, and the latter 
five-eighths, of an inch, yard, &c., or of whatever the whole 
thing originally consisted : the 4 and the 8 are the denominators, 
showing into how many equal parts the unit is divided ; and the 
three and the five are the numerators, showing how many of 
those parts are under consideration. 

Fractions are. expressed in two forms, that is, either vulgarly 
or decimally. 

All fractions whose denominators do not consist of a cipher 
or ciphers, set afler unity, are called vulgar ; and their denomi- 
nators are always written under their numerators. The treat- 
ment of these, however, would be foreign to Our present purpose. 
But fractions whose denominators consist of a^imit prefixed 
to one or more ciphers, are called decimal fractions ; the nume- 
rators of which are written without their denominators, and are 
distinguished from integers by a point prefixed ; thus -^, -j^^, 
^f^^f in the decimal form, are expressed by .2, .42, .172. 

The denominators of such fractions consisting always of a 
unit prefixed to as many ciphers as there are places of figures 
in the numerators, it follows, that any number of ciphers put 
after those numerators, will neither increase nor lessen their 
value : for -j?^, yVs-, and ^^Yir ^® ^ ^^ ^^ same value, and 
will stand in the decimal form thus .3, .30, .300 ; but a cipher 
or ciphers prefixed to those numerators lessen their value in a 
tenfold proportion : for ^7, ^^-^^ and VVW* which in the decimal 
form we denote by .3, .03, and .003, are fractions, of which 
the first is ten times greater than the second ;• and the second, 
ten times greater than the third. 

Hence it appears, that as the value and denomination of any 
figure. Or number of figures, in common arithmetic is enlarged 
and begomes ten, or a hundred, or a thousand times greater, 
by placing one, or two, or three ciphers after it ; so in decimal 
arithmetic, the value of any figure,- or number of figures, de- 
creases and becomes ten, or a hundred, or a thousand times 
less, while the denomination of it increases, and becomes so 
many times greater, by prefixing one, or two, or three ciphers 
to it : and that any number of ciphers before an integer, or 
afler a decimal fraction, has no effect in changing its value. 



DECIMAL FRACTIONS. 13 

SCALE or NOTATION. 

Integers. Decimals. 
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ADDITION OF DECIMALS. 

Write the ntimbers under each other according to the value 
or denomination of their places ; which position wiQ bring all 
the decimal points into a column, or vertical line, by themselves. 
Then, beginning at the right-hand column of figures, add in 
the same manner as in whole numbers, and put the decimal 
point in the sum directly beneath the other points. 

EXANPLES. 

Add 4.7832, 3.2543, 7.8251, 6.03, 2.857, and 3.251 together. 
Place them thus, 

4.7832 

3.2543 

7.8251 

6.03 

2.857 

3.251 



Sura » 28.0006 

Add 6.2, 121.306, .75, 2.7, and .0007 together. 
121.306 
.75 
2.7 
.0007 



Sum » 130.0567 



What is the sum of 6.57, 1.026, .75, 146.5, 8.7, 526., 3.97, 
and .0271 ? 
Answer, 693.543 L x. 
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U DECIMAL FRACTIONS. 

What is the sum of 4.51, 146.071, .507, .0006, 132., 62.71, 
.507, 7.0, and .10712! 
Answer, 354.31272. 

« 

SUBTRACTION OF DECIMALS. 

« Write the figures of the subtrahend beneath those of the 

minuend according to the denomination of their places, as di- 
rected in the rule of addition ; then, beginning at the right-hand, 
subtract as in whole numbers, and place the decimal point in 
the difference exactly under the other two points. 

EXAMPLES. 

From 38.765 take 25.3741 
^ 25.3741 



DiiSerence » 13.3909 



From 2.4 take .8472 
,8472 



Diff. » 1.5528 



From 71.45 take 8.4837248. 
Difference » 62.9662752. 
From 84 take 82.341^. 
DiJar. = 1.6588. 

MULTIPLICATION OF DECIMALS. 

Set the multiplier under the multiplicand without any regard 
to tne situation of the decimal point ; and having multiplied as 
in whole numbers, cut off as many places for decimals in the ^ 
product, counting from the right-hand towards the left, as there 
are in both the multiplicand and multiplier : but if there be not a 
sufficient number of places in the product, the defect may be 
supplied by prefixing ciphers thereto. 

I For the denominator of the product beifig a unit, prefixed 
to as many ciphers as the denominators of the. multiplier and 
multiplicand contain of ciphers, it follows that the places of de- 
cimals in the product will be as many as in the' numbers from 
whence it arose. 



DECIMAL FRACTIONS. 10 

EXAMPLES. 

Multiply 48.765 by .003609. 
.003609 



438885 
292590 
146295 



Product = .175992885 



Multiply .121 
by .14 



484 
121 



Product = .01694 



Multiply 121.6 by 2.76 
2.76 



7296 
8512 
2432 



Product = 335.616 



Multiply .0089789 by 1085. 

Product = 9.7421065. 
Multiply .248723 by .13587. 

Product = .03379399401. 

DIVISION OF DECIMALS. 

Divide as in whole numbers ; observing that the divisor and 
quotient together must contain as many decimal places as there 
are in theoividend. If, therefore, the dividend have just as 
many places of decimals as the divisor has, the quotient will 
be a whole number without any decimal figures. If there be 
more places of decimals in the dividend than there are in the . 
divisor, point off as many figures in the quotient for decimals, 
as the decimal places in the dividend exceed those in the divisor ; 
the want of places in the quotient being supplied by prefixing 
ciphers. But if there be more decimal places in the divisor than 
in the dividend, annex ciphers to the dividend, so that the decimal 
places here may be equal in number to those in the divisor ; 
and then the quotient will be a whole number, without fracticms. 



16 Jj^CB/UL FACTIONS. 

When there is a remainder, B&et the division has been thus 
performed, annex ciphers to this remainder, and continue the 
operation till nothing remains, or till a sufficient number of ^ 
decimals shall be foimd in the quotient. 



Divide .144 by .12. 

.12).144(LS =^ qiiotient 
13 
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Divide 63.72413456922 by 


2718. 




2718)63.72413456922(. 


02344522979 


= quotient 


5436 






9364 




8154 


- 




12101 




10872 






12293 




10872 
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14214 




13590 






6245 




5436 
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8096 




5436 






26609 




24462 
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21472 




19026 






24462 




24462 










DECIMAL FRACTIONS. 17 

There being 11 decimal figures in the diyidend, and none in 
the divisor, 1 1 figures are to be cut off in the quotient ; but as 
the quotient itself consists of but 10 figures, prefix to them a 
cipher to complete that number. 

Divide 1.728 by .012 

.012)1.728(144 = quotient.— 
12 



52 

48 



48 
48 





Because the number of decimal figures in the divisor and 
dividend are alike, the quotient, will be integers. 

Divide 2 by 3.1416 
3.14i6).2.0000,0(0.636618+ = quotient. ^ 

1 8849 6 



115040 
94248 



207920 
18849d 

194240 
188496 

57440 
31416 

260240 
^ 251328 



8912+ 

In this example there are four decimal figures in the divisor, 
and none in the dividend ; therefore, according to the rule, four 
ciphers are annexed to the dividend, which, in this condition, is 
yet less than the divisor. A cipher must then be put in the 
quotient in the place of integers, and other ciphers annexed to 
the' dividend ; and the division being now performed^ the deci- 
mal figures of the quotient are obtained^ 
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Divide 7234.5 by 6.5 Qnotient = 1113. 

Divide 476.520 by .423 = 1126.5+ 

Divide .45695 by 12.5 = .0365+ 

Divide 2.3 by 96 = .02395+ 

Divide 87446071 by .004387 — = 19933000000. 
Divide .624672 by 482 = .001296. 

REDUCTION OF DECIMALS. 

RULE I. 

To reduce a Vulgar Fraction to a Decimal of the same value. 

Having annexed a sufficient number of ciphers, as decimals, 
to the nunierator of the vulgar fractions, divide by the denomi- 
nator ; and the quotient thence arising will be the decimal frac- 
tion required. 

EXAMPLE. 

Reduce } to a decimal fraction. 
4)3.00 

.75=decimal required. 

For J of one acre, mile, yard, or any thing, is equal to J of 
3 acres, miles, yards j &c. ; therefore if 3 be divided by 4, the 
quotient is the answer required. 

Reduce } to a decimal fraction. Answer .4 
Reduce^ 48 

Reduq^/iV .1146789 

Reduce I .7777+ 

Reduce |i. .9130434+ 

Reduce |, |^, }, |, and so on to -g^, to their corresponding 
decimal fractions ; and in this operation the various modes of 
interminate decimals may be easily observed. 

RULE n. 

To reduce Quantities of the same, or of different Denominations^ 
to Decimal Fractions of highex Denominations. — 

If the given quantity consist of one denomination only, write 
it as the numerator of a vulgar fraction ; then consider how 
many of this make one of the higher denomination, men- 
tioned in the question, and write this latter number under the 
former, as the denominator of a vulgar fraction. When this 
has been done, divide the numerator by the denominator, as 
directed in the foregoing rule, and the quotient resulting will-be 
the decimal fraction required. 
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But if the given quantity contain several denominations^ re- 
duce them to the lowest term for the numerator ; reduce likewise 
that quantity whose fraction is sought to the same denomina- 
tion, for . the denominator of a vulgar fraction ; then divide as 
before directed. 

EXAMPLES. 

Reduce 9 inches to the decimal of a foot. 
The foot being equal to 12 inches» the vulgar- fraction will 
be ^*; then 12)9.00 

.75=decimal fraction required* 
Reduce 8 inches to the decimal of a yard. 

8 inches 



1 yard X 3 X 12 = 3B 

36)8.0(.22+ = Answer. 
. 72 



80 
72 

8 
Reduce 5 furlongs 00 perches to the decimal of a mile. 
1 mile 5 furlongs 

8 40 « 



8 fur. 200 

40 == vulgar fraction. 

— 320 



320 per. 



320)200.0(.625 = decimal sought ' 
192 



800 
640 



r 



1600 
1600 

Reduce 21 minutes 54 seconds to the decimal of a degree. 
Aas. .365. 

Reduee .056 of a pole to the decimal of an acre. Ans. .00035. 

Reduce 13 cents to the decimal of an eagle. Ans. .013. 

Reduce 14 minutes to the decimal of a day. Ans. .00972+ 

Redttce 3 hours 46 minutes to the decimal of a week* Ana* 
0224^06+ 



20 DECIMAL FRICTIONS. 



RULE UU 

To find the value of Decimal Fractions in terms of the lower 

denominations. 

Multiply the given decimal by the number of the next longer 
denomination which makes an integer of the present, and point 
off as many places at the right-hand of the product, for a re- 
mainder, as diere are figures in the given decimal. Multiply 
this remainder by the nvmber of the next inferior denominatioii, 
and point off a remainder as before. Proceed in this manner 
through all the parts of the integer, and the several denomina- 
tions standing on the lefV-hand are the value required. 

EXAMPLES. 

Required the value of .3375 of an acre. 

4 = number of roods in an acre. 



1.3500 

40 = number of perches in a rood. 



14.0000 
The value, therefore, is 1 rood 14 perches. 

What is the- value of .6875 of a yard ? 

3 = number of feet in a yard. 

2.0625 

' 12 = number of inches in a foot. 



.7500 

12 = number of lines in an inch. 



9.0000 
The answer here is 2 feet 9 lines. 

What is the value of .084 of a furlong? Ans. 3 per. 1 yd. 
2 ft 11 in. 

What is the value of .683 of a degree ? Ans. 40 m. 58 sec. 
48 thirds. 

What is the value of .0053 of a mile ? Ans. 1 per. 3 yds* 
2 ft. 5 in.+ 

What is the value of .036 of a day ! Ans. 51' J&V' 24' 



\tt9 
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PROPORTION IN DECIMAL FRACTIONS. 

Having reduced all the fractional parts in the given quantities 
to their corresponding decimals, and having stated the three 
known terms, so that the fourth, or required quantity, may be as 
much greater or less than the third as the second term is 
greater or less than the first, then multiply the second and 
third terms together, and divide the product by the first term, 
and the quotient will be the answer '^^^ the same denomination 
with the third term. 



If 3 acres 3 roods of land can be purchased for 93 doEais 
M cents, how much will 16 acres 1 rood cost at that rate T 

3 acs. 3 rds. = 3.75 acres. 
. 15 acs. 1 rd. = 15.25 acres. 
•93, dO cents = $93.60 • 

Then 3.75 : 15.25 ; : 93.60: 

15.25 



46800 
1872 
46800 
9360 



3.75)1427.4000(380.64 = Answer. 
1125 



3024 
3000 



2400 
2250 



1500 
1500 



V a clock gain 14 seconds in 5 days 6 hours, how much 
will it gain in 17 days 15 hours! Ans. 47 seconds. 

If 167 doUars 85 cents gain 12 dollars 33 cents interest in 
a year, at what rate per cent, is this interest! Ans. 6.56+ 
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SECTION b. 

INVOLUTION AND EVOLUTION. 

Involtttion is the method of raising any number, considered 
as thfi root, to any required power. 

Any number, whether given or assumed at pleasure, may 
Jbe called the root or first power of thi3 number ; and its other 
powers are the products that result from multiplymg the number 
by itself, and the l&st product by the same niunber again, and 
so on to any number of multiplications. • 

The index, or exponent, is tho number denoting the height, 
or degree of the power, being always greater by one than the 
number of multiplications employed in producing the power. 
It is usually written above the root, as in the following ex- 
ample, where the method of involution is plainly exhibited. 

Required the fifth power of 8 = the root, or first power, 
first multiply by - - 8 

then multiply the product 64 = 8' = square, or second power. 

by 8 

&c. 512 = 8^ = cube, or third power. 
8 



4096 = 8* = biquadrate, or fourth power. 
8 



32768 = 8» = Answer. 

EXAMPLES FOR EXERCISE. 

What is the second power of 3.05 ? Ans. 9.8025. 
What is the third power of 85.3 ? Ans. 620650.477. 
What is the fourth power of .073 ? Ans. .00002839824L 
What is the eighth power of .09 ? Ans. .00.00.00.0043046721. 

Note. — ^When two or more powers are multiplied together, 
their product is that power whose index is the sum of the in- 
dices of the factors, or powers multiplied. 

Evolution is the method of extracting any required root 
from any given power. 

Any number may be considered as a power of some other 
number; and the required root of any given power is that 
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number which being multiphed into itself a particular number 
of times produces the given power; thus if 81 be the given 
number, or power, its- square or second root is 9 ; because 9 X 
9=9^=81; and 3 is its biquadrate, or fourth root, because 
3 X 3 X 3 X 3=^3* =81.- Again, if 729 be the given power, and 
. its cube root be required, the answer is 9, for 9 X 9 X 9=729 ; 
•nd if the sixth root of that number be required, it is found to 
be 3, for 3 X 3 X 3 X 3 X 3 X 3=729. 

^ The required powear of any giyen number, or root, cam 
always be obtained exjfctly, by multiplying the number continu- 
ally ij\tb itself^ J but there are many numbers from which a 
proposed.root can never be completely extracted ; — yet by ap- 
proximating with decimals, tfiese roots may be found as exact 
as necessity requires. The roots that are found complete are 
denominated rational roots, and those which cannot be found 
completed, or which only approximate, are called surd, or 
irrational roots. 

Roots are usually represented by, these characters or ex- 
ponents : 

\/, or ^ which signifies the square root; thus, i/ 9, or 9^=3. 
r X jL 

y or 3 cube root ; v^64, or 64^ =4. 

%/ or * biquadrate root; y^lB, or 16* =2, &c. 

Likewise 8^ signifies the square root of 8 cubed ; and, in 
general, the fractional indices imply that the given numbers are 
to be raised to such powers as are denoted by their numerators, 
and that such roots are to be extracted from these powers as 
are denoted by their denominators. 

RULE 

For extracting the Square Root, 

Commencing at the unit figure, cut off periods of two figures 
each, till all the figures of the given number are exhausted.* 
The first figure of the required root will be the square root 

* In dividing a decimal, or a number consisting of a whole number 
with a decimal, into periods, the division must also commence at the unit 
figure or decimal point, and must be contijiued both ways, if there be a 
whole number ; and if there be an odd figure at the end of the decimal, a 
cipher, or if it be a periodical decimal, the figure that would next arise, 
from its continuation, must be annexed ; thus 417.245 wiU- be divided 
thus, 4a7/.24^50 : 41.66666, &c. thus, 4r.66'66'66 : and .567 thus, 
^^70, &c. 

See the Editor's *< Elementary Treatise on Ariikmeticj in Theory and 
Practieet** page ^19. — £d. 
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of the first period, or of the greatest square rbot contained in 
it, if it be not a square itself. 

Subtract the square of this figure from the first period ; to 
the remainder annex the next period for a dividend; and for 
part of a divisor, double the part of the root already obtained. 

Try how often this part of the divisor is contained in the 
dividend wanting the last figure, and annex the figures thus 
found to the parts of the root and of the divisor already de- 
termined. 

Thus multiply and subtract as in division; to the remainder 
bring down the next period, and, adding to die divisor the figure 
of the root last found, proceed as before.* 

If any thing remain after continuing the process till all the 
figures in the given number have been used, proceed in the same 
manner to find decimals, adding, to find each figure, two ciphers, 
or if the given number end in an interminate decimal, the two 
figures that would next arise from its continuation. 

To extract the root of a fractioriyTeduce it to its simplest form, 
if it be not so already, and extract the root of both terms, if 
they be complete powers : otherwise divide the root of thdr 
product by the denominator. 

The root may also be found by reducing the fraction to a 
decimal, if it be not such already, and taking the root of the 
dermal. 

EXAMPLES. 

Required the square root of 1710864. 

1'71'08'64' 
1710864(1308 = Answer. 



1 
1 



1 



* 3 



71 
69 



2608 i 20864 
20864 



* The principle on which the preceding role depends is, that the square 
ef the turn of tu>o numbers is eqtuU to the squares of the mimbers with twice 
Aeir product. Thus, the lujuare of 34 is equal to the squares of 80 and 
of 4 with twice the product of 30 and4; that is, to 9004-2 X 30 x4-[-16= 
1166. Here, in extracting the second root of 1166, we separate it into 
two parts, 1100 and 66^ Thus 1100 contains 900, the square of 30, witli 
the remainder SOO ; the first part of the root b therefore 30^ and the re- 
mahider 200-|-66, or 266. - Now, according to the principle above meii- 
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Required the sqazre rofit of 1OOO7.8104. 

r60'0r.31'04' 
1 ie007.ai04( 126.6a » Anawer/ 
1 1 



22 
2 



60 

44 



246 
6 



1607 
1476 



2525 
5 



13181 
12625 



25302 I 50604 
50604 



EXJOCPUS rOR EXERCISE. 

Required the square root of 298116, Ans. 646. 
Required the square root of 348.17320886. Abs. 18.6594. 
Required the square root of 17.3056. Ans. 4.16. 
Required the square root of .000729. Ans. .027. 
^ uired the square root ^f 17|. Ans. 4.169333+ 



Req 



.A ' ~ 



TO EXTRACT THE CUBE ROOT. 

Rule t. — Commencing at the unit figure, cut off periods of 
three figures each, till all the figures of the given number are 
exhausted. Then find the greatest cube number contained in 
the^r^^ period, and place die cube root of it in the quotient. 
£Nibtract its cube from the first period, and bring down the 
next three figures ; divide the number thus brought down by 
300 dmes the square of the first figure of the root, and it 
will give the second figure ; add 300 times the square of the 
first figure, 30 times the product of the first and second figures, 
and the square of the second figure together, for a divisor ; Aen 

tioned, this lemaindet must be twice the product of 30, and the part of the 
root still to be found, together with the square of that part. Now, dividing 
256 bj 60, the double of 30, we find for quotient 4 ; then this part being ^.^ 

lidded to 60, the sum is 64, which beins multiplied by 4, the prodvict 266 is 
evidoitly twice the product of 30 aiM 4, together with the square of 4. 
In the same manner the operation may be ilhistrttted in every ease. The 
rule, however, is best demonstrated by Algebra. 
See my Treatise on this subject, mge 231, second editiMi.-«EiK 
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multiply this divisor by the second figwrot and subtract the re* 
suit from the dividend, and then bring down the next period* 
and so proceed till aU the periods are brought down.* 

To extract the cube root of a fraction^ reduce it to a decimal, 
and then extract the root ; or multiply the niunerator by the 
square of the denominator, .find the cube root of the product, and 
divide by the denominator. 

The cube root of a mixed number is generally best found by 
reducing the fractional part to a decimal, if it be not so already, 
and then extracting the root It may be also found by reducing 
the given number to an improper fraction, and then working 
ac<?ording to the preceding directions. 

*^ EXAMPLES. 

1. Required the cube root of 48288.544. 



3«X 300=2700 
3 X30 = 90 



Divisor 2790 



48'228'.644'(36.41 Root. 
27 



21228 Resohrend. 
19656 Subtrahend. 



3«X 300X6= 16200) 

3 X S0X6a=3240V 1672.644 Resolvend. 
63= 216 3 1672.644 Subtrahend. 

^■^■w^n*— ^^-••i-^— ^B«ii^>^>^ ■.«.w«^«— ^— » 

Subtrahend 19666 



36* X 300=388800 
36 X 30*= 1080 



Divisor 389880 
•3e«X300X4 =1666200) 
36 X 30X4»= 17280) 
43= 64) 

Subtrahend. 1672644 

Ex. 2. What is the cube root of 62670773 1 Ans. 397. 
Ex. 3. What is the cube root of 61478848 ? Ans. 372. 
Ex. 4. What is the cube, root of 84.6046191 Ans. 4.39. 
Ex. 6. What is the cube>oot of 16974693? Ans. 267. 

* The reason of this rale will appear evident from the following iilus* 
tiation. The cube of 25, for instanqe, is equivalent to the cabe ofSO ad* 
ded to the cube of 5, together with the sum of .300 X4 X 6-fSO X 2 X 6 X 6 , 
OTy which is the same thing, 25 is equal to 20+5, and therefore 25 cubed 



EVOLUTION. ^ 

2. To extract the Chibe Root hy anether Method** 

1. By trials find the nearest rational cube to the gyren 
fiumber, whether it be greater or less, and call it the assumedcube.* 

2. Then say, by the Rule of Three, as the sum of the given 
number and double the assumed cube is to the suni of the as- 
sumed, and double the given number, so is the root of. the 
assumed cube to the root required, nearly. Or, as the first sum 
is to the difiference of the -givea and assumed cube, so is the 
assumed root to the diffef ence of the roots, nearly. 

3. By using, in like manner, the cube of the root last found 
as a new assumed cube, another root will be obtained still 
nearer. And so on* as far as we pleas^ ; using always the 
cube of the last found root for the assumed cube. 

EXAMPLES. 

1. To find the cube root of 21035.gf. 
Here the root is soon found between 27 and 28. Tajting 
^refore 27, its cube is 19683, which is the assumed cube. 

'^^®°' . 19683 .21035.8 



39366 42071.6 
21035.8 19683 



As 60401.a': 6175^.6 : : 27 : 27.6047, 

is equal to 20-4-5 cabed ; but 20-|-5 cubed is equivalent to 8000-f300x 
4X6+30X2X5X&+126, or to 2as-|-(300x44-30x2X5+6x6)x5= 

48228644. ' 



20X20+5X20 

-f5X«0+25 



Multipl&d, \ 20x|0+2x5x20+26 = B^ond power. 

20X20X20+2X5X20X204-20X25 

+5x20x20+2x20x25+125 

20X20X20+3X5X20X20+3X20X25+I25=3d power 
or, 8000+300x4x5+30x2x25+125. 
Here the itde is evident. In the same manner, the operation may be 
illustrated in eVery case. For a demonstration of this rule in general 
terms, the reader is referred td the Editor's <*. Treatise on Algebra, Theo- 
retical and Practical." — Ed. 

;^'\* Xhis rule is found inHuttpn's Mathematics. There have been differ 
eiit rules given for extracting the.cube root, among which this, and another 
rule given in Pike's Arithmetic (b^ approximation), are vei^ exJ^editioUs. 

B2 






aa OF LOGARITHMS. 

Therefore 27.6047 is the root nearly. 
Again* by repeating the operation, and taking 27.6(M7 for 
the aMumed loot, it will give 27.60491 the root still nearer. 

2. Required the cube root of 3214 1 Ans. 14.75758. 

3. Required the cube root of 2t Ans. 1.25992. 

4. Required the cube root of 256? Ans. 6.349. 



SECTION HI. 
OF LOGARITHMS. 
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LooARrrHMS are a series of numbers, so contrived, that by 
them the- work of multiplication may be performed by addition; 
and the operation of division may be done by subtrattion. Or, 
— ^Logarithms are the indices, or series of numbers in arith- 
metical progression, corresponding to another series of numbers 
in geometrical progression. Thus, 

0, 1, 2, 3, 4, . 5, 6, &c. indices or logarithms. 

1, 2| 4, 8, 16, 32, 64, ^c. geometrical progression. 

Or, 

0, 1, 2, 3-, 4, 5, 6, ^c. ind. or log. 

1, 3, 9, 27, 81, 243, 729, &c. geometrical series. 

Or, 

0*, 1, 2, 3, 4, 5, 6,&;c.ind.orlog. 

1, 10, 100, 1000, 10000, 100000, 1000000, &c. geomet- 
rical series, — where the same indices servt equally for any 
geometrical series or progression. 

Hence it appears that &ere may be as many kinds of indices, 
or logarithms, as there can be taken kinds of geometrical series. 
But die logarithms most convenient for common uses are tliose 
adapted to a geometrical series increasing in a tenfold progres- 
sion, as in the last of the foregoing' examples. 

In the geometrical series 1, 10, 100, 1000, &c. if between 
the terms 1 and 10 the numbers 2, 3, 4, 5, 6, 7, 8, 9 were 
interposed, indices might also be adapted to them in an arith- 

* In any systein of logarithms the log. of 1 is ; for logarithms may 
be considered as the exponenU of the powers to which a given or inva- 
riable number must be raised, in order to produce all the common or 
natural numbers, therefore by assuming^ x®=a, then by squaring xc^=a' 
hence dh^Ot and consequently by division 0=1, from whence it is evi- 
dent that the log. of 1 is always = 0, in iany system ; for more on this 
subject, and the algebraical form of the rule for computing logarithms, 
9ee Bonnycastlc^s Algebra, page 200, I<few-York edition ; or my Treatise^ 
on Algebra, page 332, second edition.— £d. 
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metical progression, suited to the terms interposed between 1 
vod IO9 considered as a geometrical progression. Moreorer, 
proper indices may be found to all the numbers, that can be 
interposed between any two terms of the geometrical series. 

But it is evident that all the indices to the numbers under 10, 
' must be less than 1 ; that is, they must be fractions. Those 
to the numbers between 10 and 100, must fall between 1 and 2; 
that is, they are mixed numbers, consisting of one and some 
fraction. Likewise the indices to the numbers between 100 
and 1000, will fall between 2 and 3 ; that is, tliey are mixed 
numbers, consisting of 2 and some fraction ; and so of the 
other indices. 

Hereafter the integral part only of these indices will be 
called the index ; and the fractional part will be called the 
logarithm. The computation of these fractional parts is called 
making logarithms ; and the most troublesome part of this work 
is to make the logarithms of prime numbers^ or those which 
cannot be divided by any other numbers than themselves and 
unity. 

RULE 

For computing the Logarithms of Numbers*^ 

Let the sum of its proposed number and the next les)s num- 
ber be called A. Divide 0.868$889638+ by A, and' reserve 

« The number 0.8685689688-|- 10 twice the xeciproeal of the hyper- 
boUc loff. 2.302586093, which is the log. of 10, eocording to the first form 
of Loid Napier, the inventor of logarithms ; which log. according to the 
elceUent Sir I. Newton's method is calculated thus ; let BFD (PL 14, 
Jig, 1) be an hyperbola whose centre is C, vertex* F, and interposed 
square CAF£=1. In CA take AB and Ab, on each side == ^» or 0.1 ; 

and, erecting the perpendiculars BD,bd, half the sum «f the spaces AD and 

Ad wiU be =0.1 I °-~* I ^^ ^^^^^ ^ 

and the half diff. ==:M!^,^^^,<^"W' | m»««>'^ j^c. 

Which reduced will stand Uius, 

O.lOOqpOQOOaOOOyCOOdOOOOOOOOOO Sumofthe8e==0.1053605156677=A(2 
3833333833 260000000 And thediff. =0.0953101798043^AD 

30000000 1866666 In like manner patting AB and Xb 

li2857 12600 each = 0.2 there is obtauaed 

1111 100 A<i = 0.2231436513142, and 

9 1 AB = 0.1823216667939. 



0.1003353477310,0.0060251679267 

Having thus the hyperbolic logarithms of the four decimal numbers 0.8, 

0.9, 1.1, and 1.2 ; and since ^X^^=^ and 0.8 and 0.9 are less than itnity, 
adding their logaiiduns to doable the log. of 1.2, we have 0.6981471806607, 
Uiehypeibolielog.of2. To the tr^eofthis adding the log. of 0.8, because 
:10, we have 2.3026860929983, the log. of 10. Hence by one addiiMn 
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the quotient. Divide the feserved quotient by the square of A^ 
and reserve this quojtient. Divide the last reserved quotient 
hy the square of A, reserving the quotient still ; and thus pro- 
ceed as long as divisioii can be made. Write the reserved 
quotients orderly under one another, the first being uppermost. 
Divide these quotients respectively by the odd numbers 1, d, 
5, 7, 9, 11, ^c. ; that is, divide the first reserved quotient by 1, 
the second by 3, the third by 5, the fourth by 7, &>c^ and let 
these quotients be written orderly under one another; add them 
together, and their sum will be a logarithm. To this logarithm 
add the logarithm of the next less number, and the sum will 
be the logarithm of the number proposed.^ 

EXAMPI^ 1. 

Required the logarithm of the number 2. 
Here the next less number is 1, and 2+ 1=3= A, and A" 
or 3* =9 ; then 
3)0.868588964 

9)0.289529654 -H 1 =0.289529654 

9)0.032169962-7- 3=0.010723321 

9)0.003574440-7- 5=0.000714888 

9)0.0003971 60-r 7=0.000056737 

9)0.000044129- 9=0.000004903 . 

9)0.000004903 -r 1 1 =0.000000446 

9)0.000000545^-13=0.000000042 



0.000000061 -r- 15=0.000000tf04 



t 



are found the logarithnui of 9 and 11 : And thcu the logarithma of all the 
prime numbers are prepared, that is, 3, 8, 5, 11, ^c. 

Moreover, by only depressing the numbers above computed, lower in 
the decimal places, and adding, are obtained the logarithms of the decimals 
0.98,0.99, 1.01, 1.03; as also of these, 0.996, 0.999, 1.001, 1.002. And 
hence, by addition and subtraction, wiD arise the logarithms of tbeprimes 
7, IS, 17, 37, dec AU which logarithms being divided by 2.3025850929933 
(the hyperbolic log. of 10), or multiplied by its reciprocal, .4342944819, 
give the oomxnon logarithms to be inserted m the table. 

N0U.—T0T forthor iUustrotion on this subject, UieicHBder is xefened tA 
Hutton's Tables. v 
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To this logaxithm 0.301029995 
add the logarithm of 1=0.000000000 



Their 8um=0.30 1029995 =log. of 2. 

The maimer in which the division is here carried on may be 
readily perceived by dividing, in the first place, the given deci- 
mal by A, and the succeeding quotients by A^ ; then letting 
these quotients remain in their situation, as seen in the example, 
divide itiem. respectively by the odd numbers, and place the new 
quotients in a column by themselves. By employing this pro- 
cess, the operation ia considerably abbreviated. 

r 

EXAMPLE 2. 

Required the logarithm of the number 3. 
Here the next less numberis 2 ; and 3+2 =5= A, and A' =26. 
5)0.868588964 



25)0,173717793H- 1=0.173717793 
25)0.006948712-T- 3=0.002316237 
25)0.000277948-7- 6=0.000055590 
25)0.000011118- 7=0.000001588 
25)0.000000445-f- 9=0.000000049 



0.000000018H- 1 1 =0.000000002 



To this logilithm 0.176091259 
add the logarithm of 2=0.301029995 

Their sum=0.47712.1254=log. of 3. 

Then, because the sum of the logarithms of numbers gives 
the logarithm of their product; and the difference, of the loga- 
rithms gives the logarithm of the quotient of the numbers : 
from the two preceding logarithms, and the logarithm of 10, 
which is 1, a great many logarithms can be easily made, as in 
the. following examples. 

Example 3. Required the logarithm of 4. 

Since 4=2 X 2, then to the logarithm of 2=0.301029995 

add the logarithm of 2=0.301029995 

The sum=logarithm of 4=0.602069990 
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• 
Example 4. Required the logarithm of ff* 
10-r2 being =5, therefcnre from the logarithm of 

10=1.000000000 
subtract the logarithm of 2=0.301029905 

the remamder is the logarithm of 6=0.696970006 

Example 5. Required the logarithm of 6. 

6=3 X2» therefore to the logarithm of 3=0.477121254 

add the logarithm of 2 =0.30 1029995 

their sum = logarithm of 6?=0.778 151249 

Example 6. Required the logarithm of 8. 
8=2>» therefore multiply the logarithm of 2=0.301029995 

by 3 

The product = logarithm of 8=0.903089985 

Examine 7. Required the logarithm (^ 9. 

9=3>» thereibre the logarithm of 3=0.477121254 

being multiplied by 2 

the product = logarithm of 9=0.954242508 

Example 8. Required the logarithm of 7. 
Here the next less number is 6, and 7+6=18=A9 and 
A» = 169. 

13)0.868588964 



169)0.066814536 -r 1=0.066814536 

1 69)0.000395352^ 3=0*000 1 31 784 

169)0.000002339-7- 5=0.00000046a 

0.000000014-^7=0.000000002 



To this logarithm =0.066946790 
add the logarithm of 6=0.778151249 

Their sum = 0.845098039 =logarithm of 7. 
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The logarithm 



rctl2 fofSandi 

of 14 of? and 2. 

of 15 is equal to the Btun of the of 8 and 5. 

of 16 logarithms "^ of 4 and 4. 

of 18 of Stands. 

'^of20 Lof4and5. 

The logarithms of the prime nmnbers 11,13, 17, 19, &;c. being 
computed by the foregoing general rule, die logarithms of the 
intermediate numbers are easily found by composition and diyi* 
sion. It may however be observed, that the operation is shorter 
in the larger prime numbers ; for when any given number ex- 
ceeds 400, the first quotient beiag added to the logarithm of its 
next lesser number, will give the logaritfun sought, true^ to eight 
or nine places ; and therefore it will be very easy to examine any 
suspected logarithm in the Tables. 

For the arrangement of logarithms in a tdble^ the method of 
finding the logarithm of any natural number ^ and of finding the 
natural number corresponding to any given logarithm therein^ — 
likewise for particular rules concerning the indices^ the reader voill 
consult Table 1, with its explanation at the end of this treatise* 

MULTIPLICATION. 

Two or more nutnbers being given, to find their product by 

Logarithms. 

RULS. 

Having found die logarithms of the given numbers in the 
table, add them together, and their sum is the logarithm of the 
product ; which logarithm being found in the table, will give a 
natural number, that is, the product required. 

Whatever is carried from the decimal part of the logarithm 
is to be added to the affirmative indices, but subtracted from 
the negative. Likewise the indices must be added together 
when they are all of the same kind, that is, when they are all affir- 
mative, or all negative^ but when they are of different kinds, 
the difference must be found, which will be of the same denomi- 
nation with the greater. 

Example 1. Required the product of 86.25 multiplied by 
6.48. 

Log. of 86.25 » 1.935759 
Log. of 6.48 » 0.811575 

Product « 558.9 ^ 2.747334* 

* For the method of finding the natural number, aniwerinff to the ram of 
the logarithms, the reader wiU consult TMe 1, at the end of this tieatiBe. 

B3 
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Example 2. Required the product of 46.75 and .3275* 

Log. of 46.76 = 1.669782 
Log. of .3275=.— 1.515211 ' ' 

*• r 

Products 15.31 +=1.184993 

Here the -{- 1 that is to be carried from the decimals can- 
cels the — 1, and consequently there remains 1 in the upper line 
to be set down. 

Example 3. Required the product of 3.768, 2.053, and 
.007693. 

Log. of 3.768 =. 0.5761 1 1 
Log. of 2.053 =a 0.312389 
Log. of .007693 =:--^3.886096 



Product = .05951 +=—2.774596 

In this example there is 1 to cany from the decimal part 
of the logarithms, which, subtracted from — 3, the negative in- 
dex, leaves 2, the index of the sum of the logarithms, and 
is negative. « 

Example 4. Required the product of 27.63, 1.859, .7258, 
and 0.3591. 

Log. of 27.63= 1.441381 
Log. of 1.859 = 0.269279 
Log. of .7258=— 1.860817 
Log. of .03591 =—2.555215 



Product nearly^ 1.339 = 0.126692 

In this example there iis 2- to carry from the decimal part of 
the logarithm^, which added to 1, the affirmative index, makes 
3, from this take 3, the sum of the negative indices, the re- 
mainder is 0, which is the index of the sum of the logarithms. 

5. Required the product of 23.14 and 50.62, by logarithms. 

Ans. 117.1347 

6. Required the product of 3.12567, .02868, and .12379, by 
logarithms. Ans. .01109705 

7. Required the product of .1508, .0139, and 756.9, by lo- 
garithms. Ans. 1.586553 

8. Required the product of 637.8 and 89.27, by logarithms. 

Ans. 56936.406 

9. Required the product of 14 and 8.45, by logarithms. 

Ans. 118.30 
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DIVISION. 

Two nuMers being given, to find how many times one is con^ 
tained in the other by Logarithms* 

RULE. 

From the logarithm of the dividend subtract the logarithm 
of the divisor, and the remainder will be the logarithm whose 
corresponding natural number will be the i)uotient required. 

In this operation, the index of the divisor must be changed 
from affirmative to negative, or from negative to affirmative ; 
and then the difference of the affirmative and negative indices 
must be taken for the index to the logarithm of the quotient. 
Likewise when 1 has been borrowed in the left-hand place 
of the decimal part of the logarithm, add it to the index of 
the divisor, if affirmative ; but subtract it, if negative ; and let 
the index thence arising be changed and worked with as before. 

Example 1. Divide 558.9 by 6.48. 

Log. of 558.9 = 2.^7334 
Log. of 6,48 =» 0.811575 

Quotient == 85.26 « 1 .935759 

Here, the 1 to be taken from the decimals is taken as — 1, 
which when added to 2, the index of the dividend, leaves I for 
the index of the quotient; that is, 2 — 1=1. 

Example 2. Divide 15.31 by 46.75., 

Log. of 15.31= J. 184975 
Log. of 46.75 = 1.669782 



Quotient =.3275 =—1.515193 

Here, the 1 to be taken from the decimals is added to 1, the 
index of the divisor makes 2 ; this with its sign changed is — 2, 
from which subtracting 1, the index of the dividend, the re- 
mainder is — 1, which is negative, because the negative index 
is greater. 

Example 3. Divide .05951 by .007693. 

Log. of .05951 =—2.774590 
Log. of .007693 =— 3.886096 

Quotient = 7.736 = 0.888494 
Here, the 1 to be taken from the decimals is subtracted 
from — 3, which leave— 2, this changed is +2; and this 
added to — 2, the other index, gives 2 — 2=0. 
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Example 4L Divide .6651 by 22.5. 

Log. of .6651=-*1.822887 
Log. of 22.0== 1.362183 

Quotient = .02956 =: —2*470704 

Here, +1 in the lower index, is changed into — 1, and this 
added to — 1, the other index, gives — 1 — 1, or — ^2, the in- 
dex of the result. 

5. Required the quotient of 125 divided by 1728, by loga- 
lithms. Ans. .0723379 

6. Divide 1728.95 by 1.10678, by logarithms. 

Ans. 1562.144 
. 7. Divide .067859 by 1234.59, by logarithms. 

Ans. .0000549648 

8. Divide .7438 by 12.9470, by logarithms. Ans. .057449 

9. Divide .06314 by .007241, by logarithms. Ans. 8.71979 



PROPORTION, 

Or the Rule' of Proportion in Logarithms* 

RULE. 

Having stated the three given terms according to the rule in 
common Arithmetic, write them orderly under one another, with 
the signs of proportion ; then add the logarithms of the second 
and third terms together, and from their sum subtract the loga- 
rithm of the first term, and the remainder will be the loga- 
rithm of the fourth term, or answer. 

Or, — add together the arithmetical complement of the loga- 
rithm of the first term, and the logarithms of the second and 
third terms ; the sum, rejecting 10 from the index, will be the 
logarithm of the fourth tem^, or term required. 

N.B. The arithmetical complement of a logarithm is what 
it wants of 10,000000, or 20,000000, and the easiest way to 
find it is to begin at the left-hand, and subtract every figure from 
9, except the last, which should be taken from 10 ; but if the 
index exceed 9, it must be taken from 19. — ^It is frequently used 
in the rule of Proportion and Trigonometrical calculations, to 
change subtractions into additions.* 

* When the index is negative add it to 9, and subtract as before. Afid 
lor every arithmetical complement that is added, subtract 10 ftom the last 
sum of the indices. 
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1st. If a clock gain 14 seconds in 5 days 18 hoursyhow much 
will it gain in 17 days 1^ hours T 

5.75 days : Log. == 0.759668 

17.626 days : : Log. = 1.246129 
14 seconds : Ijog. == 1.146128' 

2.392257 



Answer =42". 91 = 1.632589 

Or thus ; 5.75 days : Arith. Co. Log. = 9.240332 

17.625 : : . Log. = 1.246129 

14 seconds : Log. = 1.146128 



Answer = 42".91 = L632589 

2d. Find a fourth proportional to 98.45, 1.969, and 347.2. 
99.45 : Log. = 1.993216 



347.2 : : Log. » 2.540580 
1.969 : Log, = 0.294246 

2.834826 



Answer = 6.944 = 0.84}610 ^ 

3d. What number will have the same proportion to .8538 
as .3275 has to .0131? 

.0131 r Log. =—2.117271 



.3275 : : Log. =—1.516211 
.8538 : Log.= — 1.931366 



—1.446567 



Answer = 21.35 = 1.329296 

4th. Required a third proportional number to 9.642 and 4.82 1 . 

9.642 : Log. = 0.984167 

4.821 : : Log, = 0.683137 
4.821 : Log; «» 0.683137 



1.366274 



Answer >« 2.411 »- 0.382107 



\ 
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5. Find a fourth proportional to .05764, .7186, and .34721,' 
by logarithms. Ans. 4.328681. 

6. Find a fourth proportional to 12.687, 14.065, and 100.979, 
by logarithms. Ans. 112.0263. 

7. Find a mean proportional between 8.76 and 43.5, by loga- 
rithms. Ans. 16.7051. 

8. Find a thml proportional to 12.796 and 3.24718, by 
logarithms. Ans. .8240216. 

9. If the interest of £100 for a year, or 365 days, be £4.5, 
what will be the interest of £279.25 for 274 days ? 

Ans. £9.433294. 



INVOLUTION. 

N 

To find any proposed power of a given number hy Logarithms. 

RULE. 

Multiply the logarithm of the given niunber by the index of 
the proposed power, and the product will be the logarithm 
whose natural number is the power required. 

When a negative index is thus multiplied, its product is 
negative, but what was carried from the decimal part of th'^ 
logarithm must be affirmative ; consequently the difference is 
the index of the product, which difference must be considered 
of tllte same kind with the greater, or that which was made the 
minuend. 

EXAMPLES. 

1. What is the second power of 3.874 ? 

Log. of 3.874 = 0.588160 
Index = 2 



Power required = 15.01 = 1.176320 

2. Required the third power of the number 2.768. 

Log. of 2.768 = 0.442166 
Index = 3 • 



Answer = 21.21 = 1.326498 

3. Required the second power of the number .2857. 

Log. of .2857 = —1.455910 
Index as 2 



Answer =. .08162 «— 2.911820 



/ 



OF LOGARITHMS. 99 

4. Required the third power of the number .7916. 

Log. of .7916 « —1.898506 
Index » 3 



Answer » .4961 « —1.695518 
Hence, 3 times the negative index being — 91, and 2 to cany 
from the decimals, the difference is — 1, the index of the product. 

5. To find the 4th powejr of .09163. Ans. .000070494. 

6. To find the 2d pov/er of 6.05987. Ans. 36.72203. 

7. To find the cube of 3.07146. Ans. 28.97575. 

8. To find the 7th power of 1.09684. Ans. 1.909864. 

9. To find the 365th power of 1.0045. Ans. 5.148888. 

EVOLUTION. 
To extract any proposed Root of a given number by Logarithms, 

Find the logarithm of the given number, and divide it by 
the index of the proposed root ; the quotient is a logarithm 
whose natiural number is the root required. 

When the index of the logarithm to be divided is negative, 
and does not exactly contain the divisor without some remainder, 
increase the index by such a number as will make it exactly 
divisible by the index, carrying the units borrowed as so many 
tens to the left-hand place of the decimal, and then divide as in 
whole numbers. 

EXAMPLES. 

1. Required the square root of 847. 
Index 2)2.927883 = log. of 847. 

1.463941 = quot. = log. of 29.103+= Ans. 

2. Required the cube root of 847. ^ 

Index 3)2.927883 = log. of the giyen number. 



0.976961 = quot. — log. of 9.462 = Ans. nearly. 

3. Required the square root of .093. 
Index 2)— 2.968483= log. of .093. 

— 1.484241 = quot. = log. of .304959= Ans. 

4. Required the cube root of 12345. 
Index3)4.091491 = log. of 12345. .^ 

1 .363830 = quot. = log of 23. 1 1 6 = Ans. 
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6. To find the cube root of .00048. 

Power, or index 3)4.68124I2i* log. of the number. 

Root .07829735.....S.8937471 — log. of the root. 

Here the divisor 3 not being exactly eontained in i, augment 

it by 2, to make it become S, in which the divisor is contained 

•just S times ; and the 2 borrowed being prefixed to the othor 

figures, makes 2.6812412, which divided by 3 gives .8937471 ; 

therefore, 2.8937471 is the log. of the root. 

6. To find the fourth root of .967846, by logarithms. Ans. 
.9918624. 

7. To find the cube root of 2.987636. Ans. 1.440266. 

8. To find the cube root of 571^59. Ans. .6827842. 

9. To find the value of (.001234)3. Ans. .0115047. 
10. To find the tenth root of 2. Ans. 1.07 1 773. 



SECTION IV. 
ELEMENTS OF PLANE GEOMETRY. 



DEFINITIONS. 
See Plate I. 

1.' Geometry is that science wherein we. consider the prop- 
erties of magnitude. 

2. A point is that which has no parts, being of itself indivisi- 
ble ; as A. 

3. A line has length but no breadth ; as AB^ figures 1 
and 2. 

4. 'The extremities of a line are points, as the extremities of 
the line AB are the points A and J?, figures 1 and 2. 

6. A right line is the shortest that can be drawn between 
any two points, as the line AB, fig. 1 ; but if it be not the 
shortest, it is then called a curve line, as AB, fig. 2. 

6. A superficies or surface is considered only as having 
length and breadth, without thickness, as ABCD, ^. 3. 

7. The extremities of a superficies are lines. 

8. The inclination of two lines meeting one another (provided 
they do not make one continued line), or the opening- between 
them, is called an angle. Thus in fig. 4 the inclination of the 
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line AB to the line BC^ meeting each other in the point B, or 
the opening of the two lines BA and BQ is called an angle, as 
ABC. 

Note. — ^When an angle is expressed by three letters, the 
middle one is that at the angular point. 

9. When the lines that form the angle are right ones, it is 
then called a right-lined angle, as ABC^ fig. 4. If one of them 
be right and the other curved, it is called a mixed angle, as B, 
fig. 5. If both of them be curved, it is called a curved-lined or 
spherical angle, as C, &g, 6. 

10. If a right line CD {Ag. 7) fall upon another right line 
AB^ so as to incline to neither side, but make the angles ADC, 
CDB, on each side equal to each other, then those angles are 
called right angles, and the line CD a perpendicular. 

11. AJa obtuse angle is that which is wider or greater than 
a right one, as the angle ADE^ fig. 7, and an acute angle is 
less than a right one, as EDB, fig. 7. 

12. Acute and obtuse angles in general are called oblique 
angles. 

13. If a right line CB^ &g. 8, be fastened at the end C, and 
the other end B be carried quite round, then the space compre^ 
hended is called a circle ; and the curve line described by the 
point B is called the circumference or the periphery of the 
circle ; the fixed point C is called its centre. 

14. The describing line CB, &g. 8, is called the semidiam- 
eter or radius ; so is any line firom the centre to the circum- 
ference ; whence all radii of the same or of equal circles are 
equal. 

15. The diameter of a circle is a right line drawn through 
the centre, and terminating in opposite points of the circum- 
ference ; and it divides the circle and circumference into two 
equal parts, called semicircles ; and is double the radius, as 
AB or DjB, fig. 8. 

16. The circumference of every circle is supposed to be 
divided into 360 equal parts called degrees, and each degree into 
60 equal parts called minutes, and each minute into 60 equal 
parts called seconds, and these into thirds, fourths, &c. these 
parts being greater or less as the radius is. 

17. A chord is a right line drawn frOm one end of an arc or 
arch (that is, any part of the circumference of a circle) to the 
other, and is the measure of the arc. Thus the right line HG 
is the measure of the arc HBGy ^g 8. 

18. The segment of a circle is any part thereof which is cut 
off by a chord : thu^ the space which is comprehended between 
the chord HG and the arc HBG, or that which is compre- 
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hended between the said chord HG and the arc HDAEG are 
called segments. Whence it is plain, fig. 8, 

1. That any chord will divide the circle into two.segipients. 
j 2. The less the chord is, the more miequal are the segments. 

3. When the chord is greatest it becomes a diameter, and 
then the segments are equal ; and each segment is a semi- 
circle.* 

19. A sector of a circle is a part thereof less than a semi- 
circle, which is contained between t^.o radii and an arc : thus 
the space contained between the two radii CH, CB^ and the 
arc HB is a sector, fig. 8. 

20; The right sine of an arc is a perpendicular line let fall 
from one end thereof, to a diameter drawn to the other end : 
thus HL is the right sine of the ^c HB. 

The sines on the same diameter increase till they come to 
the centre, and so become the radius ; hence it is plain that the 
radius CD is the greatest possible sine, and thence is called 
the whole ^ne. 

Since the whole sine CD (fig. 8) must be perpendicular to 
the diameter (by def. 20), therefore producing DC to £, the 
two diameters AB and DE cross one another at right angles, 
and thus the periphery is divided into four equal parts, as BDj 
DA, AE^ and EB (by def. 10) ; and so BD becomes a quad- 
rant, or the fourth part of the periphery ; therefore the radius DC 
is always the sine of a quadrant, or of the fourth part of the 
circle BD. 

Sines are said to be of as many degrees as the arc contains 
parts of 360 : so the radius being the sine of a quadrant biecomes 
the sine of 90 degrees, or the fourth part of the circle, which is 
360 degrees. 

21. The versed sine of an arc is that part of the diameter 
that lies between the light sine and the circumference : thus 
LB is the versed sine of the arc HBy fig. 8. 

22. The tangent of an arc is a right line touching the peri- 
phery, being perpendicular to the end of the diameter, and is 
terminated by a line drawn from the centre through the other 
end : thus BK is the tangent of the arc HB, fig. 8. 

23. And the line which terminates the tangent, that is, CK, 
is called the secant of the arc HB^ fig. 8. 

24. What an arc wants of a quadrant is called the comple- 
ment thereof: thus Dtii% the complement of the arc HB, fig. 8. 

25. And what an arc wants of a semicircle is called the sup* 

* For tbeitemoMtratioa of this consult Prop, 15, Book III. Simpson*! 
Euclid, 
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plement thereof: thus AH is the supplement of the arc £B, 
fig. 8. 

26. The sine, tangent^ or secant of the complement of any 
arc is called the co-sine, co-tangent, or co-secant of the arc 
itself: thus jP^ is the sine, DI the tangent, and CI the secant 
of the arc DH : or they are the co-sine, co-tangent, or co-secant 
of the arc HB, fig. 8. 

27. The sine 6f the supplement of an arc is the same with 
the sine of the arc itself ; for drawing them according to de£ 
30, there results the' self-same line : thus HL is the sine of the 
arc jfiTB, or of its supplement ADH^ fig. 8. 

28. The measure of a right-lined angle is the arc of a circle 
swept from the angular point, and contained between the two 
lines that form the angle : thus the angle HCB, Ag. 8, is 
measured by the arc HE, and is said to contain so many de- 
grees as the arc HB does ; so if the arc HB is 60 degrees, the 
angle HCB is an angle of 60 degrees. 

Hence angles are greater or less according as the arc 
described about the angular point, and terminated by the two 
sides, contains a greater or less number of degrees of the whole 
circle. 

29. The sine, tangent, and secant of an arc is also the sine, 
tangent, and secant of an angle whose measure the arc is ; thus, 
because the arc HB is the measure of the angle HCB^ and 
since HL is the sine, BK the tangent, and CK the secant, jBX 
the versed sine, HF the co-sine, Drthe co-tangent, and CI the 
co-secant, ^c. of the arc BH; then HL is called the sine, 
BK the tangent, CK the secant, <&^c. of the angle HCB, whose 
measure is the arc HB, fig. 8. 

30. Parallel lines are such as are equidistant from each 
other, as AB, CD^ fig. 9. 

31. A figure is a space bounded by a line or lines. If the 
lines be right it is called a rectilineal figure ; if curved it is 
called a curvilineal figure ; but if they be partly right and partly 
curved lines it is called a mixed figure^ 

32. The most simple rectilineal figure is a triangle, being 
composed of three right lines, and is considered in a double 
capacity : 1st, with respect to its sides ; and 2d, to its angles. 

33. In respect to its sides, it is either equilateral, having the 
three sides equal, as J., fig. 10* 

34. Or isosceles, having two equal sides, as J?, fig. 11. 

35. Or scalene, having the three sides unequal, as C, fig. 12. 

36. In respect to its angles, it is either right-ahg^ed, having 
one right angle, as A fig. 13, 

37. Or obtuse-angled, having one obtuse angle, as £, fig. 14. 
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88. Or acUte-angled, having all the angles acute, as P, 
fig. 15. 

39. Acute and obtuse-angled triangles are in general called 
oblique-angled triangles, in all which any side may be called 
the base, and the other two the sides. 

40. The perpendicular height of a triangle is a line drawn 
from the vertex to the base perpendicularly': thus if the triangle 
ABG be proposed, and ^C be made its base, then if from the 
vertex A the perpendicular AD be drawn to £C, the line AD 
will be the height of the triangle ABCj standing on BC as its 
base, fig. 16. 

Hence all triangles between the same parallels have the 
same height, since all the perpendiculars are equal from the 
nature of parallels. 

41. Any figure of foiur sides is called a quadrilateral figure. 

42. QuadrUateial figures, whose opposite sides are parallel, 
are called parallelograms : thus ABCD is a parallelogram, 
^g. 3, 17, and AB, fig. 18, 19. 

43. A parallelogram whose sides are all equal and angles 
right is called a square, as ABCD^ ^g. 17. 

44. A parallelogram whose opposite sides are equal and 
«mgles right is called a rectangle, or an oblong, as ABCD^ 
fig. 3. 

45. A rhombus is a parallelogram of equal sides, and has its 
angles oblique, as A, fig. 18, and is an inclined square. 

46. A rhomboides is a parallelogram whose opposite sides 
are equal and angles oblique ; as B, fig. 19, and may be con* 
ceived as an inclined rectangle. 

47. Any quadrilateral figure that is not a parallelogram is 
called a trapezium. Plate 7, fig. 3. 

48. Figures which consist of more than four sides are called 
polygons ; if the sides are all equal to each other, they are 
called regular polygons. They sometimes are named from the 
number of their sides, as a five-sided figure is called a penta- 
gon, one of six sides a hexagon, &c. ; but if their sides are not 
equal to each other, then they are called irregular polygons, as ' 
an irregular pentagon, hexagon, &c» 

49. Four quantities are said to be in proportion^ when the 
product of the extremes is equal to that of the means : thus if 
A multiplied by D be equal to B multiplied by C, then A is 
said to be to B as C is to Z>. 

POSTULATES, OR PETITIONS. 

1. That a right line may be drawn from anyone given point 
to another. 
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2. That a right line may be prodaced or continued at pleasure. 

3* That from any centre and with any radius the circum- 
ference of a circle may be described. 

4« It is also required that the equality of lines and angles to 
others given, be granted as possible : that it is possible for one 
right line to be perpendicular to another at a given point or dis- 
tance ; and that every magmtude has its half, third, fourth, ^c 
part. 

Note* — ^Though these postulates are not always quoted, the 
reader will easily perceive where and in what sense they are 
to be understood. 

AXIOMS, OR SELF-EVIDENT TRUTHS. 

y 

1. Things that are equal to one and the same thing are 
equal to each other. 

2. Every whole is greater than its part. 

3.^ Every- whole is equal to all its parts taken together. 

4. If to equal things equal things be added, the whole will 
be equal. 

5. If from equal things equal things be deducted, the remain • 
ders will be equal. 

6. If to or from unequal things equal things {>e added or 
taken, the sums or remainders will be unequal. 

7. AH right angles are equal to one anodier. 

8. If two right lines not parallel be produced towards their 
nearest distance, they will intersect each other. 

9. Things which mutually agree with each other are equal. 

NOTES. 

A theorem is a proposition wherein something is proposed 
to be demonstrated. -^ 

A problem is a proposition wherein something is to be done 
or effected. 

A lemma is some demonstration previous and necessary, to 
render what follows the more easy. 

A corollary is a consequent truth, deduced from a foregoing 
demonstration. 

A scholium is a remark or observation made upon something 
going before. 
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THEOREM,!. * /i 

Pl. l.yEg'. 20. :. 

J'* a right Ivncfalls on another, at AB, or EB, does on CD, it either 
es with it two fight angles, or two angles equal to two right angles. 

1. If AB be perpeodieular to CD, then (by def. 10) the an- 
gles CBA and ABD will be each a right angle. 

2. But if the line fall slantwise, as EB, and let AB be per- 
pendicular to CD', then the ^DBA=DBE+EBAi add 
ABC to each; then, DBA+ABC^DBE+EBA+ABC', 
but CBE—EBA+ABC, therefore the angles DBE+EBC— 
DBA+ABC, or two right' aiiglesi Q. E. D. 

Corollary 1. Whence if any number of right lines were 
drawn from one point, oil the dame side of a right line, all 
the angles made by these lines will be equal to two right angles. 
^2. And all the angles which can be made about a point will 

be equal to four right angles. 

. . * ' ' ' ■ 

THEOREM 11. 

Pl. I, fig, 31. 

If OTie right line cross another {as AC does BD), the opposite angles 
made by those lines vnll be equal to each other': that is, AEB to CED, and 
BECtoAEDi 

By theorem I, BEC+CED= two right angles, 
and CED+DEA= two right angles. 

Therefore (by axiom I) BEC+CED=CED+DEA', 
take CJE}D from both, and there remains BEC=DEA (by 
axiom 5). Q. E. D. 

Afterthe same manner CEDr\'AED= two right angles ; and 
AED+AEB= two right angles ; wherefore taking u4£D from 
,t)oth. there remains CED=AEB. Q. E. D. / 

theor!ejm m. 

Pl. 1../^. 22. ''.,.,. 

J ff\^ ^^¥i .%f (Cr(|*« twagar-a^ds, of Cjfl^^^^^B.an^. CJ), tften, 

1. Their external angles are eqtudto eacfimher, that is, (tEB^CFH. 

2. The alternate angles will be eqitH, that is, AEF=EPDiihi:'^Sf 

=:CFE, 

*c» 

3. The external angle wiU he equal to the iniernal and opposite one on the 
eame side, that is, GEB=EFD and AEG=CFE. 

4. And the sum of the internal angles on the same side are equal to ttco 
right angles ; that is, BEF'-\'DFE are equal to two right angles, and 
AEF-^CFE are equal to two right angles^ ' 
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1. Since AB is parallel to CDj they may be considered as 
one broad line, crossed by another line, as GH; then (by the 
lasiiheo.)GEB=^CFl{,^iidASG=HFD. 

2. Also GEB-AEF, and CFH=EFD ; but GEB=CFH 
(by part 1. of this theo.), therefore -4.iEjP=jE-FZ>. The same 
way we prove FEB=EFC. 

3. AEF^EFD (by the last part of this theo.) ; but AIBF 
^GEB (by theo. 2), therefore GEB=EFD. The same way 
we prove AEG=^CFE. 

4. For since GEB^EFD, Uy both add FEB ; then (by 
axiom 4) GEB+FEB==EFD+ FEB; but GEB+FEB are 
equal to two right angles (by theo. 1), therefore EFD+FEB 
are equal to two right angles : after the same manner we prove 
xYiBt'AEF+CFEaie equal to tivo right angles. Q. E. D.* 

THEOREM IV. 

Pl. hjig, 23. 

In any triangle AJ^X), one of its legSf as BC, being produced towards D, 
it toill make tfi external angle A CD equal to the two internal opposite anr 
gles taken together ; viz. to B and A, 

Through C, let CE he drawn parallel to AB\ then since 
BD cuts the two parallel lines JBA, C£, the angleJECI>=5 
(by part 3 of the last theo.); and again, since JLC cuts the 
same parallels, the angle ACE=A (by part 2 of the last)^ 
therefore ECI>+ACE=ACD=B+A. Q. E. D. 

Cor. 1. Hence, if a triangle have its exterior angle and one 
of its opposite interior angles double of those in another trir 
angle, its remaining opposite interior angle will ^Iso be double 
of the corresponding angle in the other.f 

That invaluable instrument, Hadley's Quadrant, is founded oft 
this corollary, annexed as an obvious consequence of the the- 
orem. A ray of light 8 A (PL 14. fig. 2) from the sun, 
against the mirror at A, is reflected at an angle equal to its in- 
cidence ; and now striking the half-silvered glass at C, it is 
again reflected to jE?» where the eye likewise receives, through 
the transparent part of that glass, a direct ray from the boun- 
dary of the horizon. 

Hence, the triangle -A£C-has its exterior angle ECD and 
one of its interior angles CAE respectively double of the ex- 
terio^r angle BCD and the interior angle CAB' of the triangle 

*For an excellent demonstmtion of this theorem' (by the motion of 
the straight 1^ crossing the parallel lines about >a point in one of them), 
the reader wUl consult >£e8lie*$ Geometry^ Prop. 8i^, page ?J6. , . 

t This coipUary, with the following demonsiratio'n, is found in I^slie's 
Geometry, pages 32 and 406. ' ' '*'■ 
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ABC; wherefore the remaining interior angle Jl£C, or SEZ^ 
is double of ABC ; that is, the altitude of the sun above the 
horizon is double of the inclination of the two mirrors. But 
the glass at C remaining fixed, the mirror at JL is attached to 
a moveable index, which marks their inclination. 

The same instrument, in its most improved state, and fitted 
with a telescope, forms the sextant, which, being admirably 
calculated for measui)ng angles in general, has rendered the 
most important services to geography and navigation. 

THEOREM V. 

Pl. 1.^^.23. 

In any triangU ABCi ail the three angles, taken together, are equal to 
two right angles, viz, A-^-B^ACB^ two right angles. 

Produce CB to any distance, as D, then (by the last) ACD 
^B+A\ to both add ACB\ then ACD+ACB^A+B+ 
ACB ; \miACD+ACB^ two right angles (by theo. 1) ; there- 
fore the three angles^+5+^C<B=» two right angles. Q. E. D. 

Cor. 1. Hence if one angle of a triangle be known, the sum 
of the other two is also known ; for since the three angles of 
every triangle contain two right ones, or 180 degrees, therefore 
ISO — the given angle will be equal to the sum of the other 
two ; or 1 80 — the sum of two given angles gives the other one. 

Cor. 2. In ev^ r%ht-angled triangle, the two acute angles 
are *=» 90 degrees, or to one right angle ; therefore. 90 — one 
acute angle gives the other. 



THEOREM VI. 

Pl. 1.^*24. 



^* 



If m any two triangles, ABC, DEF, there be two side^ AB, AC in the 
one severaUy equal to DE, DFin the other, and the angle A contained be- 
tween the two sides in the one equal to D in the other ; then the remaining 
angles of the one vnll be severally equal to those of the other, viz* B:==^E, 
and C=iF; and the hose of the one BC will be equal to EF, that of tlu 
other. 

If the triangle ABC be supposed to be laid on the triangle 
DEF, so as to make the points JL and j5 coincide with D and 
E, which they wfll do, because AB^DE (by the hypothesis) ; 
^nd since the angle A^D, the line AC will fall along DF, 
and inasmuch as they are supposed equal, C wil} fall in F ; 
seeing therefore the three points of one coincide with those 
of the other triangle, they are mariifestlv eqiial to ea^h 
other; therefore the angle J?=«JE, and Cr^F, and BC^EF. 
Q.E.D. 
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LEMMA. 

Pl. \,fig, 11. 

If two sides of a triangle abc he equal to each other, that is, ac=cbf thi 
tmglis tphich are opposite to those equal sides toiU also be equal to each 
other ; viz. az=b. 

For let the triangle ctBc be divided into two triangles acd^ 
deb, by making the angle acd'^dcb (by postulate 4); then 
because ao=sxht, and cd con\mon (by the last), the triangle 
adc=^dcb ; and therefore the angle a=b. Q. E. D. 

Cor. Hence if from any point in a perpendicular which bi- 
sects a given line there be drawn right lines to the extremities of 
the given one, they widi it will form an isosceles triangle. 

THEOREM VII. 

Fl, I. Jig. 25. 

The angle BCD at the centre of a cirde ABED is double the angle 
BAD, at the circumferencef standing upon the same arc BED. 

Through the point A, and the centre C, draw the line ACE ; 
then the angle ECIh^CAD+CDA (by theo. 4) \ but since 
AC=CD, being radii of the same circle, it is plain (by the 
precedihg lemma) that the angles subtended by them will be 
also equal, and that their sum is double to either of them, that 
is, DAC+ADC is double to CAD, and therefore EOD is 
double to CAD ; after the same manner BCE is double to 
CAB, wherefore BCE+ECD, or BCD, is double to BAC 
+ CAD, or to BAD. Q. E. D.^ 

Cor. ] . Hence an angle at the circmnference is measured 
by half the are it subtends or stands on. 

Fig. 26. 
Cor. 2. Hence all angles at the circumference of a circle 
which stand on the same chord 2iS AB are equal to each 
other, for they are all measured by half the arc they stand on, 
viz. by half the arc AB 

« 

Fig. 36. 
Cor. 3. Henc^ an angle in a segment greater than a semi- 
circle is less than a right angle ; thus ADB is measured by 
half the arc AB^, but as the arc AB is less than a semicircle, 
therefore half the arc AB, or the angle ADB, is less than half 
a semicircle, and consequently less than a right angle. 

^ Fig. 27. . 
Cor. 4. An angle in a segment less than a senucircle is greater 
than a right angle ; for since the arc AEC is greater than a 
semicircle, its hal( which is the measure of the angle ABCt 

C 
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must be greater than half a semicircle, that is, greater than a 
right angle. 

Fi^. 28. 

Cor. 5. An angle in a isemicircle is a right angle, for the mea- 
snre of the angle ABD is half of a semicircle AEDy and 
therefore a right angle. 

THEOREM VIII. 

Pl. 1.^.29. 

If frcfliA the centre C of a circle ABE there he let fall the perpendicular 
CD on the chord AB, it will bisect it in the poirU D, 

Let the lines AC and CB be drawn from the centre to the 
extremities of the chord ; then since Cj1== CB, the angles CAB 
^CBA (by the lemma). But the triangles ADC, BDC are 
right-angled ones, since the line CD is a perpendicular ; and 
so the angle ACD=DCB (by cor. 2,theo. 6); then have we 
AC, CD, and the angle A CD in one triangle severally equal 
to CB, CD, and the angle BCD in the oSier ; therefore (by 
theo. 6) AD^DB. Q. E. D. . ^ , 

Cor. Hence it follows, that any line bisecting a chord at 

right angles is a diameter ; for a line drawn from the centre 

^perpendicular to a chord bisects that chord at right angles; 

therefore, conversely, a line bisecting a chord at right angles 

must pass through the centre, and consequently be a diameter. 

THEOREM IX. 
Pl. l^fig. 39. 

If from the centre of a circle ABE there he draum a perpendicular CD on 
the chord AB, and produced till it meets the circle in F, that line CF will 
bisect the arc AB in the point F. 

Let the lines AF and BF be drawn ; then in the triangles 
ADF, BDF, AD=BD (by the last) ; DF is common, and 
the angle ADF=^BDF, being both right, for CD orDFis a 
perpendicular. Therefore (by theo. 6) AF=^FB; but in the 
same circle, equal lines are chords of equal arcs, since they 
measure them (by def. 19) ; whence the arc AF^^FB, and so 
AFB is bisected in F by the line CJP. 

Cor. Hence the sine of an arc is half the chord of twice 
that arc. For AD is the sine of the arc AF (by def. 20), 
AF is half the arc, and AD half the chord AB (by theo. 8) ; 
therefore the corollary is plain. 
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THEOREM X. 

Pl. 1.^.30. 

In any triangle ABD^ the half of each side is the sine of the opposite angle. 

Let the circle ADB be drawn through the points A, B,D; 
then the angle DAB is measured by half the arc BKD (by 
cor. 1, theo. 7), viz. the arc BK is the measure of the angle 
BAD ; therefore (by cor. to the last) BE, the half of BD, is 
the sine of BAD : in the same way may be proved that half of 
AD is the sine of ABD, and the half of AB the sine of ADB* 
Q. E. D. 

THEOREM XL 

Pl. l.fg. 22. 

If a right line GH cut two other right lines AB^ CD, so as to make 
the alternate angles AEF, EFD equal to each other, then the lines AB an4 
CD ipill be paraUeL 

If it be denied that AB is parallel to CD, let IK be parallel 
to it ; then /JSF=(JSFZ))=^£JP(by part 2, theo. 3), a greater 
to a less, which is* absurd, whence IKva not parallel ; and the 
lik& we can prove of all other lines but AB ; therefore ABi& 
paraUel to CD. Q. E. D. 

THEOREM XII. 

Pl. 1.^.3. 

If two equal and parallel lines AB, CD, he joined hy two other lines AD, 
BC, those shall he also equal and paralleL 

Let the diameter or diagonal BD be drawn, and we will have 
the triangles ABD, CBD, whereof AB in one is ss to CD in 
the other, BD common to both, and the angle ABD=^CDB 
(by. part 2, theo. 3) ; therefore (by theo. 6) AD=CB, and the 
angle CBD=ADJB ; and thence the lines AD and BC arc 
parallel, by the preceding theorem. 

Cor. 1. Hence Xhe quadrilateral figure A BCD is a paral- 
lelogram, and the diagonal BD bisects the same, inasmuch as 
the triangle ABD=BCD, as now proved. 

Cor. 2. Hence also the triangle ABD on the same base 
AB, and between the same parallels with the parallelogram 
ABCD, is half the parallelogram. 

Cor. 3. It is hence also plain that the opposite sides of a 
parallelogram are equal ; for it has been proved that, ABCD 
being a parallelogram, iijB will be = CD, and AD=BC. 

C 2 
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THEOREM Xm. 
Pl. 1.^.31 

AU paraUelogranu on the same or equal bases and between the samevar'*^ 
mIUIs are eqtud to one another ; that is, if BIh=.GHy and the lines Bit and 
AF are parallel, then t^ parallelogram ABDC=^BDFE=EFHG. 

For AC=BD=EF (by cor. the last) ; to both add CJE?, 
then AE=CF. In the triangles ABE, CDF, AB=CD and 
AE^CF^ and the angle BAE=DCF (by part 3, theo. 3) ; 
therefore the triangle ABE= CDF (by theo. 6) ; let the triangle 
CKE be taken from both, and we will have the trapezium 
ABKC—KDFE', to each of these add the triangle BKD^ 
then the parallelogram ABCD=BDEF: in like manner we 
may prove the parallelogram EFGH=BDEF, Wherefore 
ABDC-BDEF=EFGH. Q. E. D. 

Cor. Hence it is plain that triangles on the same or equal 
bases and between the same parallels are equal, seeing (by 
cor. 2, theo. 12) they are the halves of their respective para& 
lelogram. , 

THEOREM XIV. 
Tl. I. fig. 92, 

In every right-aftgled triangle, ABC, the square of the hypoth^nuse or 
longest side, BC,or BCMH, is equal to the sum of the squares made on the 
other two sides AB and A C, that is, ABDE and ACGF. 

Through A draw AKL perpendicular to the hjrpothenuse 
5C, join AH, AM, DC, and 56? ; in the triangles BDC, ABH, 
BD=^BA, being sides of the same square, and also BC=^BH, 
and the included angles DBC=ABH (for DBA=CBH 
bemg both right, to both add ABC, then DBC=ABH), there- 
fore the triangle DBC=^ ABH (by theo. 6) ; but the triangle 
DBC is half of the square ABDE (by cor. 2, theo. 12), and 
the triangle ABH is half the parallelogram BKLH The 
same way it may be proved that the square ACGF is equal to 
the parallelogram fCCLM. So ABDE+ACGF the sum of 
the squares ^=BKLJU-\-KCML, the sumof the two parallel©* 
grams or square BCMH; therefore the sum of the squares on 
AB and AC is equal to the square on BC. Q. EV D.* 

. Cor. 1. Hence the hypothenuse of a right-anglpd triangle . 
may be found by having the sides : thus, the square root of the 
sum of the squares of the base and perpendicular wiU be the 
h3rpothenuse. 

* For different demonstrations of this excellent theorenit the read^r 
jnay consult lieslie's Geometry (Prop. xi. book uL). 
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Cor. 2. Having the hypothenuse and one side given to find 
the other ; the square root of the difference of the squares of 
the hypothenuse and given side will be the required side. 

THEOREM XV. 

In all circle* the chord of 60 degrees is always equal in length to the 
radius. 

Thus in the circle AEBD^ if the arc AJEB he an are of 00 degrees^ and 
the chord AB he dravm, then AB=CB^=AC, 

In the triangle ^^C the angle ACB is 60 degrees, being 
measured by the arc AEB ; therefore the sum of the other two 
angles is 120 degrees (by cor. 1, theo. 5); but since ^C-» 
C-B, the angle C-2^= CBA (by lemma preceding theo. 7); 
consequently each of them will be 60, the half of 120 degrees, 
and the three angles will be equal to one another as well as 
the three sides: wherefore AB=^BC=AC. Q. £. D. 

Cor. Hence the radius from whence the lines on any 
scale are formed is the chord of -60 degrees on the line of 
chords. 

THEOREM XVI. 

Pl. I* fig. 34. 

Jfin two triangleSf ABC, abc, aU the angles of one he each respeciwely 
eqtial to all the angles of the other ; that is, A=a, B=by C^=c ; then the 
ndes opposite to the equal angles will be proportional^ viz. 

AB : ab : : AG i ae 

AB: ab: : BC : be 

and AC ; ac : : BC : be 

For the triangles being inscribed in two circles, it is plain, 
since the angle A=a, the arc BDC=^ h^c and consequently 
the chord Bt) is to 5c as tife radius of the circle ABC is to 
the radius of the circle ahc (for the greater the radius is,' the 
greater is the circle described by that radius ; and consequently 
the greater any particular arc of that circle is, so the chord, sine, 
tangent, &c of that arc will be also greater. Therefore, in 
general, the chord, sine, tangent, &c. of any arc is proportional 
to the radius of the circle) ; the same way the chord AB is to 
the chord ab in the same proportion. So AB : ab : : BC : 
be. The same way the rest may be proved to be propor- 
tional. 

* The arc BDC is not = in length to bdc, as might be supposed fircAn 
the nan ftf equality ; but they contain the same number of oegiecsi as 
beinglhe measure of e^piai angles. 
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THEOREM XVII. 
Pl. 1.;^. 36. 

Vfrom a, point A wiihoui a circle DBCE there he drawn two lines ADEf 
AnC, each of them cutting the circle in two points^ the product of one 
whole Une into its external part^ viz, AC into AB, will he equal to that of 
the other Une into its external pa^t^ viz, AE into AD. 

Let the lines DC^ BE be drawn into two triangles ABE, 
ADC ; the angle AEB=ACD (by cor. 2, theo. 7) ; the angle 
A is common, and (by cor. 1, theo. 5) the angle ADC = A BE ; 
therefore the triangles ABE, ADC are mutually equiangular, 
and consequently (by the last) AC : AE : : AD : AB ; where- 
fore AC multiplied by AB will be equal to AE multiplied by 
AD. Q. E. D. 

THEOREM XVIir. 
Pl. 2* fig. 1. 

Trimgies ABC, BCD, and parallelograms ABCFanABDEC, having 
the same altitude, have the same proportion hetween themselves as their bases 
BA and BD. 

Let any aliquot part of Ji J? be taken which will also measure 
BD : suppose that to be J^, which will be contained twice in 
AB, and three times in BD, the parts Ag, gB, Bk, hi, and iD 
being all equal, and let the lines gC, hC, and iC be drawn : 
then (by cor. to theo. 13) all the small triangles AgC, gCB, 
BCk, &c. will be equal to each other, and will be as many as 
the parts into which their bases were divided ; therefore it will 
be, as the sum of the parts in one base is to the sum of those 
in the other, so will be the sum of the small triangles in the 
first to the sum of the small triangles in the second triangle ; 
that i&yABiBDi: ABC : BDC 

Whence also the parallelograms ABCF and BDEC, being 
(by cor. 2, theo. 12) the doubles of the triangles, are likewise 
as their bases. Q. E. D. 

Note* — ^Wherever there are several quantities connected with 
the sign (: :) the conclusion is always drawn from the first two 
and last two proportionals. 

THEOREM XIX. 

'Ph.9.fig.%> 

Triangles ABC, DEF, standing upon equal bases AB and DBy art t& 
each other as their altitudes CG and FH. 

Let BI he perpendicular to AB and equal to CG, in whicb 
let KB^FHy and let AI and AK be dratm. 
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The triangle AIB=ACB (by cor. to theo, 13\ and AKB=^ 
DEF; but (by theo. 18) BI : BK : : ABI : ABK. Thatis, 
CG.FHi: ABC : DEF. Q. E. D. 

THEORY XX. 

Pl. 2. Jig. 3. 

If a right line BE be draton parailel to one side of a triangle ACD^ it 
Vfill ciU the two other sides proportionally, viz. AB i nC : : AE : ED. 

Draw CE and BD ; the triangles BEC and EBD being on 
the same base BE and under the same parallel CD, will be 
equal (by cor. to theo. 13) therefore (by theo. 18) AB : BC : : 
{BEA : BEC or BEA : BED : :) AE : ED. Q. E. D. 

Cor. 1. Hence ^IsoAC: AB: : AD.AE; for AC : AB 
{AEC : AEB : : ABD : AEB) : i AD : AE. 

Cor, 2. It also appears that a right line which divides two 
sides of a triangle proportionally must be parallel to the re- 
maining side. 

Cor. 3. Hence, also, theo. 16 is manifest ; since the sides 
of the triangles ABE, ACD, being equiangular, are propor- 
tional. 

THEOREM XXI. 

Pl. 3. fig. 4. 

If two triangles ABC, ADE have an angle BA C in the one equal to 
an angle DAE in the other, and the sides about the equal angles propot- 
tional ; that is, AB : AD :: AC : AE ; then the triangles vfiU be mutually 
equiangular. 

In AB take Ad=AD, and let de be parallel to BC, meeting 
AC 'me. , 

Because (by the first cor. to the foregoing theo.) AB : Ad 
(or AD) : : AC : Ae, and (by the hypothesis, or what is given 
in the theorem) AB : AD : lACiAE; therefore Ae=AE9 
seeing AC bears the same proportion to each ; and (by theo. 
6) the triangle Ade=ADE, therefore the angle Ade^D and 
Aed=E ; but since ed and BCare parallel (by part 3, theo. 3) 
Ade=B, and Aed==^C, therefore B=D and C=^E. Q. E. D. 

THEOREM XXII. 

Pl. 2. fig, 6. 

Equiangular triangles ABC, DEF are to one another in a diu^ieaU pro- 
portion of their homologous or like sides; or as the squares AAand DM 
of their homologous sides. ^ 

Let the perpendiculars CO and FH be drawn, as well as the 
diagonals BI and EL. ' 



M GEOMETRICAL 

The perpendiculars make the triangles ACG and DFH equi- 
angular, and therefore similar (by theo. 16) ; for because the 
angle CAG=FDH, and the right angle AGC=^DHF, the re- 
maining angle ACG=DFH (by cor. 2. theo. 5). 

Therefore GC ; FH : : {AC : DF: :) AB : DE^ or, which is 
the same thing, GC: AB:i FH : DE, for FH multiplied by 
AB=GC multiplied by DE. 

By theo. 19, ABC:ABI::(CGi AI or AB sa before: : 
FH: DE, or DL): : DFE: DLEy therefore ABC: ABI: : 
DFE : DLE, or ABC : AK:\ DFE : DJIf, for AK is double 
the triangle ABI^ and Dili double the triangle DEL^ (by cor. 2. 
theo. 12.) Q. £. D. 



THEOREM XXIII. 

Pl. 2./^ . 6. 

JUke fehigons ABCDEf ahctk are in a dupHcaU proportion to thai of 
the sides Aa^ ab, which are between equal angles A and B and a and by or 
MS the squares of the sides AB^ ab. 

Draw ADt AC; ad^ ac. 

f By the hypothesis AB : ah:: BC : 6e, and thereby also the 
angle B=b; therefdre (by theo. 21) BAC=bac; and ACJB 
'=ac& : in like manner EAD=ead^ and EDA=eda. If there- 
fore from the equal angles A and a, we take the equal ones 
EAD+BAC=^ead+bac^ the remaining angle DAC=dac^ 
and if from the equal angles D and d^ EDA=eda be taken* 
we shall have AI>C=adc : and in like manner if from C and 
e be taken BCA=bca, we shaQl have ACD^Md; and so 
the respective angles in every triangle will be equal to those 
in the other. 

By theo. 22, ABC: ahc : : the square of AC to the square 
of acy and also ADC : ctde : : the square of AC to the square 
of etc ; therefore, from equality of proportions, ABC : abc : : 
ADC : ode ; in like manner we may show that ADC : ode 
': : EAD : ead. Therefore it will be» as one antecedent is to one 
.consequent, so are all the antecedents to all the consequents. 
That is, ABC is to abc as the sum of the three triangles in 
the first polygon is to the sum of those in the last. Or ABC 
will be to abc as polygon to polygon. 

The prc^rtion of ABC to abc (by the foregoing theo.) is 
as the square of AB is to the square of aby but the proportion 
of polygon to polygon is as ABC to abc^ as now shown: 
ilierefore the prc^rtion of pc^ygon to polygon ia as the aqpBxe 
A>f AB to the square of ab* 
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. THEOREM XXIY. 

Pl. 1. jig. 8. 

Let DHB he ajntadrant of a circle deecrihed hy the rmdnu CB ; HB an 
tare of it^ and DHiU eomplemetU; HL or FC the niM, FHor CLiUeO" 
niUy BK its tangetUf DI it$ eotangetU ; CK iU ^eeanUf amd CI ito ah 
sceant. Fig, 8. 

1. The cosine of an asc ia to the sme as the radius is to the 
tangent. 

2. The radius is to the tangent of an arc as the cosine of it 
is to the sine. 

, 8. The sine of an arc is to its cosine as the radios to its 
cotangent. « 

4. Or the radius is to the cotangent of an arc as its sine to its 
co-sine. 

5. The cotangent of an arc is to the radius as the radios to 
the tangent. 

6. The cosine of an arc is to the radius as the radius is to 
the secant. , 

7. The sine of an arc ^ to the radius as the tangent is to 
the secant. 

The triangles CLH and CBK heing similar (hy theo. 16), 

1. CL :LH::CB: BK. 

% Or, CB:BK::CL: LH. 

The triangles CFH and CZ>/ being similar, 

3. CF{orLH) : FH i : CD : DL 

4. CD. Dill CFiot LH) : FH. 

. The triangles C/)/ and CBK sie similar; for the angle 
CID^KCB^ being alternate ones (by part 2, theo. 3), the 
lines CB and DI being parallel, the angle CDI=^CBK 
being both right, .and consequently the angle DCI^CKB, 
wherefore, 

5. DIiCDi: CB: BK. 

And again, making use of the similar triangle CLH and 
CBK, 

6. CL. CB 11 CHiCK 

7. HL: CH: : BK : CK. 
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PROBLEM I. 
Pl. 2.>^. 7. 

To make a triangle of three given right Ivnet BO, LB^ LO9 of wkieh attf 
tuso matt he greater than the i&td. 

Lay BL from ^ to L ; from B with the line BO describe 
an arc, and from L with JLO describe another arc ; from O, the 
intersecting, ^oint of those arcs, dtaw BO and OL^ and BOL 
is the triangle required. 

This is manifest from the construction. 

PROBLEM IL 

Pl. 2. fig. 8. 

At a point Bma given right line BCy to make an angle equal to a given 
€ngle A, ^ 

Draw any right line ED to form a triangle, as EAD, take BF 
^^AD, and upon BFma^e the triangle BFGj whose side BG= 
AE, and GrJ'=£D(bythe last), then also the angle B=A; 
if we suppose one triangle be laid on the other, the sides will 
mutually agree with each other, and therefore be equal ; for 
if we consider these two trianglea( to be made of the same 
three given lines, they are manifestly one and the same triangle. 

Otherwise, 

Upon the centres A and B, at any distance, let two arcs 
DE, FG, be described ; make the arc FG=DE^ and through 
B and G draw the line BG, and it is done. 

For since the chords ED, GF are equal, the angles A and 
B are also equal, as before (by def. 17). 

PROBLEM IIL 
J*L.2.^.9. 
To bisect or divide into two eqiud parts any given right-lined angle BAC. 
In the lines AB and AC, from the point A, set off equal dis- 
tances AE=AD; then, with any distance more than the half 
of DE, describe two arcs to cut each other in some point P; 
and the right line AF, joining the points A and JP, will bisect 
the given angle BAC, 

For if D/' and FE be drawn, the triangles ADF, AEF are 
equilateral to each other, viz; AD=AE, DF=FE, and AF 
common, wherefore DAF=EAF, as before. 
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PROBLEM IV. 

Pl.2.^. 10. 
To bisect a right line AB. 

With any distance more than half the line from A and B^ 
describe two circles CFD, CGDj cutting each other in 
the points C and D; draw CD intersecting AB in £, then 
AE=EB. 

For, if AC, AD, BC, BD be drawn, the triangles ACDf 
BCD will be mutually equilateral, and consequently the angle 
ACE==BCE; therefore the triangle ACE, BCE, having 
AC=BC, CE common, and the angle ACE^BCE ; (by theo. 
6) the base JLE7=the base BE 

Cor. Jlence it is manifest that C/} not only bisects AB, but 
is perpendicular to it (by def. 10). 

PROBLEM V. 

PL.2.^.il. 

, On a given point A, tn a right line EF, to erect a perpendicular. 
From the point A lay ojflf on each side the e<|ual distances 
AC, AD; and from C and D as centres, with any interval 
greater than ^C or AD, describe two arcs intersecting each 
other in B ; from ^ to JB draw the line AB, and it will be the 
perpendicular requjred. 

For let CB and BD be djawn, then the triangles CAB, DAB 
will be mutually equilateral and equiangular, so CAB=DAB^ 
a right angle (by def. 10). 
• 

PROBLEM VL 

Pl. 2.^. 12. 

To raise a perpen^tdar on the end Bof a right line AB. 

From any point D not in the line AB, with the distance from 

D to B, let a circle he described cutting AB in E ; draw from . 

E through D the right line EDC, cutting the periphery in C, 

and join CB, and that is the perpendicular required. 

EBC being a semicircle, the angle EBC will be a right 
angle (by cor. 5, theo. 7), 

ROBLEM vn. 

Pl. 2.^. 13. 

From a given point A, to let faU a perpendicular upon a given right 
line BC, 

From any point D, in the given line, take the distance to the 
given point Ay and with it describe a circle AGE, make GE^= 
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AGy join the points A and £ by the line AFE^ and AF will 
be the perpendicular required. 

Let DA, DE be drawn, the angle ADF=^FDE, DA— BE. 
being radii of the same circle, and DF common; there- 
fore (by theo. 6) the angle DFA^DFE^ und FA a perpen- 
dicular. {By de£ 10.) 

PROBLEM VIII. 

Pl. 2. fig. 14. 

T%r(mgrh a given point A to draw a right line AB, paralld to a given 
right line CD. 

From the point A to any point P in the line CD draw the 
line AF; with the interval FA, and one foot of the compasses 
in J^, describe the arc AEy and with the like interval and one 
foot in A describe the arc BF, making BF=^AE; through A 
and B draw the line AB, and it will be parallel to CD* 

By prob, 2, The angle BAF=AFE, and by theo. 11, JJA 
and CD are parallel. 

' PROBI^M IX. 

Pl. 1.^.17. 
Upon a given line ABto describe a square ABCD. 

Make BC perpendicular and equal to AB, and from A and 
C, with the line AB or BC^ let two arcs be described, cutting 
each other in D ; from whence to A and C let the lines ADr 
DC be drawn ; so is ABCD the square required. 

For all the sides are equal by construction ; therefore the 
triangles ADC and BAC are mutually equilateral and equi sin- 
gular, and ABCD is an equilateral parallelogram, whose angles 
are right. For B being right, D is also right, and DAC^ 
DC A, BAC, ACB, each half a right angle (by lemma preced- 
ing theo. 7, and cor. 2, theo. 5), whence DAB and BCD 
wfll each be a right angle, and (by def. 43) ABCD is a 
square. 

SCHOLIUM. 

By the same method a rectangle or oblong may be described, 
the sides thereof being given. 

PROBLEM X. 

Pl.2.^. 15. 

To dmde a given right line AB into (my proposed rmmher of equal 
portSm 

Draw the indefinite right line APf making any angle with 
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ABj alsa draw BQ parallel to AP^ in eaeh of which let then 
be taken as many equal parts AM^ MN^ iic* Bof oa, inc. as 
yoa would have AB divided into ; then draw I^bh -^ft* Ac. 
intersecting AB in JS, J\ 4^. and it is done. 

For MN and tmi being equal and parallel, FN will be par-' 
allel to EM, and in the same manner GO to FN {by theo. 11^ ; 
therefore JJf, MN^ NO, being all equal by construction, it is 
plaon (from theo. 20) that AE, EF^ FG^ k>c. will likewise be 
equal. 

PROBLEM XL 

Pl.2.^. 16. 

To find a third proportional to two giften right Hnet A and B. 

Draw two indefinite blank lines CEy CD anywise to make 

any angle. Lay the line A from C to F^ and the line B from 

C to Gy and draw the line FG; lay again the line A from C 

to Hy and through If draw HI parallel to FG (by prob. 8), so 

is CI the third proportional required. 

For, by cor. 1, theo. 20, CG i CH : i CF : CL 
Or,BiAi:A:CI. 

* 
PROBLEM XIL 
Pl. 2, Jig, 17. 

Three right Unes At fl, C given, to find a fourth proportional. 

Having made an angle DEF onywiBe, by two indefinite 
blank right lines ED, EF^ as before ; lay the line A from E 
to 6r, the line B from jE7 to /, and draw the line IG ; lay the 
line C from E to JT, and (by prob. 8) draw HK parallel there- 
to, so will EK be the fourth proportional required. 

For, by cor. 1, theo. 20, EG : EJ : : EH : EK. 

OTyA:B::C'.EK. 

PROBLEM XIII. 
TuZ.fig./l. 

Two right lines A and B given, to find a mean proportumal. 

Draw an indefinite straight line, on which place AB=A 
an& BC=B ; bisect AC (by prob. 4) in JS, and describe the 
semicircle ADC, and from the point B erect the perpendicular 
BD (by prob. 5), then BD is a mean proportional. 

For if the lines AD, DC be drawn, the angle ADC is a 
right angle (by cor. 5, theo. 7), being an angle in a semi^ 
circle. 

The angles ABD, DBC are right ones (by def. 10), the line 
BD being a perpendicular; wherefore the triangles ABD, 
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BBC are similar : thus the angle ABD=^DBC, being both 
right, the angle DACA^b the compleinent of BDA to a right 
angle (by cor. 2, theo. 5), and is therefore equal to BDC^ the 
angle ADC being a right ang^e as before ; consequently Thy 
*cor. 1, theo. 6) the angle ADB=DCB; wherefore (by 
theo. 16), 

AB: BDi: BDiBC 

Or, A: BD::BD I B. 

^PROBLEM XIV. 

Pl. 3.^. 2. 

To divide a right Une AB in the point E, so that AE MhaU have the »ame 
ptoportion to EB as two given lines C and D hav^ 

Draw an indefinite blank line AF to the extremity of the 
line AB, to make with it any angle ; lay the line C fit>m A to 
C, and D from C to D, and join the points B and D by the 
line BD ; through C draw CE parallel to BD (by prob. 8), so 
is E the point of division. 

For, by theo. 20, AC : CD : : AE : EB. 

Or, C:D:: AE:: EB. 

PROBLEM XV. 

Pi«. 3. Jig. 3. 

To describe a cifcle about a triangle ABC, or (which is the same thing) 
through any three points -A, B, C, which are not situated in a right lint. 

By prob. 4. Bisect the line AC by the perpendicular DE, 
and also Cj^by the perpendicular FG, the point of intersection 
H of these perpendiculars is the centre of the circle required ; 
from which take the distance to any of the three points A, B, 
C, and describe the circle ABC, and it is done. 

For, by cor. to theo. 8, the lines DE and JPG must each 
pass through the centre ; therefore their point of intersection 
H must be the centre. 

SCHOLIUM. 

By this method the centre of a circle may be found, byiiav- 
ing only a segment of^ it given. 

PROBLEM XVL 

Pl. 3. jig. 4. 

To make an angle of cmy nuniber of degrees at the point A of the line AB, 
suppose of 45 degrees. 

From a scale of chords take 60 degrees, for 60^ is equal to 
the radius (by cor. theo. 15), and with that distance from A as 
a centre, describe a circle from^ the line AB ; take 45 degrees. 
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the quantity of the given angle, from the same scale of chords, 
and lay it on that circle from ato b; through A and 6^ draw 
the line AbCf 'and the angle A will be an angle of 46 degrees, 
as required. 

If the given angle be more than 90^, take its half (or divide 
it into any two parts less than 90 and lay them after each other 
on the arc, which is described with the chord of 60 degrees ; 
through the extremity of which and the centre, let a line be 
drawn, and that will form the angle required, with the given 
line. 

PROBLEM XVII. 

Pl. 3. Jig. 5. 
To measure a given angle ABC. 

If the lines which include the angle be not as long as the 
chord of 60° on your scale, produce them to that or a greater 
length, and between them so produced, with the chord of 60° 
from B, describe the arc ed ; which distance ed^ measured on 
the same line of chords, gives the quantity of the angle ABC^ 
as required ; this is plain from def. 17. 

PROBLEM XVIII. 
Pl* 3. ^g. 6.. 

To make a triangle BCE eqiuU to a given qtudriUUerai figure ABCD. 

Draw the diagonal AC, and parallel to it (by prob. 8) DEt 
meeting AB produced in E ; then draw CE, and ECB will 
be the triangle required. 

For the triangles ADC^ AEC being upon the same base 
AC, and under the same parallel ED (by cor. to theo. 13), 
will be equal, therefore if ABC be added to each, then ABCD 
^BEC. 

PROBLEM XIX. 

« 

Pl. 3. fig. 7. 

To make a triangle DFH equal to a givenjive-sided figure ABCDB. 

Draw DA and DB, and also EH and CF parallel to them, 
(by prob. 8) meeting AB produced in H and F; then draw 
DH, DF, and the triangle HDF is the one required. 

For the triangle DEA=DtiA, and DBC=DFB (by cor. 
to theo. 13) ; therefore by adding these equations, DEA+DBC 
=DHA+DFB, if to each of these ADB be added ; then 
DEA+ADB+DBC=ABCDE {=DHA+ABD+DFB)==^ 
DHF. 
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PROBLEM XX. 

Tt frcject the HrieM of chordSf niie», Umgmitt^ amd seoant$ with anf itbUmfi 
On the line AB^ let a semieircle ADB be described ; let 
CDF be drawn perpendicular to this line from the centre C ; 
and the tangent BE perpendicular to the end of the diameter ; 
let the quadrants AD, DB be each divided into nine^ equal 
parts, every one of which» wiU be ten degrees ; if then frdm the 
centre C lines be drawn through 10, 20, 80, 40, &c. the divi- 
sions of the quadrant BD, and continued to BE, we shall there 
have the tangents of 10, 20, 30, 40, ^c. and the secants C 
10, C 20, C 30, ^c. are transferred to the line CjP, by describing 
the arcs 10, 10 ; 20, 20 ; 30, 30, <S&e. If from 10, 20, 30, &^c. 
the divisions of the quadrant BD, there be let fall perpendicu- 
lars, let these be transferred to the radius CB, and we shall 
have the sines of 10, 20 30, &c. and if from A we describe 
the arcs 10, 10 ; 20, 20 ; 30, 30, &c. firom every division of 
the arc AD, we shall have a line of chords, l^e same way 
we may have the sine, tangent, &c. to every single degree on 
the quadrant, by subdividing each of the nine former divisions 
into ten equal parts. By tms method the sines, tangents, ^c. 
may be drawn to any radius ; and then, after they are trans- 
ferred to lines on a rule, we sJ«ill have the scales of sines, 
tangents, &c. ready for use. 



MATHEMATICAL 

DRAWING INSTRUMENTS. 

The strictness of geometrical demonstration admits of no 
other instruments than a rule and a pair of compasses. Bat, 
in proportion as the practice of geometry was extended to the 
different arts, either connected with or dependent upon it, 
new instruments became necessary, some to answer peculiar 
purposes, some to facilitate operatio;i, and others to promote 
accuracy. 

As almost every artist whose operations are connected with 
mathematical designing furnishes himself with a case* of 
drawing instruments suited to his peculiar purposes^ they are 
fitted up in various modes, some containing more, others Tewer 
instruments. The smallest collection put into a case consists 
of a plane scale, a pair of compasses with a moveable leg, and 
two spare points, which may be applied occasionally to the 
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compasses ; one of these points is to hold ink ; the other a 
portcrayon, for holding a piece of black-lead pencil. 

What is called a full pocket case, contains the following in 
striunents. 

A pair of large compasses with a moveable point, an ink 
point, a pencil point, and one for dotting ; either of those points 
may be inserted in the compasses instead of the moveable leg. 

A pair of plain compasses somewhat smaller than those 
with the moveable leg. 

A pair of bow compasses. 

A drawing pen with a protracting pin in the upper part 

A sector. 

A plain scale. 

A protractor. 

A parallel rule. 

A pencil and screwdriver.* 

* Large collections are called magazi7i€ eases of instruments ; these 
generally contain — 

A pair of six inch compasses with a moveable leg, an ink p<»nt, a. 
dotting point, the ciayon point, so contrived as to (lold a whole pencU, two 
additional pieces to lengthen occasionally one leg of the compasses, and 
thereby enable them to measure greater extents, and describe circles of a 
larger radius. 

A pair of hair compasses. 

A pair of bow compasses. 

A pair of triangular compasses* 

A sector. 

A parallel rule. 

A protractor. 

A pair of proportional compasses, either with or without an adjusting 
screw. 

A pair of wholes and halyes. 

Two drayrmg pens, and a pointril. 

A pair of snmll hair compasses, with a head similar to those of the bow 
compasses. 

A knife, a file, a key, and screwdriver, or the compasses in one piece. 

A small set ojf fine water-colours. 

To these some of the following instruments are often added : — 

A pair of beam compasses. 

A pair of gunners' calKpers. 

A pair of elliptical compasses. 

A pair of spiral compasses. 

A pair of perspective compasses. 

A pair of compasses with a micrometer screw. 

A rule for drawing lines, tending to a centre at a great distance. 

A protractor and parallel rule. 

One or more parallel rules. 

A pantograpber, or peiitagraph. 

A pair of sectoral compasses, forming at the same time s pair of beatt 
and calliper compasses. 



66 MATHEMATICAL 

In a case with the best instruments, the protractor and plain 
scale are always combined. The instruments in most general 
use are those of six inches; instruments are seldom made 
longer, but oflen smaller. Those of six inches are, however, 
to be preferred, in general, before any other size ; they will 
effect all that can be performed with the shortest ones, while, 
at the same time, they are better adapted to large works. 

OF DRAWmb COMPASSES. 

Compasses are made either of silver or brass, but with steel 
points. The joints should always be framed of different sub- 
stances ; thus, one side or part should be of ^Iver or brass, 
and the other of steel. The difference in the texture and pores 
of the two metals causes the parts to adhere less together, di- 
minishes the wear, and promotes uniformity in their motion. 
The truth of the work is ascertained by the smoothness and 
equality of the motion at the joint, for all shake and irregularity 
is a certain sign of imperfection. The points should be of 
steel, so tempered as neither to be easily bent or blunted ; not 
too fine and tapering, and yet meeting closely when the com- 
passes are shut. 

AsT an instrument of art, compasses are so well known that 
it would be superfluous to enumerate their various uses; suffice 
it then to say, that they are used to transfer small distances, 
measure given spaces, and describe arches and circles. 

If an arch or circle is to be described obscurely, the steel 
points are best adapted to the purpose ; if it is to be in ink or 
black lead, either the drawing pen, or crayon points are to be 
used. 

To use a pair of compasses* Place the thumb and middle 
finger of the right hand in the opposite hollows in the shanks 
of the compasses, then press the compasses, and the legs will 
open a little way ; this being done, push the innermost leg 
with the third finger, elevating at the same time the furthermost 
with the nail of the middle finger, till the compasses are suffi- 
ciently opened to receive the middle and third finger ; they may 
then be extended at pleasure, by pushing the furthermost leg 
outwards with the middle, or pressing it inwards with the fore- 
finger. In describing circles or arches, set one foot of the, 
compasses on the centre, and then roll the head of the com- 
passes between the middle and fore-finger, the other point 
pressing at the same time upon the paper. They should be 
held as upright as possible, and care should be taken not to 
press forcibly upon them, but rather to let them act by their 
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own weight ; the legs should never be to far extended as to 
form an obtuse angle with the paper or plane on which they 
are used. 

The ink and crayon points have a joint just under that part 
which fits into the compasses ; by (his they may be always so 
placed as to be set nearly perpendicular to the paper ; the end 
of the shank of the best compasses is framed so as to form a 
strong spring, to bind firmly the moveable points, and prevent 
them from shaking. This is found to be a more e£fectual 
method than that by a screw. 

Two additional pieces are oflen applied to these compasses ; 
these, by lengthening the leg, enable them to strike larger cir- 
cles, or measure greater extents, than they wouid otherwise 
pei^form, and that without the inconveniences attending longer 
compasses. When compasses are furnished with this additional 
piece, the moveable leg has a joint, that it may be placed per- 
pendicular to the paper. 

The how compasses are a small pair, usually with a point 
for ink ; they are used to describe small arches or circles, 
which they do much more conveniently than large com- 
passes, not only on account of their size, but also from the 
shape of the head, which rolls with great ease between the 
fingers. 

Of the drawing pen and proiraeHng pm. The pen part of 
this instrument is used to draw straight lines : it consists of 
two blades with steel points fixed to a handle ; the blades are 
so bent that the ends of the steel points meet, and yet leave a 
sufficient cavity for the ink ; 'the blades may be opened more 
or less by a i^crew, and, being properly set, will draw a line of 
any assigned thickness. One of the blades is firamed with a 
joint, that the points may be separated and thus cleaned more 
conveniently. A small quantity only of ink should be put at 
one time into the drawing pen, and this should be placed in the 
cavity between the blades by a common pen or feeder ; the 
drawing pen acts better if the pen by which the ink is inserted 
be made to pass through the blades. To use the drawing pen, 
first feed it with ink, then regulate it to the thickness of the 
required line by the screw. In drawing lines, incline the pen 
a small degree, taking care, however, that the edges of both the 
blades touch the ps^er, keeping the pen close to the rule, and 
in the same direction during ^e whole operation. The 
blades should always be wiped very clean before the pen is put 
away. 

These directions are equally applicable to the ink point of 
the oompasdes, only observing, that when an arch or circle 
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is to be described of more' than an inch radius^ the poial 
should be so bent that the Uades of the pen may be neariy 
perpendicular to the paper, and both of them touch it at the 
same time. 

I The protracting pin is only a short piece of steel wire with 
a very fine point fixed at one end of the upper part of the han- 
dle of the drawing pen. It is used to mai^ the intersection 
of lines, or to set off divisions firom the plotting scale and pro- 
tractor. 

OF THE SECTOR. 

Amid the variety of mathematbal instruments that have 
been contrived to facilitate the art of drawing, there is none so 
extensive in its use or of such general application as the sector^ 
it is a universal scale, uniting, as it were, angles and parallel 
lines, the rule and the compass, which are the only means that 
geometry makes use of for measuring, whether in speculation 
or practice. The real inventor of this valuable instrument is 
unknown ; yet of so much merit has the invention appeared, 
that it was claimed by GalUeo, and disputed by nations. 

This instrument derives its name from the tenth definition 
of the third book of Euclid, where he defines the sector of 
a circle. It is formed of two equal rules called legs } these 
4egs^^e moveable about the centre of a joint, and will, conse- 
quently^ by their dififerent openings, represent every possible 
variety of plane angles. The distance of the extremities of 
these rules are the subtenses or chords, or the arches they 
describe. 

Sectors are made of dififerent sizes, but their length is usually 
denominated from the length of the legs when the sector is shut. 
Thus a sector of six inches when the legs are close together 
forms a rule of twelve inches when opened ; and a foot sector 
is two ' feet long when opened to its greatest extent In de- 
scribing the lines usually placed on this instrunient, I refer to 
those commonly laid down on the best six-inch brass sectors. 
But as the principles are the same in all, and the differences 
little nK>re than in the number of subdivisions, it is to be pre- 
sumed that no difficulty will occur in the application of what 
is here said to sectors of a larger radius. 

The scales, or lines graduated upon the faces of the mstrct- 
ment, and which are to be used as sectoral lineSj proceed fh)m 
t3ie centre, and are, 1. Two scales of equal parts, one on each 
leg, marked lin. or l. Each of these scales, from the ^eat « 
extensiveness of its use, is called the line irf lines. % Two 
fines of chords, marked cho. or c. 9. Two lines of seeanUf 
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marked sec. or s. A line ofpofyginu^ marked pol. Upon the 
other face the sectoral lines are, 1. Two lines ofmnesmvtkei 
SIN. or s. 2. Two lines of tangents, marked tan. 3. Be« 
tween the lines of tangents and sines there is another line of 
tangents to a lesser radius, to supply the defect of the former, 
and extending from 45® to 75°. 

Each pair of these lines, except the line of polygons, is so 
adjusted as to make equal angles at the centre, and conse- 
quently at whatever distance the sector be opened, the angles 
. will be always respectively equal. That is, the distance be- 
tween. 10 and 10 on the line of lines will be equal to 60 and 
60 on the line of chords, 90 and 90 on the line of sines, and 45 
and 45 on the line of tangents. 

Besides the sectoral scales, there are others on each face 
placed parallel to the outward edges, and used as those of the 
common plain scale. There are on the one face, 1. A line of 
inches. 2. A line of latitudes. 3. A line of hours. 4. A 
line of inclination of meridians. 5. A line of chords. On the 
other face, three logarithmic scales, namely, one of numbers, 
one of sines, and one of tangents : these are used when the 
sector is fuUy opened, th^ legs forming one line. 

To read and estimate the divisions on the sectoral lines. The 
value of the divisions on most of the lines is determined by the 
figures adjacent to them ; these proceed by tens, which consti- 
tute the divisions of the first order, and are numbered .accord- 
ingly ; but the value of the divisions on the line of lines, that 
are distinguished by figures, is' entbely arbitrary, and may 
represent any value that is given to them ; hence the figures 
1, 2, 3, 4, &c. may denote either 10, 20, 30, 40, or 100, 200, 
300, 400, and so on. 

The line of lines is divided into ten equal parts, numbered 
1, 2, 3, to 10 ; these may he called divisions of the first order ; 
each of these is again subdivided into 10 other equal parts, 
which may be called divisions of the second order ; and each 
of these is divided into two equal parts, forming divisions of 
the third order. 

The divisions on all the scales are contained between four 
parallel lines : those of the first order extend to the most dis- 
tant, those of the third to the least, those of the second to the 
intermediate parallel. 

When the whole line of lines "represents 100, the divisions 
of the first order, or those to which the figures are annexed, 
xepresent tens; those of the second order, units; those of the 
third order, the halves of these units. If tfie whole line repre- 
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sents ten, then the divisions of the first order are units ; those 
of the second, tenths ; and the third, twentieths. 

In the line qf tangents, the divisions to which the numbers 
are affixed are the degrees expressed by those numbers. Every 
fifth degree is denoted by a line somewhat longer than the rest ; 
between every number and each fifth degree there ar four 
divisions longer than the intermediate adjacent ones ; these are 
whole degrees ; the shorter ones, or those of the third order, are 
30 minutes. 

From the centre to 60 degrees the line of sines is divided 
like the line of tangents ; from 60 to 70 it is divided only to ' 
every degree ; from 70 to 80 to every two degrees ; from 80 
to 90 the division must be estimated by the eye. 

The divisions on the line of chords are to be estimated in 
the same manner as the tangents. 

The lesser Une of tangents is graduated every two degrees 
from 45 to 50 ; but from 50 to 60 to every degree ; from 60 
to the end to half-degrees. 

The line of secants from to 10 is to be estimated by the 
eye ; from 20 to 50 it is divided to every two degrees ; from 
50 to 60 to every degree ; and from 60 to the end to every • 
half-degree. 

The solution of questions on the sector is said to be simple 
when the work is begun and ended on the same line ; com- 
pound when the operation begins on one line and is finished 
on the other. 

The operation varies also by the manner in which the com- 
passes are applied to the sector. If a measure be taken on 
any of the sectoral lines beginning at the centre, it is called a 
lateral distance. But if the measure be taken from any point 
in one line to its corresponding point on the line of the same 
denomination on the other legj it is called a transverse or par- 
allel distance. 

The divisions of each sectoral line are bounded by three 
parallel lines ; the innermost of these is that on which the 
points of the compasses are to be placed, because this alone is 
the line which goes to the centre, and is alone, therefore) the 
sectoral line. 

We shall now proceed to give a few general ins^tances of the 
manner of operating with the sector. 

MuUiplicaHen hy the line of lines.. Make the lateral dis- 
tance of one of the factors the parallel distance of 10 ; then the 
parallel distance of the other factor is the product. 

Example* Multiply 5 by 6 : extend the compasses from tho 
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centre of the sector to 5 on the primary divisions, and open the 
sector till this distance become the parallel distance from 10 to 
10 on the same divisions ; then the parallel distance from 6 
to 6, extended from the centre of th^ sector, shall reach to 
3, which is now to be reckoned 30. At the same opening 
of the sector, the parallel distance of 7 shall reach from the 
centre to 35, that of 8 shall reach from the centre to 40, iic. 

Division by the ^fie of lines. Make the lateral distance of 
the dividend the parallel distance of the divisor, the parallel 
distance of 10 is the quotient. Thus, to divide 30 by 5, make 
the lateral distance of 30, viz. 3 on the primary divisions, die 
parallel distance of 5 of the same divisions ; then the parallel 
distance of 10, extended from the centre, shall reach to 6. 

Proportion by the line of lines. Make the lateral dis- 
tance of the second term the parallel distance of the first term ; 
the parallel di/st^nce of the third term is the fourth proportional. 

Example, To find a fourth proportional to 8, 4, and 6, take 
the lateral distance of- 4, and, make it the parallel distance of 8, 
then the parallel distance of 6, extended from the centre, shall 
reach to the fourth proportional 3. 

In the same manner a third proportional is found to two num- 
bers. Thus, to find a third proportional to 8 and 4, the sector 
remaining as in the former example, the parallel distance of 4, 
extended from tKe centre, shall reach to the third proportional 

2. In all these^cases, if the number .to be made a parallel dis- 
tance be too gresit for the sector, some aliquot part of it is to 
be taken, and the answer multiplied by the number by which 
the first number %ai|f divided. Thus, if it were required to find 
a fourth propo^llial to 4, 8, and 6, because the lateral distance 
of the second^'lfi^Q 8 cannot be made the parallel distance of 
the first term 4, take the lateral distance of 4, viz. the half of 
8, and make it the parallel distance of the first term 4 ; • then 
the parallel distance of the third term 6 shall reach from the 
centre to 6, viz. the half of 12. Any other aliquot part of a 
number may be used. in the same way. In like manner, if the 
number proposed bd too smali to be made the parallel distance, 
it may be multiplied hf ^09^ number, and the answer is to be 
divided by the same nuiatbVi^ 

To protract angles Jiy the line of chords. Case 1 . When 
the given degrees are under 60. 1. With any radius on a 
centre, describe the arch. 2. Make the same radius a trppi<- 
verse distance between 60 and 60 on the same line of>ri\ords. 

3. Take out the transverse distance of the given degrees, and 
lay this on the arch, which will mark out the angular distance 

. required. 
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Case 2. When the given degrees are more than 60. 1 . Open 
th sector, and describe the arch as before. 2. Take f or ^ of 
the given degrees, and take the transyerse distance of this ^ or 
!>, and lay it off twice if the degrees were halved, three times if 
die third was used as a transverse dbtance. 

Case 3. When the required angle b less than 6 degr.'^s ; 
suppose 3. 1. Open the sector to the given radius, and de- 
scribe the arch as before. 2. Set off the radius. 3* Set off 
the chord of 57 degrees backwards, which will give the arc of 
three degrees. 

Given the radius of a circle {suppose equal to two inches)^ re^ 
quired the sine and tangent of 28® 30' to that radius* 

Solution. — Open the sector so that the transverse distance 
of 90 and 00 on the sines, or of 45 and 45 on the tangents, 
may be equal to the given radius, viz. two inches ; then will 
the transverse distance of 28° 30', taken from the sines^ be the 
length of that sine to the given radius ; or if taken from the 
tangents, will be the length of that tangent to the given radius. 

But if the secant of 28° 30' was required f 

Make the given radius, two inches, a transverse distance to 
and at the beginning of the line of secants ; and then take 
the Iransverse distance of the degrees wanted, viz. 28° 30'. 

A tangent greater than 45** (suppose 00°) is found thus* 

Make the given radius, suppose two inches, a transverse dis- 
tance to 45 and 45 at the beginning of the scale of upper tan- 
gents ; and then the required number 60° may be taken from 
this scale. 

Given the length of the sine^ tangent^ or secant of any degrees^ 
to find the length, vf the radius to that sine^ tangent^ or secant. 

Solution, — ^Make the given length a transverse distance to its 
given.de'grees on its respective scale : then, 
' .'In'Uf sines. The transverse distance of 90 and 90 will be 
thef ramus sought. 

' In the lower tangents. The transverse distance of 45 and 
45, near the end of the sector, will be the radius sought. 

In the upper tangents. The transverse distance o^ 45 and 
45, taken towards the centre of the sector on the line of upper 
tangents, will be the centre sought* 

In the secant. The transverse distance of and 0, or the 
beginning of the secants, near the centre of the sector, will be 
the radius sought. 

Given the radius and any Une representing, a sine^ tangent^ or 
secant^ to find the degrees corresponding to that line. 

Solution. — Set the sec^r to the given radius, according as a 
sine, or tangent, or secant is concerned. 
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Take the given line between the compasses ; apply the two 
feet transversely to the scale concerned, and slide the feet dlong 
till they both rest on like divisions on both legs ; then will those 
divisions show the degrees and parts corresponding to the 
given line. 

To find the length of a versed sine to a given rmmber of de* 
grees^ and a given radius^ 

Make the transverse distance of 90 and 90 on the sines 
equal to the given radius. 

Take the transverse distance of the sine complement of the 
^ven degrees. 

If the given degrees are less than 90, the difference between 
the ^sine complement and the radius gives the versed sine. 

If the given degrees are more than 90, the sum of the sine 
complement and the radius gives the versed sine. 

To open the legs of the sector so that the corresponding double 
scales of lines chords j sines^and tangents may make each a right 
angle, v 

On the lines^ make the lateral distance 10 a distance be* 
tween 8 on one leg and 6 on the other leg. 

On the sines^ make the lateral distance 90 a transverse dis-^ 
tance from 45 to 45 ; or firom 40 to 50 ; or from 30 to 60 ; or 
from the sine of any degrees to their complement 

Or on the sines^mdke the lateral distance of 45 a transverse 
distance between 30 and 30. 

OF THB PLAIN SCALK. 

The divisions laid down on the plain scale are of two kinds, 
the one having mor^ immediate relation to the circle and its 
properties, the other being merely concerned with dividing 
straight lines. 

Though arches of a circle are the most natural measure of 
an angle, yet in many cases right lines are substituted, as being 
more convenient ; for the comparison of one right line with 
another is more natural and easy than the comparison of a 
right line with a curve : hence it is usual to measure the quan- 
tities of angles, not bythe arch itself, which is described on the 
angular point, but by certain lines described about that arch. 

The lines laid down 'on the plain scales for the measuring of 
angles, or the protracting scales, are, 1. A line of chords marked 
CHO. 2. A line of sines marked sin., of tangents marked tan., 
of semitangents marked ST., and of secants marked sec. ; this 
last is often upon the' same line as the sines, because its gr^ 
dations do ndt begin till the sines end. 

D 
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There are two other scales, namely, the rhumbs marked rv, 
and longitudes m^ked lon. Scales of latitude and hours are 
sometimes put upon the plain scale ; but as dialling is now but 
seldom studied, they are only made ta order. 

The divisions used for measuring straight lines are called 
scales of equal parts, and are of various lengths for the conve- 
nience of delineating any figure of a larger or smaller size, ac- 
cording to the fancy or purposes of the «dr aughtsm an. They are, 
indeed, nothing more than a measure in miniature for laying down 
upon paper, &c. any known measure, as chains, yards, feet, &c., 
each part on the scale answering to one foot, one yard, iStc, and 
the plan will be larger or smaller as the scale contains a smaller 
or a greater number of parts in an inch. Hence a variety of 
scales is useful to lay down lines' of any required length, and 
of a convenient proportion with respect to the size of the draw- 
ing. If none of the scales happen to suit the purpose, re- 
course should, be had to the tine of lines on the sector; for, by 
the different openings of that instrument, a line of any length 
may be divided into as many equal parts as any person chooses. 

Scales of equal parts are divided into two kinds, the one 
simply, the other diagonally divided. 

Six of the simply divided scales are generally placed one 
above another upon the sasne rule ; they are divided into as 
many equal psCrts as tj)£ length of Uie rule will admit of; the 
numbers placed on the right-hand show hoW many parts in an 
inch each scale is divided into. The upper scale is sometimes 
shortened for the sake of introducing another, called the line of 
chords. 

The first of the larger or primary divisions on every scale 
is subdivided into ten equal parts, which small parts are 
those which give a name to the scale : thus it is called a scale 
of 20, when 20 of these divisions are equal to one inch. If, 
therefore, these less divisions be taken as units, and each repre- 
sents one league, one mile, one chain, or one yard, &c., then 
will the larger divisions be so many tens; but if the sub- 
divisions are supposed to be tens, the larger divisions will be 
hundreds. 

To illustrate this, suppose it were required to set off from 
either of the scales of equal parts f ^, 36, or 360 parts, either 
miles or leagues. Set one foot of your compasses on 3, among 
the larger or primary divisions, and open the other point till it 
falls on the sixth subdivision, reckoning backwards or towards 
the left hand. Then will this extent represent f }, 36, or 360 
miles or leagues, &,c. and bear the same proportion in the plan 
as the line measured does to the < thing represented. 
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To adapt these scales to feet and inches, the first primary 
division is often duodecimally divided by the upper line ; there- 
fore, to lay down any number of feet and inches, as, for in- 
stance, 8 feet 6 inches, extend the compasses from 8 of the 
larger to 8 of the upp^r small ones, and that distance laid down 
on the plan will represent 8 feet 8 inches. 

-Of the scale of equal jparts didgonaUi/ divided. The use of 
this scale is the sam& as those already described. But by it a 
plane may be more accurately divided than by the former ; for 
any one of the larger divisions may by this be subdivided into 
100 equal parts ; and, therefore, if the scale contains 10 of the 
larger divisions, any number under 1 000 may be laid down with 
accuracy. 

The diagonal scale is seldom placed on the same side of the 
rule with the other plotting scale. The first division of the 
diagonal scale, if it be a foot long, is generally an inch divided 
into 100 equal parts,^and at the opposite there is usually half 
an inch divided into 100 equal parts. If the scale be six inches 
long, one end has commonly half an inch, the other a quarter 
of an inch, subdivided into, 100 equal parts. 

The nature of this scale will be better understood by consider- 
ing its construction. For this purpose, 
' First Draw eleven parallel lines at equal distances ; divide 
tihie upper of these lines mto such a number of equal parts as 
the scale to be expressed is intei^ded to contain ; firom each of 
these divisions draw perpendici^^, lines through the eleven 
parallels. 

Secondly. Subdivide the. first of these divisions into ten 
equal parts, both in the upper and lower lines. 

Thirdly. Subdivide again each of these subdivisions, by 
drawing diagonal lines from the 10th below to the 9th above ; 
from the 8th below to the 7th above'; and so on, till from the 
first below to the above ; by these lines each of the small 
divisions is divided into ten parts, and .consequently the whole 
first space into 100 equal parts', fbras each of i!?ie subdivisions 
is one-tenth part of the whole first space or division, so each 
parallel above it is one-tenth of such subdivision, and conse- 
quently, one-hundredth part of the whole first space; and if 
there be ten of the larger divisions, one thousandth part of the 
whole space. 

If, therefore, the larger divisioiS ie accounted as units, the 
first subdivisions will be tenth parts of a unit, and the second, 
marked by the diagonal uponnhe parallels, hundredth parts of 
the unit. But if we suppose the larger divisions to be tens, 
ihe first subdivisions will be units and the second tenths. If 

D2 
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the larger are hundreds, then will the first be tens and the 
second units. 

The numbers, therefore, 576, 57,6, 5,76, are all expressible 
by the same extent of the compasses : thus, setting one foot in 
the numher 5 of the larger divisions, extend the other along 
the sixth parallel to the seventh diagonal. For, if the five 
larger divisions be taken for 500, seven of the first subdivisions 
will be 70, which upon the sixth parallel, taking in six of the 
second subdivisions for units, msikes the whole number 576. 
Or, if the five larger divisions be taken for five tens, or 50, 
seven of the first subdivisions will be seven units, and the six 
second subdivisions upon the sixth parallel will be six tenths 
of a unit. Lastly, if the five larger divisions be only esteemed 
as five units, then will the seven first subdivisions be seven 
tenths, and the six second subdivisions be the six hundredth 
parts of a unit 

Cfthe line of chords. This line is used to set ofif an angle 
from a given point in any right line, or to measure the quan«> 
tityof an angle already laid down. 

Thus, to draw a line that shall make with another line an 
angle containing a given number of degrees, suppose 40 de- 
grees. ■ 

Open your compasses to the extent of 60 degrees upon the 
line of chords (which is always equal to the radius of the circle 
of projection), and setting one foot in the angular point, with 
that extent describe an arch ; then taking the extent of 40 de- 
grees ^rom the said chord line, set it ofif from the given line on 
the arch described ; a right line drawn from the given point 
through the point marked upon the arch will form die required 
angle. 

The degrees contained in an angle already laid down are 
found nearly*in the same manner. For instance, to measure an 
angle : from the centre describe an arch with the chord of 
60 degrees, and the length of the arch contained between the 
lines measured on the line of chords will give the number of 
degrees contained in the angle. 

If the number of degrees are more than 90, they must be 
measured upon the chords at twice : thus, if 120 degrees were 
to be practised, 60 may be taken from the chords, and those 
degrees be laid off twice upon the arch. Degrees taken firom the 
chords are always to be couilt^d from the beginning of the scale. 

Of the rhumb line. This is, in fact, a line of chords con- 
structed to a quadrant divided into eight parts or points of the 
compass, in order to facilitate the work of the navigator in lay- 
ing down a ship's course. 
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Of ike }kt^ of longitudes. ' The line of longitudes is a line 
divided into sixty unequal parts, and so applied to the line of 
(^hords as to show, by inspection, the number of equatorial 
miles contained in a degree on any parallel of latitude. The 
graduated line of chords is necessary, in order to show the 
latitudes ; the line of longitude shows the quantity of a degree 
on each parallel in sixtieth parts of an equatorial degree, that 
is, miles. 

The lines of tangents^ semitangents and secants serve to find 
the centres and poles of projected circles in the stereographical 
projection of the sphere. ^ 

The line of sines is principally used for the orthographic 
projection of the sphere. 

The Unes of latitudes and hours are used conjoindy, and 
serve very readily to mark the hour lines in the construction 
of dials : they are generally on the most complete sorts of scales 
and sectors ; for the uses of which see treatises on dialling. 

OF THE FAOTBACTOR. 

This is an instrument used to protract or lay dQwn an angle 
containing any number of degrees, or to find how many degrees 
are contained in any given angle. There are two kinds put 
into cases of mathematical drawing instruments ; one in the 
form of a semicircle, the other in the form of a parallelogram. 
The circle is undoubtedly the only natural measure of angles ; 
when a straight line is therefore used the divisions thereon are 
derived from a circle or its properties, and the straight line is 
made use of for some relative convenience : it is thus the par- 
allelogram is often used as a protractor instead of the semi- 
circle, because it is in some cases more convenient, and that 
other scales, &c. may be placed upon it. 

7!%e semicircular protractor is divided into 180 equal parts 
or degrees, which are numbered at every tenth degree each 
way, for the conveniency of reckoning either from the right 
towards the lefl, or from the left towards the right ; or the more 
easily to lay down an angle from either end of the line, begin- 
ning at each end with 10, 20, &;c. and proceeding to 180 de- 
grees. The edge is the diameter of the semicircle, and the 
mark in the middle points out the centre, in a protractor in the 
form of a parallelogram : the divisions are, as in the semicircu- 
lar one, numbered both ways ; the blank side represents the 
diameter of a circle. The side of the protractor to be applied 
lo the paper is made flat, and that whereon the degrees are 
marked is chamfered or sloped away to the edge, that an angle 
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may be more easily measured, "and the divisions set off witb 
greater exactness. 

Application of the protractor to use. 1. A number of degrees 
being given, to protract or lay down an angle whose measure 
shall be equal thereto. 

Thus, to lay down aii angle of 60 degreesfrom the point of 
a line, apply the diameter of the protractor to the line, so that 
the centre thereof may coincide exactly with the extremity ; 
then, with a protracting pin make a fine dot against 60 upon 
the limb of the protractor ; now remove the protractor, and draw 
a line from the extremity through that point, and the angle con- 
tains the given number of degree*. 

2. To find the number of degrees contained' in agiveu angle. 

Place the centre of the protractor upon the angular point, and 
the fiducial edge or diameter exactly upon the line ; then the 
degree upon the limb that is cut by the line will be the measure 
of the given angle, which, m the present instance is found to 
be 60 degrees. 

. 3. From a given point in a line to erect a perpendicular to that 
line. 

Apply the protractor to the line, so that the centre may co- 
incide with the given point, and the division marked 90 maybe 
cut l^ the line ; then a line drawn against the diameter of the 
protractor will be the perpendicular required. . < . 

■ ' v» ■ 

* ' .. OF PARALLEL RULES. 

Parallel lines occur so continually in every species of mathe- 
matical drawing, that it is no wonder so many instruments 
have been contrived to delineate them with more expedition 
than could be effected by the general geometrical methods. 
For this purpose ru^e^ of various constructions have been made, 
and particularly recommended by their inventors ; their use, 
however, is so apparent as to need no explanation. 

gvnter's scale. 

The scale generally used is a ruler two. feet in length, hav- 
ing drawn upon it equal parts, chords, sines, tangents, recants, 
^c. These are contained on one side of the scale, and the 
other side contains the logarithms of these numbers. 3fr. 
Edmund Grunter was the first who applied the logarithms 
of numbers and of sines and tangents to straight lines drawn 
on a scale or ruler, with which proportions in common numbers 
and trigonometry may be solved by the application of a pair of 
compasses only. The method is founded on this property^ 
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That the logarithms of the terms of equal ratios are equidifferenU 
This was called Gunter's Proportion and Gunter's Line ; 
hence the scale is generally called the Gunter. 

Of the Logarithmical Lines on Gunter'' s Scale. 

The logarithmical lines on Gunter's Scale are the eight fol- 
lowing : 

S^Rhumb, or fine rhumbs, is a line containing the logarithms 
of the -natural sines of every point and quarter point of the 
compass, numbered from a br^ss pin on the right-hand towards 
the left with 8, 7, 6, 5, 4, 3, 2, 1. . 

T^Rhumb, or tangent rhumbs, also corresponds to the log- 
arithm of the tangent of every point and quarter point of the 
compass. This line is numbered from near the middle of the 
scale with 1, 2, 3, 4, towards the right-hand, and back again 
with the numbers 5, 6, 7, from the right-hand towards the left. 
To take off any number of points below 4, we must begin at 
1 and count towards the right-hand ; but to take off any num- 
ber of points above 4, we must begin at 4 and count towards 
the left-hand. 

Numbers^ on the line of numbers, is numbered froni the left- 
hand of the scale towards the right, with 1, 2, 3, 4, 5, 6, 7, 8, 
9, 1,^ which stands exactly in the middle of the scale ; the num- 
bers then go on 2, 3, 4, 6, 6, 7, 8, 9, 10, which stands at the 
right-hand end of the scale. These two equal parts of the 
scale are divided equally, the distance between the first or left- 
hand ] and the first 2, 3, 4, &;c. is exactly equal to the distance 
between the middle 1 and numbers 2, 3, 4, &c. which follow 
it. The subdivisions of these scales are likewise similar, viz, 
they are each one-tepth of the primary divisions, and are dis- 
tinguished by lines of about half the length of the prioaary 
divisions. 

These subdivisions are again divided into ten parts, where 
room will permit ; and where that is not the case the units must 
b^ estimated or guessed at by the eye, which is easily 4one by 
a little prajctice. - 

The primary divisions on the second part of the scale are 
estimated according to the value set upon the unit on the left- 
hand of the scale : if you call it one, then the first 1,2, 3, &c. 
^tand for 1, 2, 3, &c. ; the middle 1 is 10, and the 2, 3, 4, ifec. 
following stand for 20, 30, 40, <&;c. ; and the 10 at the right- 
hand is 100. If the first 1 stand for 10, the first 2, 3, 4, &^c. 
must be counted 20, 30, 40, &;c. ; the middle 1 will be 100, 
and the second 2, 3, 4, 5, &c. will stand for 200, 300, 400, 500, 
&c. ; and the 10 at the right for 1000. 

If you consider the first 1- as ^^ of a unit, the 2, 3, 4, &e. 
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foUowiBg will be ^, ^^, ^, Sic. ; the middle 1 will stand ipr 
a unit, and thf 2, 3, 4, &c. following will stand for 2, 3, 4, &c. ; 
also, the division at die right-hand end of the scale will stand 
for 10. The intermediate small divisions must b^ estimated 
according to the value set upon the primary ones. 

Sine. The line of sines is numbered irom the left-hand of 
the scale towards the right, 1, 2, 3, 4, 5, &c. to 10 ; then 20, 
30, 40, &c. to 90, vmere it terminates just opposite 10 on the 
line of numbers. 

Versed sine. This line is placed immediately under the line 
of sines, and numbered in a contrary direction, viz. from the 
right-hand towards the left, 10, 20, 30, 40, 50, to about 160 ; 
the small divisions are here to be estimated according U) the 
number of diem to a degree. By comparing the line of versed 
sines with the line of sines, it will appear that the versed sines 
do not belong to the arches with which they are marked, but 
are the half versed sines of their supplements. Thus, what is 
marked the versed sine of 90 is only half the versed sine of 
90, the versed sine of 120° is half the versed sine of 60°, 
and the versed sine marked 100^ is half the versed sine of 
80°, &c. 

The versed sines are numbered in this manner to jrender 
them more commodious in the solution of trigonometrical and 
astronomical problems., ' 

Tangents. The line of tangents begins at the left-hand, and 
is numbered 1, 2, 3, &c. to 10, then 20, 30, 45, where there is 
a little brass pin just under 90 in the line of sines, because the 
sine of 90° is equal to the tangent of 45°. It is numbered from 
45° towards the left-hand 50, 60, 70, 80, &e. The tangents 
of arches above 45° are therefore counted backward on the 
line, and are found at the same points of the line as the tan- 
gents of their complements. 

Thus the division at 40 represents both 40 and 50, the di- 
vision at 30 serves for 30 and 60, Sic. 

Meridional Parts. This. line stands immediately abov^ a 
line of equal parts, marked Equal Pt,, with which it must always 
be compared when used. The line of equal parts is marked 
from the right-hand to the left with 0, 10, 20, 30, ^c. ; each of 
these large divisions represents 10 degrees of the equator,, 
or 600 miles. The first of these divisions is sometimes di- 
vided into 40 equal parts, each representing 15 minutes or 
miles^ ^' . ' 

The extent from the brass pin on the scale of meridional 

parts to any division an that sCale, applied to the line of equal 

,,jfaiXi&t wfll give (in degree?) the meridional parts answering to 
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tbe latitude of that division. Or the extent from any division 
to another on the line of meridional parts, applied to the line 
of equal parts, will give the meridional differenoe of la^tude be- 
tween the tiY^ places denoted by the divisions. These degrees 
are reduced to leagues by multiplying by 20, or to miles by 
multiplying by 60. 

The use of the Logarithmical Lines on Ountei^s Scale, 
By these lines and a pair of compasses all the problems of 
trigonometry, &c. may be solved. 

These problems are all solved by proportion. Now, in natu- 
ral numbers the quotient of the iirst term by the second^ is 
equal to the quotient of the third by the fourth : therefore, loga- 
rithmically speaking, the difference between the first and sec- 
ond term is equal to the difference between the third and fourth ; 
consequently, on the lines on the scale the distance between the 
first and second term will be equal to the distance between the 
third and fourth. And for a similar reason, because four pro- 
portional quantities are alternately proportional, the distance 
between the first and third terms will be equal to the distance 
between the second and fourth. Hence the following 

General Rule. 

The extent of the compasses from the first term to the second 
will reach, in this same direction, from the third to the fourth 
term. Or, the extent of the compasses from the first term to 
the third will reach, in the same direction, fi:om the second to 
the fourth. 

By the same direction in the foregoing rule is meant, that if 
the second term lie on the right-hand of the first the fourth will , 
lie on the right-hand of the third, and the contrary. This is 
true, except the two first or two last terms of the proportion are 
on the line of tangents, and neither of them under 45° ; in this 
case, the extent on the tangents is to be made in a contrary 
direction : for had the tangents above 45° been laid down in 
their proper direction, they would have extended beyond the 
length of the scale towards the right-hand ; they are therefore, 
as it were, folded back upon the tangents below 45°, and con- 
sequently lie in a direction contrary to their proper and natural 
order. 

If the two last terms of a proportion be on the line of tan- 
gents, and one of them greater and the other less than 45°, the 
extent from the first term to the second will reach from the 
third beyond the scale. To remedy this inconvenience, apply 
the extent between the two first terms from 45° backward 
upon the line of tangents, and keep the left-hand point of the 

D 3 
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compasses where it falls ; bring the right-hand point from 45" 
to the thk^ term of the proportion ; th^ extent now m the com- 
passes applied from 45° backward will reach to the fourth term, 
or tlie tangent required. For, had the line of tangents been 
continued forward beyond 45^, the divisions would have fallen 
above 45° forward, in Uie same maimer as they fall under 45° 
backward. 



SECTION V. 



TRIGONOMETRY. 



The word Ttigonom&try signifies the measuring of triangles. 
But under this name is generally comprehended the art of de- 
termining the positions and dimensions of the several unknown 
parts of extension, by means of some parts which are already 
known. If we conceive the different points which may be 
represented in any space to be joined together by right Imes, 
there are three things offered for our consideration ; 1, the 
length of these lines ; 2, the angles which they form with one 
another ; 3, the angles formed by the planes in which these 
lines are drawn, or are supposed to be traced. On the com- 
parison of these three objects depends the solution of all ques- 
tions that can be proposed concerning the measure of extension 
and its parts ; and the art of determining all these things from 
the knowledge of some of them is reduced to the solution of 
these two general questions. 

1. Knowing three of the six parts, the sides and angles, 
which constitute a rectilineal triangle, to find the other three. 

2. Knowing three of the six parts which compose a spherical 
triangle, that is, a triangle formed on the surface of a sphere by 
three arches of circles which have their centre in the centre of 
the same sphere, to find the other three. 

The first question is the object of what is called Plane Trigo- 
nometry, because the six parts considered here are in the 
same plane : it is also denominated Rectilineal Trigonometry. 
The second question belongs to Spherical Trigonometry, 
wherein the six parts a^e considered in different planes. But 
the only object here is to explain the solutions of the former 
question, viz. , 

• PLANE TRIGONOMETRY. 
Plane Trigonometry is that branch of Geometry which 
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teaches how to determine or calculate three of the six parts of 
a reetilineal triangle, by having the other three parts ghren or 
known. It is usually divided into Right-angled and Oblique- 
angled Trigonometry, according as it is applied to the mensura- 
tigto of right or oblique-angled tnangles. 

In every triangle or case in trigonometry three of the parts 
niust be given, and one of these parts at least must 6e a side ; 
because, if the three angles only were given, it is obvious that 
all similar triangles would answer the question. 

RIGHT-ANGLED PLANE TRIGONOMETRY. 

Pl. 5. fig. 1. 

1. In every right-angled plane triangle ^^C, if the hypothe* 
nuse AC be made the radius, and with it a circle or an arc of 
one be described from each end, it is plain (from def. 20), that 
BC is the sine of the angle il, and AB is the sine of the angle 
C ; that is, the legs are the sines of their opposite angles.* 

* The sine and co-sine of any number of degrees and minutes is found 
by the series (which is given and illustrated in page 49, Ryan's Differ-' 

erUial and Integral CalcvXus) 

/. zL U ^ , &c. for its sine, and its co-sine by l*— — 

3-3 * d*'3-4-5 a>3>4>A*0>T S 

.£L ?1_+_J?! — , &c. 

^^a'3'4 a.»-4«S«« a.3.4-5'«'7-8 

In which series the value of a is found thus : as the number of degreca 
or minutes in the whole semicircle is to ihe degrees or minutes in the arc 
proposed, so is 3.14159, &c. to the length of thejsaid arc, which is the 
value of a. For example, let it be required to find the sine of one 
minute ; then, as 10800(the minutes in 180 deffrees) ; 1 : : 3.14169, Ac. : 
.000290888308665= the length of ,an arc of one minute, which is the 

value of a in this case, and ^^(=?L)=.000000000004102, Ac. Conse- 
quently, .000290888208665^.000000000004102=.000290888204663=5 
the required sine of one minute. 

Again, let it be required to find the sine and co-sine of five degrees, each* 
true to seven places of decimals. Here, .0002908882, the length of an 
arc of one minute (found above), being multiplied by 300, the number of 
minutes in 5 degrees, the product .08726646 is the length of an arc of 5 
decrees : tlierefore in this case we have 

^ a = ■ .08726646 

——= — .00011076 

+iM = + .00000004 
&c. dec. 

Consequently, .08715574 = the sine of 5 degrees. Also, —=.00380771, 

and ^'=.00000241; hence 1— .00880771 +.00000241=.9961947=the 
co-sine of 6 degrees. 
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Fig. 3. 
8. If one leg AB be made the radius, and with it no th« 
point A an arc be described, then BC is the tangent and ^C is 
the secant of the angle Jl, by def. 22 and 25. 

3. if EC be madc^the radius, and an are be described with it 
on the point C, then is AB the tangent and AC is the secant 
of the angle C, as before. 

Because the sine, tangent, or secant of any given arc in one 
circle is to the sine, tangent, or secant of a like arc (or to one 
of the like number of degrees) in another circle, as the radius 
of the one is to the radius of the other ; therefore Uie sine, tan- 
gent, or secant of any arc is proporuoaal to the sine, tangent, 
or secant of a like arc, as the radius of the given arc is to 
10.000000, the radius from whence the logarithmic sines, tan- 
gents, and secants in most tables are calculated ; that is. 

If ^ C be made the radius, the sines of the angles A and C, 
described by the radius AC^ will be proportional to the sines 
of the like arcs or angles in the circle that the tables now men- 
tioned were calculated for. So if BC was required, having the 
angles and AB given, it will be, 

After the same manner the sine and co-sine of any otlier arc may be de-» 
nved ; but the greater the arc is the slower the series will converge,, and 
therefore 9, greater nmnber of terms must be taken to bring out the conclu- 
•ion to the same degree of exactn9SB. 

Or, having found the sine, the co>sine will be found from it (by theo* 

14), the co-sine CL (plate I, fig. 8)=v' CH^]hL^, or c = y/ l--s^. 

For other methods of constructing the canon of sines and co-sines, 
the reader is referred to Button's Mathematics, SinQ>8on's Al^bra, &c. 

The sines and co-sines being known or found by the foregomg method, 
the tangents and secants will be easily 'found from the principle o€ similar 
.triangles, in the following manner : 

In plate 1, fig. 8, where of the arc BH, ML is the sine, CL or FH 
the co-sine, Ba the tangent, CK the secant, DI the co-tangent, and CI 
the co-secant, the radius being CH^ or 05, or CD, the three similar 
triangles CLH^ CBKy CDI give the following proportion (by theo. H> : 

1 . CL : LH : : CB : BK ; whence the tangent is known, being a fourth 
proportional to the co-sine, sine, and radius. 

2. CL : CH: : CB\ CK; whence the secant is known, being a third 
proportional to the co-sine and radius. 

3. HL : LC : I CD : DI; whence the co-tangent i» known, being a 
laarth proportional to the sine, 60-sine, and radius. 

4. HL : HC : : CD : CI; whence the co-secant is known, being a 
third proportional to the sine and radius. 

As for the togarithms, sines, tangents, and secants in the tables, they 
are only the logaritluns of the natural aines^ tangents, and seeants cak»' 
lated as above* 
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* 

Fig. 1. 

As S.C :AB:: S.A : BC. 

That is, as the sine of the angle C in the tables is to the 
length of AB (or sine of the angle C in a circle whose radius 
is AC); so is me sine of the angle ^ in the tables to the length 
of BC (or sine of the same angle in the circle whose radius 
is AC). 

In hke manner the 'tangents and secants represented by 
making either leg the radius will be proportional to the tangents 
and secants of a like arc, as the radius of the given arc is to 
10.000000, the radius of the tables aforesaid. 

Hence it is plain, that if the name of each side of the triangle 
be placed thereon, a proportion will arise to answer the same 
end as before : thus, if AC be made the radius, let -the word 
radius be written thereon ; and as BC and AB are the sines 
of their opposite angles, upon the first let S.A, or sine of the 
angle A, and on the other let S.C, or sine of the angle C, be 
written. Then, 

When a side is required, it may be obtained by this propor- 
tion, viz. 

As the name of the side given ^ 
is to the side given. 

So is the name of the side required 
to the side required. 

Thus, if the angles A and C and the hypothenuse AC were 
given, to find the sides ; the proportion will be 

Fig. h 

1. R: AC:: S.A: BC. 

That is, as radius is to AC, so is the sine of the angle A to 
BC. And, 

2. R: AC:: S.C: AB. 

That is, as radius is to A C, so is the sine of the angle C to AB. 
When an angle is required we use this proportion, viz. 
As the side that is made the radius 

is to radius. 
So is the other given sMe 

to its name. 
Thus, if the legs were given, to find the angle An and i( AB 
be made the radius, it will be 

Fig. 2. 
AB:R:: BC: T.A. 

That is, as AB is to radius^ so is BC to the tangent of the 
angle X 
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• 

After the same manner, the sides or angles of all rijghl- 
angled plane triangles may be.fowid, from their proper data. 

We here, in plate 4, give all the proportion requisite for 
the solution of the six cases in right-angled trigonometry ; 
makipg every side possible the radiu^. 

In the following triangles this mark — in an angle denotes it 
to be known, or the quantity of degrees it contains to be given; 
and this maik ' on a side denotes its length to be given in feet, 
yards, perches, or miles, &c. and this mark ^, either in an angle 
or on a side, denotes the angle or side to be required. 

From these propositions it may be observed, that to find a 
side, when Uie angles and one side are given, any side may be 
made the radius ; and to find an angle, one of the given sides 
must be made the radius. So that in die 1st, 2d, and 3d cases 
any side, as well required as given, may be made the radius, 
and in the first statings of the 4th, 5th, and 6th cases, a given 
side only is made the radius. 

RIGHT-ANGLED TRIANGLES 

Cass I. 

The angUi and hypothenuse given, to find the base and perpendicular, 

Pl. 5»fig» 4. 

In the right-angled triangle ABC, suppose the angle A= 
46° 30' ; and consequently the angle C=43° 30' (by cor. 2, 
theo. 5) ; and AC 250 parts (as feet, yards, miles, &e.) ; re- 
quired the sides AB and BC. 

1st. By Construction, 

Make an angle of 46° 30' in blank lines (by prob. 16, geom.), 
as CAB ; lay 250, which is the given hypothenuse, from a 
scale of equal parts, from .4 to C ; from C let fall the perpen- 
dicular BC (by prob. 7, geom.), and that will constitute the 
triangle ABC. Measure the lines BC and AB from tlie same 
scale of equal parts that AC was taken from, and you have 
thf answer.* * . 

* It is proper to observe, that constructions, though perfectly correct in 
theory, would give only a moderate approximation in practice,on account 
of the imperfection of the instruments required in constructing them ; 
they are' called graphic methods. Trigonometrical methods, on the con- 
trary, being independent of all mechanical operation, give solutions with 
the utmost accuracy : they are founded upon the properties of lines called 
simsj co-sines, tangents, &c., which furnish a very simple mode of express- 
ing the relations that subsist between the sides and angles of triangles. 
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2d. By Calculation* 

1. Makif^ AC the radius^ the required sides are found by 
tbese propositions, as in plate 4, case 1. 

R.AC::S.A: BC. 
R:AC:;S.C: AB. 

That is, as radius =90° 

is to ACj =250 



10.000000 
2.397040 



So is the sine of A =46° 30'* 9.860562 



toBC, 

As radius 

is to AC^ 
So is the sine of C- 



to AB, 



= 181.4 

=90° 
=250 
43° 30' 

= 172.1 



2.258502 

10.900000 
2.397940 

9.837812 

2.235752 



If from the sum of the second and third logs^mst'of the 
first be taken, the number will be the log. of the fourth ; the 
number answering to which will be the thing required ; but 
when the first log. is radius, or 10.000000, reject the &r8t figure of 
the sum oTthe other two logs, (which is the same thing as to sub- 
tract 10.000000), and that will be the log. of the thing required. 

2. Making AB the radius. 

Secant A : AC : : R : AB. 
Secant A : AC : : T.A : pC. 
That is, as the secant of ^=46° 30' 10.162188 
is to AC, =250 2.397940 

So is the radius =90° 10.000000 



to AB, 

ks the secant of A 
^ is to ACy 



• 


12.397940 


= 172.1 

=46° 30' 
=250 
=46° 30' 


2.235762 

10.162188 

2.397940 

10.022750 




12.420690 


-181.34 


2.258502 



10 BC, 



* For finding the logarithmic sine, co-sine, &c. of any number of de- 
grees and minutes in the table,. also the degrees, minutes^ &c. of any 
logarithmic sine, co-sine, &c., the reader is referred to table 2, at the end 
of this treatise. 
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8. Making BC the radius. 

Sec. C:AC::Ri BC. 
Sec. Cz AC :: T.C : AB. 

That is, as the secant of C 
is to ACj 
So b the radius 



=43® SC 

=260 

=90® 



10.139439 

2.397940 

10.000000 



to BC, =181.34 

As the secant of C =43® 30' 

is to AC, =260 

So is the tangent of C=43® 30' 



12.397940 

2.268602 

10.139438 
2.397940 
9.977260 

12.376190 



to AB, =172.1 2.236762 

Or, having found one side, the othei; may be obtained by 
cor. 2, theo. 14, sect. 4. 

3d. By Gunter^s Scale. 

The first and third terms in the foregoing proportions bemg 
of a like nature, and those of the second and fourth being also 
like to each other ; and the proportions being direct ones ; it 
follows, that if the third term be greater or less than the first, 
the fourth term will be also greater or less than the second : 
therefore the extent in your compasses from the first to the 
third term will reach from the second to the fourth. 

Thus, to extend the first of the foregoing proportions ; 

1. Extend fi*om 90® to 46® 30', on the line of sines ; that 
distance will reach from 260, on the line of numbers, to 181, 
forjB€. 

2. Extend from 90® to '43® 30', on the line of sines ; that 
distance will reach from 260, on the line of numbers, to 172, 
for^B. 

If the first extent be from ♦abater to a less number; when 
you apply one point of the compasses to the second term, the 
other must be turned to a less ; and the contrary. 

By def. 20, sect. 4. The sine of ^0® is equal to the radius ; 
and the tangent of 46® is also equal to the radius ; because if 
one angle of a right-angled triangle be 46®, the other will be 
also 46® ; and thence (by the lemma preceding theo. 7, sect 4) 
the tangent of 46® is equal to the radius : for this reason the 
line of numbers of 10.000000, the sine of 90®, and tangent of 
46®, being all equal, terminate at the same end of the scale. 



TRIGONOMETRY. 89 

The first two statings oi this case answor the qaestion 
without a secant ; the like will be also made evident in all the 
following cases. 

4th. Solution hy Natural Sines. 

From the foregoing analogies, or statements, it is obvious 
that if the hypothenuse be multiplied by the natural sine of 
either of the acute angles, the product will be the length of the 
side opposite to that angle ; and multiplied by the natural co- 
sine of the same angle, the product will be the length of the 
other side, or that which is contiguous to the angle. Thus : 
The given angle=47° 30' 
Nat. Sine=.726374 Nat. Cos.=.688365 

Hyp.= 260 250 



36268700 34417750 

1450748 1376710 



Perpend. = 181.343500 Base^ 172.088750 

CASE II. 

The h£U ani cmgletgivent to find the perpendicular and hypothmnue, 

Pl. 6, fig, 6. 

In the triangle ABC, there is the angle A 42° 20^, and of 
course the angle C 47° 40^ (by cor. 2, &eo. 5), and the side 
AB 190 given ; to find BC and AC. 

Ist. By Construction. 

Make the angle CAB (by prop. 16, sect. 4) m blank lineSi 
as before. From a scale of equal parts lay 100 from ^ to JS, 
en the point B erect a perpendicular BC (by prob. 5, sect 4), 
the point where this cuts the other blank line of the angle will 
be C ; so is the triangle ABC constructed : let AC and BC be 
measured from the same scale of equal parts that AB was 
taken from, and the answers are found. 

^ . 2d. By Cidcukuion. 

I. Making AC the radius. 

S.C lABiiR: AC. 
S.CiAB: : S.A : BC. 



00 
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That is^ as the sine of C=47^ 40' 
is to AB, =190 

So is radius =90° 



9.868785 

2.278754 

10.000000 



tO ACf 

As the sine of C 
is to AB, 
So is the sine of A 





12.278754 


-267 


2.409969 


=47° 40' 


9.868785 


=190 


2.278754 


=42° 20' 


9.828301 


* 


12.107055 



to BC, =173.1 

2. Making AB the radius, 

R:AB:: T.A : BC. 
R : AB : : Sec. A : AC. 
That is, as radius =90** 

is to AB, =190 

Sois the tangent of ui=42° 20' 



2.238270 



to BC, 

As radius 

is to AB, 
So is the secant of A- 



= 173.1 

=90° 
190 
42° 20' 



10.000000 
2.278754 
9.959516 

2.238270 

10.000000 

2.278754 

10.131215 

2.409969 



to AC, =257 

3* Making BC the radius. 

T.C I AB II Sec. C : AC. 
T.C lABi.RiBC. 

That is, as the tangent of C=47° 10' 10.040484 

istoii^, =190 2.278754 

So is the secant of C=47° 40' 10.171699 



to AC, =257 

As the tangent of C=47o 40' 

\a\oAB, =190 

So is the radius =90° 



12.450453 

2.409969 

10.040484 

2.278754 

10.000000 

12.278754 



to JC, 



=173.1 



2.238270 



/ 
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Or, having found one of the required sides, the other may he 
obtained by one or the other of the cors. to theo. 14, sect. 4. 

3d. By Gunter^s Scale. 

1. When AC is made the radius. 

Extend from 47° 40' to 90^ on the line of sines ; that dis- 
tance will reach from 190 to 257, on the line of numbers, 
for^C. 

2. When AB is made the radiUs, the first stating is thus per* 
formed : 

Extend from 45° on the tangents (for the tangent of 45° is 
equal to the radius, or to the sine of 90° as before) to 42° 
20' ; ^at extent will resch from 190, on the line of numbers, 
tol73, forJBC. 

3. When BC is made the radius, the second stating is thus 
performed: 

Extend from 47° 40', on the line of tangents, to 45°, or ra- 
dius ; that extent will reach from 190 to 173, on the line of 
numbers, for BC ; for the tangent of 47° 40' is more than the 
radius, therefore the fourth number must be less than the second, 
as before. 

The first two statings of this case answer the question 
without a secant. 

4th. Solution hy N<Uural Sines. 

ABxR ^ _ • .ABxSofA -,^ 
■AC; and — a c ^ — =BC. 



SofC. "^»""- SoTC 
Nat S. of C. Side AB x R. 
Thus, .739239)190.000000(257.02, &c.=iiC. 

147 8478 



4215220 
3696195 

5190250 
5174P73 



1557700 

1478478 



and, .673443 =Nat. S of A. 
190=side AB. 



60609870 
678443 

127.954170 
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Nat 5of C .739239)127.954170(173.09=£C. 

73 9239 



-— ^ 



5403027 
5174673 

2283540 
2217717 

6502300 
6653151 



CASE m. 

Th^ angles and perpendicuiar gvoen^ to find Hu hate and hypolhenuMc. 

Pl« 6»fig» 6. 

In the triangle ABC^ there is the angle A 40^, and conse- 
quently the angle C 50^, with BC 170, given, to find AC 
and AB. 

1st. By Construction. 

Make an angle CAB of 40° in blank lines (by prob. 16, 
sect. 4) ; with BC 170 from a line of equal parts draw the lines 
E'F pau^lel to AB (by prob. 8, sect. 4), \he lower line of the 
angle, and from the point where it cuts the other lihe in C let 
fall a perpendicular BC (by prob. 7, sect. 4), and the triangle 
i& constructed: the measures of AC and AB<^ from the same 
scale that BC was taken, will answer the question. 

What has been said in the two foregoing cases is sufficient 
to render the operations in this, both by calculation, Gunter's 
scale, and natural sines, so obvious, that it is needless to insert 
them ; however, for the sake of the learner, we give for 

Answers, AC 264.5, and AB 202.6. 

CASE IV. 

The hue and hypothenan given, to find the angles and perpendicular. 

Pl. 5, fig, 7. 

In the triangle ABC, there is given AB 300 and AC 500; 
the angles A and C and the perpendicular BC are required. 
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From a scale of equal parts lay 800 from A to B; otk B 
erect an indefinite blank perpendicular line ; with AC 500 from 
Ae same scale, and one foot of the compasses in A, cross the 
perpendicular line in C ; and the triangle, is constructed. 

Bypfob. 17, sect. 4, measure the angled, and let JBC be 
measured from the same scale of equal parts that AC and 
AB were taken from ; and the answers are obtained. 

2d. By Calculation, 
I.' Making AC the radius. 



AC: R::AB: 8.C. 




R:ACi:S.A:BC. 




That is, as AC =600 


2.698970 


is to radius, =90° 


10.000000 


So.is AB -300 


2.477121 



12.477121 



tto the sine of C,= 36° 62' 9.778161 

By cor. 2, theo. 6, 90°— 36° 62' =63° 08', the angle A. 

As radius =90° 10.000000 

is to AC^ =600 2.698970 

So is the sine of A =63° 08' 9.903108 



to J5C, =400 

2. Making AB the radius. 

AB : R: I AC : : sec. A. 

RiAB:: T.AiBC. 

That is, as AB =300 

is to radius, =90° 

So is AC =600 



2.602078 



to the secant of il,=63° 08' 

As radius =90° 

is to AB, =300 - 

So is the tangent of il=63° 08' 



2.477121 

10.000000 

2.698970 

12.698970 

10.221849. 

10.000000 

2.477121 

10.124990 



toBC, =400 2.602111 

Or BC may be found from cor. 2, theo. 14, sect 4. 
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3d. By Chinter's Scale. 

L Milking AC the radius. 

Extend from 500 to 300, on the line of numbers ; that ex- 
tept will reach from 90°, on the line of sines, to 36° 62' for 
the angle C. 

Again, extend from 90° to 53° 08', on the line of sines, that 
extent will reach fix)m 600 to 400, on the line of numbers, 
for^C. 

2. Making AC the radius^ the second stating is thus per- 
formed. 

Extend fix)m radius, or the tangent of 45°, to 63° 08', that 
extent will reach from 300 to 400, for BC. 

N 

4th. Solution hy Natural Sines.* 

jRx^B_ .ACxSofA „^ 
=SotC; and , .=BCi 



AC ---»-"- jj 

Thus, AC, AB, 

5,00)300.0000,00 

.600000 =Nat. sine 36° 52'. 
and, 
Nat. sine of JL=63° 8'=.800034 

AC = 600 



400.017000=BC. 



CASE y. 

The perpendicular and kypothenuse given^ to find the angles and hate. 

Pl. h, fig, 8. 

In the triangle ABC there isBC 306 and AC 370 given, 
to find the angles A and C and the base AB. 

1st. By Construction. 

Draw a blank line from any point, in which at B erect a 
perpendicular, on which lay.BC 306, from a scale of equal 
parts : from the same scale, with AC 370 in the compa3ses 

* For finding the natural sines and eo-sines, the reader is referred to 
tabled. 



r 
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draw the first drawn blank line in At and the triangle AfiC is 
constructed. 

Measure the angle A (by prob. 17, sect 4), and also AB^ 
from the same scale of equal parts the other sides were taken 
from, and the answers are now found. 

The operations by calculation, the square root, Gunter's 
scale, and natural sines are here omitted, as they have been 
heretofore fully explained : the statiogs, or proportions, must 
also be obvious, from what has already been said. 

Answers. The angle A 55° 48' ; therefore the angle C 34° 
12', and AJB 208. 

• 

CASE YI. 

The base and perpenttUeular given, to find the angles and hypothenuse* ' 

Pl. 5.^. 9. . 

In the triangle ABC, there is AB 225 and BC 272 given, 
to find the angles A and C and the h3rpothenuse AC. 

1st. By Construction* 

Draw a blank line, on which lay AB 225, from a scale of 
equal parts ; at B erect a perpendicular ; on which lay BC 
272 from the same scale ; join A and C, and the triangle fs 
constructed. 

As before, let the angle A and the hypothenuse AC he 
measured, in order to find the answers. 

. 2d. By Calculation. 

1. Making AB^ the radius. 

ABiRi: BC: T.A.' , 

R:AB : : sec. A : AC. 

2. Making BC the radius. 

BC:R.:AB: T.C. 
RiBCi : sec. C : AC. 
By calculation, the answers from the foregoing proportions 
are easily obtained as before. 

But because AC, by either of the said proportions, is found 
by means of a secant, and since there is no line of secants on 
Gunter's scale, afler having found the angles as before, let us 
suppose ^C the radius, and then 

1. S.A I BCiiRiAC 
ot2. S.CiABi: RiAC. 
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These proportions may be easily resolvedi either by caleola* 
tion or Gunter's scale, as before ; and thus the hypothenuse 
AC may be fomid without a secant 

From the two given sides, the hypothenuse maybe easily ob- 
tained, from cor. 1, theo. 14, sect. 

Thus, the square of AB=50626 
Add the square of BC=73984 

124609(353=^1 C. 
9 



65)346 
325 

703)2109 
2109 



From what lias been said on logarithms, it is plain, 

!• That half the logarithm of the sum of the squares of the 
two sides will be the logarithm of the hypothenuse. Thus,* 

The sum of squares, as before, is 124609 ; its log. is 5.095549, 
the half of which is 2.547T74 ; and the corresponding number 
to this in the tables will be 353, for AC. 

2. And that half of the logarithm of the difference of the 
squares of AC and AB^ ot of AC and jBC, will be the loga- 
rithm of 5 C, or of j1J5. 

The following examples are inserted for the exercise of the 
learner. 

Ex. 1. In the right-angled triangle ABC^ 

p- ^„ 5 *h® hypothenuse AC 640 perches, > . ( EC 300 
wven, ^ ^^ ggo 45. J Ans. ^ ^^ ^^ 

To find the other two sides. 

Ex.2. In the right-angled triangle J. J5C, , , 

ri^on S the base AB 162 chains, <A ( .^^ i AC 270 
^iven, ^ ^3^ ^g, ^ Ans- ^ ^^ 2^^ , ^, 

To find the other two sides. 

* Demonstration. The square of the hypothenuse of a right-angled tri* 
angle is equal to the sum of the squares of the sides (theo. 14) ; hence the 
log. of (ACM5») = the log* of 5C«, and by the nature of logarithms the 
log. of £C is equal to the log. of B€^ divided by 2 ; and in like manner 
the log. of iAB*+BC''') = the log. of AC*, hence divi(iing the log. of 
AC" by 2 gives the log. of AC. (J. E. B. 



/ -■ 
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Ex. 3. In the right-adgled triangle ABC^ 

r,. J the perpendicular BC 180 / . i AC 393.0146 

wnren, ^ links, <€ 62° 40' - S M^ 348.2464 



To find the other two sides. 



Ex. 4. In the right-angled triangle ABC^ 

Giren, \ *ehyP<>*ent.8« AC 392 poles, } ^ S ^ctT4o' 
' ( the base AB 180 poles J \ «^ g^g 25 



To find the angles and perpendicular. 

Ex. 5. In the right-angled triangle ABC, 

the hypothenuse ^C1198 ) ( <^ 54° 51' 

;°09' 

AB 690 

To fijid the angles and base. 

Ex. 6. In the right-angied triangle ABC^ 

' C 66° 30' 
<A 23° 30^ 

To find the angles ag^^ypothenuse. v AC 802.5 



EjX. o, in ine rigm-angiea inangie ji/il/, 
^the hypothenuse ^C 1198 l r <^ 54' 

Given, < chains, the perpendicular > Ans* < < C 35^ 
( ^C 980 chains . ) (^^69€ 

To fijid the angles and base. 

Ex. 6. In the right-angied triangle ABC 

^. i the ikne AB %'35.9 links, the ^ * j 5 
^^^^"^ J perplndicular ^320 \ ^^«- ) f^ 



OBLIQUE-ANGLED PLANE TRIGONOMETRY. 

Before we proceed to the solution of the four cases of Ob- 
lique-angled triangles, it is necessary to premise the following 
theorems. 

THEOREM L 

Pl, 5. Jig. 10. 

In any plane triangle ABC the sides are proportional to the sirus of their 
opposite angles ; that is, tS.C : AB : : S,A : BC, and S.C : AB : : S,B : 
AC; also, S.B : AC : i S.A : BC. 

By theo. 10, sect. 4, the half of each side is thie sine of its 
opposite angle ; but the sines of thoise angles, in tabular parts, 
are proportional to the sines of the same in any other measure ; 
and therefore the sines of the angles will be as the halves of 
their opposite sides ; and since the halves are as the wholes, 
it follows that the sines of their angles, are as their opposite 
sides ; that is» S.C : AB:: S.A: BC, &c. Q. E. D. 

THEOREM II. 

Fig. 11. 

In any plane triangle ABC the sum of the two given sides AB and BC, 
induding a given angle ABC, is to their difference as the tangent of half 
the sum of the iioo unknown angles A and C is to the tangent of half their 
difference. 

Produce AB, and make HB=BCj and join Hd let fall the 

E 
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perpendicular B£, and that will bisect the angle HBC (by theo. 
9, sect 4) ; through B draw BD parallel to J.C, and make 
HF=DC, and join BF; take BI=BA, and draw IG parallel 
to BD or AC. 

It is then plain that AH will be the sum and HI the differ- 
ence of the sides AB and BC : and since HB=BC^ and BE 
perpendicular to HC^ therefore HE— EC (by theo. 8, sect. 4) ; 
and since 'BA=BI^ and BD and IG parallel to AC, therefore 
GD=^DC=FH, and consequently HG=FD, and iHG=lFD 
or ED. Again, EBC, being half HBC, will be also half 
the sum of the angles A and C (by theo. 4, sect. 4) ; also, since 
HB, HF, and the included angle H are severally equal to BC, 
CD, and the included angle BCD, therefore (by theo. 6, sect. 
4) HBF=DBC=BCA (by part 2, theo. 3, sect. 4) ; and since 
HBD=A (by part 3, theq, 3, sect. 4), and HBF=BCA, 
therefore FBD is the difference and EBD half the difference 
of the angles A and C : then making BE the radius, it is plain 
that EC will be the tangent of half the sum, and ED the tan- 
gent of half the difference of the two unknown angles A and 
C : now IG being parallel to AC, AH : IH : : CH i GH (by 
cor. 1, theo. 20, sect. 4). But the wholes are as their halves ; 
that is, AH : IH : : CJE : ED ; that is, as the sum of the two 
sides AB and BC is to their difference, so is the tangent of 
half the sum of the two unknown angles A and C to the tan- 
gent of half their difference. Q. E. D^ 

THEOREM in. 

Fig. 12. 

In any right'lined plane triangle ABD, the base AD wiU be to the »wm of 
the other sides AB, BD as the difference of those sides is to the difference of 
the segments of the base made by the perpendicular BE ; viz. the difference 
between AE and ED. 

Produce BD till BG=AB, the lesser leg ; and on B as a 
centre, with the distance BG or BA, describe a circle AGHF, 
which will cut BD and ^D in the points H and F; then it is 
plain that GD will be the sum, and HD the difference of the 
sides AB and BD ; also, since AE=EF (by theo. 8, sect. 4), 
therefore FDis the difference of AE, £Z), the segments of the 
base ; but (by theo. 17, sect. 4) AD : GD : : HD : FD ; that 
is, the base is to the sum of the other sides as the difference of 
those sides is to the difference of the segments of the base. 
Q. E. D. 

Cor. 1. In the above triangle the4ongest side is made the 
base, and then the perpendicular falls within the triangle ; but 
if DF (the same construction remaining as in the above» only 
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joining BF) (fig. 3, plate 14), be considered the base of the tri- 
angle BDF^ then BE is a perpendicular on the base pro- 
duced ; GD is equal to the sum of the sides BFj BD ; HD is 
equal to their difference : also AD is equal to the sum of the 
segments DE, EF. But (by theo. 17, sect. 4) FDxAD=^ 
GD X HD, hence FD : GD : : HD : AD. That is, as the 
base is to the sum of the two sides, so is the difference of the 
sides to the sum of the segments of the base. Q. £. D. 

Cor. 2. Hence (by calling any side the base) as the base is 
to the sum of the sides, so is the difference of the sides 4 o 
the difference or sum of the segments of the base» according as 
the perpendicular falls within or without the triangle.* 

THEOREM IT. 

Fig, 13. 

If to half the sum of two quantities he added half thevr difference^ the sum 
vnU he the greatest of them ; and if from half the sum be suhtracted half 
their differ epce, ike remainder loiU he the least of them. 

Let the two quantities be represented by AB and BC (mak- 
ing one continued Une), whereof AB is the greatest, and BC 
the least. Bisect the whole line AC in £, and make AD=BC ; 
then it is plain that AC is the sum, and DB the difference of 
the two quantities, and AE or EC their half-sum, and DE or 
EB their half-difference. Now if to AE we add EB, we shall 
have AB the greatest quantity ; and if from EC we take EB, 
w6 shall have BC the least quantity. Q. £. D. 

Cor. Hence, if from the greatest of two quantities we take 
half the difference of them, the remainder will be half their 
sum ; or if to half their difference be added the least quantity, 
their sum will be half the sum of the two quantities. 

THEOREM V. 
Pl. U.fig*A. 

In any triangle the rectangle under two sides is to the rec- 
tangle under the semiperimeter, and its excess above the base, 
as the square of the radius to the square of the co-sine of half 
the contained angle. , 

In the triangle CBE, the perimeter being denoted by P, CB 
X CE : \P(iP^BE) : : JR«' : cos. ^C^. Produce EC to A, 

* The perpendicalar falls within or without the triangle, according as 
the square ot the greater side is less or greater than the sum of the 
squares of the less side and the base. For a demonstration of which thjs 
reader is referred to (Prop. 13^ 13, B. 2) Simpson's Euclid. 

E 2 
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making CA=CB; drawBP perpendicular to CJE?, bisect CE 

in H, and join AB. 

Let CBhe greater than EB, then (by theo. 3, fig. J 2) CE: 

CB' BE* 
CB+BE : : CB—BE : Jl =2iIP,by adding half this 

^^ CB^BE^ + CE^ 

to half the base = CH. The segment CD= YCE ^ ' ^^ 

this adding CJL,or CJ5, gives-lI/=- 2~EE " 

_^ CB+ CJE;)a BE^ CB+CE+BE x Cg+ CE^BE 

Again, ^Z)=^C+CZ>=CB+CI>; hence AD^ = CB^+2 
CB. CD+ CD' = 2 C5. AD ; also, BD* = CB' CD' ; hence 
AB' =AD' +BD' =%CB* +2CB.CD = 2CB x{CB+ CD) 

=2CB.AD ; therefore, AD.AB' =2CB. AD', or ^^^^^^ ' 

AB'=2CB.AD', or P{iP—BE).AB'=CE,2CB.AD', di- 
viding both sides by 2; CKCB.AD'=iP(iP—BE).AB', 
consequently CKCB : ^Pi^P—BE) : : AB' : AD'. That 
is, CExCB : iPxi(P— JB£) : : rad.« : (cos. ^BCE)'* 
Q. E. D. 

OBLIQUE-ANGLED TRIANGLES. 

CASE I. 

Two sides and an angle opposite to one of them given^ tojind the other 
angles and side* 

Pl. 6. Jig, 14. 

In the triangle ABC, there is given AB 240, the angle A 46® 30', and 
BC 200, to find the angle C, being acute, the angle B, and the side AC* 

1st. By Construction* 

m 

Draw a blank line, on which set AB 240, from a scale of 
equal parts ; at the point A, of the line AB, make an angle of 46° 
30', by an indefinite blank line; with BC 200, from alike scale 
of equal parts that AB was taken, and one foot in B, describe 
the arc DC to cut the last blank line in the points D and C. 
Now if the angle C had been required obtuse, lines from D to 
-B, and to -4, would constitute the triangle ; but as it is re- 
quired acute, draw the lines from C to J^ and to A, and the 
triangle ABC is constructed. From a line of chords let the 
angles B and C be measured ; and AC from the same scale 

* For a different method of demonstrating this theorem, as well 80 
the demonstration of other useful theorems, the reader is referred to L«»- 
lie's Geometry (pages 372, 373). 
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of eqaal parts that AB and BC were taken ; and you win have 
the answers required. 

2. By Calculatum. 

This is performed by theo. 1 of this sect, thus : 

As BC =200 2.301030 

is to the sme of A, =46''30' ' 0.860562 

So is AB =240 2.380211 



12.240773 



to the sine of C, =60^31' 9.939743 

180'' — the sum of the angles A and C will give the angle 
Bj by cor. 1, theo. 5, sect. 4. 

A 46° 30' 
60 31 



180°— 107° l'=72° 59'=B. 

As the sine of il=46° 30' 9.860562 

is to BC, -b200 2.301030 

So is the sine of jB*»72° 59' 9.980555 



12.281585 



to AC, —263. 7 2.421023 

3d. By Crjinter's Scale. 

Extend from 200 to 240 on the line of numbers ; that dis- 
tance will reach from 46° 30', on the line of sines, to 60° Bl\ 
for the angle C 

Extend from 46° 30' to 72° 59', on the line of sines ; that 
distance will reach from 200 to 263.7 on the line of nombersy 
for AC. 

Note. — ^The method by natural sines will be obyious from 
the foregoing analogies. 

If the side opposite the given angle be equal to or greater 
than the other given side, or the given angle obtuse, then there 
would be but one answer to the problem, because the angle 
opposite that other given side will be always acute ; but when 
the given angle is acute, and opposite the less of the given sides,* 
the answer is ambiguous, as the sine of an angle is equal to the 
sine of its supplement, consequently the required angle oppo- 
site that other given side may be obtuse or acute, unless it^is 
given in the conditions of the problem. 
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In the last problem the given angle is acute, and the side op- 
posite to it less than the other given side, therefore the angle 
C may be acute or obtuse ; but the side and angle answering 
to the acute value of C has been already found. Now it re- 
mains to find the side and angl^ of the triangle answering to 
the obtuse value of C, which is thus found : 

The acute value of C, found in the foregoing calculation, ui 
60° 31', consequently its obtuse value is 180°— 60° 31'=119° 
29'; then 119° 29'+46° 30', taken from 180°, gives 14° 1'= 
to the remaining angle ABC (pi. 14, fig. 5). 

To find the side JLC, answering to the obtuse value of the 
angle C. 

As the sine of A =46° 30' 9.860562 



is to BC, =200 2.301030 

So is sine B =14° 1' 9.384182 



11.685212 



to the side AC, =66.8 1.824650 

CASE n. , 

Two angles and a side given, tojM the other sides* 

Pl. 5, fig, 15. 

In the triangle ABC there is the angte A 46^ SC, AB 230, and the angle 
B 37° d(y given, to find AC and BC 

1st. By Construction, 

Draw a blank line, upon which set AB 230 from a scale of 
equal parts ; at the point A pf the line AB make wi angle of 
46° 30', by a blank line ; and at the point B of the line AB 
make an angle of 37° 30', by another blank line ; the intersect 
tion of those lines gives the point C : then the triangle ABC 
is constructed. Measure AC and BC from the same scale of 
equal parts that AB was taken, and you have the answer re- 
quired. 

I 

2d. By Calculation* 

By cor. 1, theo. 5, sect 4, 180° — the sum of the angles A 
and J?=C. 

A 46° 30' 
B37 30 



180°— 84° 00'=96° 00'=C. 
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By def. 27, sect 4. The sine of 96° = the sine of 84^ 
which is the supplement thereof; therefore, instead of the sine 
of 96^ look in the tables for the sine of 84*. 
By theo. 1 of this sect 

As the sine of C =96° 00' 9.997614 

is to AB, =230 2.361728 

So is the sine of A =46° 30' 9.860662 



12.222290 



to\BC, =167.8 2.224676 

As the sine of C =96° 00' 9.997614 

is to AB, =230 2.361728 

So is the sine of ^ =37° 30' 9.784447 



12.146175 



W AC, =140.8 2.148661 

3d. By €hinter*s Scale. 

Extend from 84° (which is the supplement of 96°) to 46^ 
;30' on the sines ; tha^ distance will reach from 230 to 168, on 
the line of numbers, for BC. 

Extend from 84° to 37° 30', on the sines ; that extent will 
reach from 230 to 141, on the line of numbers, for AC, 

CASE IIL 

Two sides and a contained angle given, tofindt the other angles and side, 

Pl. 6,fig.'l6. 

In the triangle ABC, there is AB 240, the angle A 36<> W, and AC 
180 given, tofmd the angles C and B and the side BC. 

1st By Construction, 

Draw a blank line, on which, from a scale of equal parts^ 
lay AB 240 ; at the point A of the line AB make an angle 
of 36° 40', by a blank line ; on which from A lay AC 180, 
from the same scale of equal parts ; measure the angles C 
and B and the side BC, as before, and you have the answers 
required. 

2d. By Calculation, 

By cor. 1, theo. 6, sect 4, 180° — the angle A 36° 40'= 
143° 20', the sum of the angles C and B : therefore, half of 
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143° 20' will be half the sum of the two required angles C 

By theo. 2 of this sect 

As the sum of the two sides AB andiiC=420 
is to their difference, = 60 

So is the tangent of half the sum of > ==710 acv 
the two unknown angles C and B ^ 
to the tangent of half their difference, =23^ 20' 

By theo. 4. 

To half the sum of the angles C and B=71° 40^ 
Add half their difference as now found=23^ 20' 



The sum is the greatest angle, or ang. C=05 00 



Subtract, and you have the least angle, or ^=48 20 



The angles C and B being found, BC \s had as before, by 
theo. 1 of this sect. Thus, 

S.B :AC:: S.A : BC. 
48° 20' : 180 : : 36° 40' : 143.9. 

3d. By Crunter's Scale* 

Because the two first terms are of the same kind, extend 
from 420 to 60 on the line of numbers; lay that extent 
from 45° on the line of tangents, and keeping the lefl leg of 
your compasses fixed, move the right leg to 71° 40' ; that dis- 
tance laid from 45° on the same line will reach to 23° 30', the 
half-difference of the required angles. Whence the angles are 
obtained, as before. 

The second proportion may be easily extended^ from what' 
has been already said. 

CASE IV. ' 
Pl. 5. Jig. 17. 

TAe three sides given^ to find the angles. 

In the triangle ABCy there is given ABM^AC 47, BCM ; the angkst 
A, B^ and C are requirei. 

Ist. By Construction. 

The construction of this triangle muai be manifest, firom 
proU 1, sect. 4. 



' ^ 



» 
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2d. By Calculation. 

From the point C let fall the perpendicular CD on the base 
AB, and it will divide the triangle into two right-angled oneft, 
ADC and CBD^ as well as the base AB into the two seg- 
ments AD and DB. 

AC 47 
BC 34 

Sum 81 

Difference 13 

By theo. 3 of this sect 

As the base or the longest side AB 64 

is to the sum of the other sides AC and BC^ 81 

So is the difference of those sides 13 

to the difference of the segments of the base AD^ DB, 16.46 

By theo. 4 of this sect 

To half the base, or to half the sum of the segments > ^^ 
AD and DB, $ ^^ 

Add half their xlifference, now found, 8.23 

Their sum will be the greatest segment AD^ 40.23 

Subtract, and their difference will be the least seg- > oo •r>y 
ment, DB, J ^^ 

In the right-angled triangle ADC^ there is AC 47 and AD 
40.23 given, to find the angle A. 

This is resolved by case 4 of right-angled plane trigonome- 
try, thus : / 

AD : R : : AC : sec. A 
40.23 : 90^^ : : 47 : 31° 08' 

Or it may be had by finding the angle ACD, the complement 
of the angle A, without a secant, thus : 

AC: Ri: AD: S.ACD 
44 : 90° : : 40.23 : 68° 62' 
90°— 68° 62' =^31° 08', the angle A. 

Then by theo. 1 of this sect 

BC : S.A:: AC: S.B 
34 : 31° 08' : : 47 : 46° 37' 
£3 
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By cor.'l, theo. 5, sect 4, 180° — the aum of A and B= C 

* A 31° 08' 
B 46 ^37 

180°— 76 45=103° 15', the angle C. 

3d. By GurUer's Scale. 

The first proportion is extended on the line of numbers; and 
it is no matter whether you extend from the first to the third cfr 
to the second term, since they are all of the same kind : if you 
extend to the second, that distance applied to the third will give 
the fourth ; but if you extend from the first to the third, that 
extent will reach from the second to the fourth.* 

The methods of extending the other proportions have been 
already fully treated of. 

RULE 2. 

Either of the angles,* as A, may be found by adding together 
the arithmetical complements of the logarithms of the two sides 
AB, AC, containing the required angle, the log. of the half- 
sum of the three sides, and the log. of the difference between 
the half-sum and the side opposite the required angle ; then 
half the sum of these four logarithms will be the logarithmic 
co-sine of half the required angle.f It is required to find the 
angle A, in the last problem, by this rule, the sides remaining 
the same. 

5C=34 

AC=47 ' Ar. Co. 7.327902 

AB=64t Ar. Co. 7.193820 



2)145 
Half-sum /72.5 Log. 2.860338 

BC=34 



Difference 38.5 Log. 2.585461 

2)19.967521 



Cos. i A, 15° 34' 9.983760 
Whose double 31° 08' is the angle A, 

* The reader is referred to Hutton's Mathematics, vol. ii. New- York 
edition, for the method of investigating Plane Trigonometry analytically. 

t The demonstration of this rule is evident from theo. 6, and the nature 
of logarithms ; but in working the proportion by logarithms, we omit 
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If the other angles were required, they can be foand by Case 
1, or by theo. 1 of this sect. 

RULE 3.* 

Add the three sides together, and take half the sum and the 
difTerences between the half-sum and each side : then add the 
complements of the logarithms of the half-sum and of the dif- 
fidence between the half-sum and the side opposite to the angle 
sought, to the logarithms of the differences of the half-sum and 
the other sides : half their sum will be the tangent of the angle 
required. 

Example. In the triangle ABC, having the side AB 562, 
AC 800, and BC 320, to find the angle ABC. 



^C=800 
.45=662 
BC=320 

Sum 1682 



H=B4l At. Co. 7.076204 

H—AC=4l Ar. Co. 8.387216 

H^AB=279 log. 2.445604 

H—BC=52l log. 2.716838 



Sum 20.624862 



^sum841=ir. 



Tang, of 64° 2'=| sum 10.312431 

Whose double 128° 4' is the angle ABC. Whence the 
other angles can be easily found by theo. 1 of this section. 

An example in each case of ohUque-^mgled triangles, 

1. In the triangle ABC^ having AB 106, AC %6^ and the 
angle B 31° 49', to find the Z.s ii and C and the side BC. 

Ans. The Z. C=69° 17' or 120° 43', the zLA 27° 28' or 
88° 54', and the side 5C=43.2 or 123.2. 

2. In the triangle ABC^ having the side\45 2200, the L A 
35°, and the Z.5 47° 24', to find the sides AC and BC and 
the' L C. 

Ans. The L C 97° 36', the side AC 1636, and the side 
BC 1272. 

3. In the triangle ABC^ having the side AB 240, AC 

the log. of the square of radius or 20, which is just equivalent to re- 
jecting 20 from the sum of the four logarithms, which should he done, 
because for every arithmetical complement that is taken 10 must be re- 
jected : but the Ar. Co. of the two sides containinff the required angle is 
taken ; consequently 20 should be rejected, which is equal to the log. of 
the square of radius. 

* For the demonstration of this rule the reader is referred to Leslie's 
Geometry, prop. 12, p. 372. 
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563.7, and the angle A 46^ 30', to find the other angles and the 
aide BC. 

Ans. The CC 60"" 31', the /LB 72'' 69', and the side 
BC 200. 

4. In the triangle ABCy having the sides given, viz. AB= 

144.8, BC=109, and J.C=76, it is required to find the angles 
by each of the three rules given to Case 4. ' 

Ans. The least angle 29*^ 49', next greater 54^ 07', and the 
greatest 96'' 04'. 

Additional exercises^ with their answers* 

QUESTIONS FOR EXERCISE. 

1. Given the hypothenuse 10$, and the angle opposite the 
perpendicular 25° 36' ; required the base and perpendicular. , 

Ans. The base is 97.4, and the perpendicular 46.66. 

2. Given the base 96, and its opposite* angle 71° 45'; re- 
quired the perpendicular and the hypothenuse. 

Ans. The perpendicular is 31.66, and the hypothenuse 
101.1. 

3. Given the perpendicular 360, and its opposite angle 58° 
20' ; required the base and the hypothenuse. 

Ans. The base is 222, and the hypothenuse 423. 

4. Given the base 720, and the hypothenuse 980 ; required 
the angles and the perpendicular. 

Ans. The angles are 47° 17' and 42° 43', and the perpen- 
dicular 664.8. 

5. Given the perpendicular 110.3, and the hypothenuse 
176.5 ; required the angles and the base. 

Ans. The angles are 38° 41' and 51° 19', and the base 
137.8. 

6. Given the base 360, and the perpendicular 480; re- 
quired the angles and the hypothenuse. 

Ans. The angles are 63° 8' and 36° 62', and the hypothe- 
nuse 600. 

7. Given one side^ 129, an adjacent angle 66° 30', and the 
opposite angl6 81° 36' ; required Uie third angle and the remain- 
ing sides. 

Ans. The third angle is 41° 64', and the remaining sides 
are 108.7 and 87.08. 

8. Given one side 96.6, another side 69.7, and the angle 
opposite the latter side 31° 30' ; required the remaining angles 
and the third side. 

Ans. This question is ambiguous, the given side opposite the 
given angle being less than the other given side (see Rule 1) ; 
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hence, if the angle opposite the side 06.5 be acute, it will 
be 57^ 38', the remaining angle 90"^ 52', and the third side 
1 14.2 ; but if the angle opposite the side 06.5 be obtuse, it 
will be 122° 22', the remaining angle 26"^ 8', and the third side 
50.32. 

9. Given one side 110, another side 102, and the con- 
tained angle 113° 36' ; required the remaining angles and the 
third side. 

Ans. The remaining angles are 34° 37' and 31° 47't and 
the third side is 177.5. 

10. Given the three sides respectively 120.6, 125.5, and 
146.7 ; required the angles. 

Ans. The angles are 51° 53', 54° 58', and 73° 9'. 

The student who has advanced thus far in this work with 
diligence and active curiosity is now prepared to study, widi 
ease and pleasure, the following Part, which comprehends all 
the necessary directions for the practice of Surveying. 



PART II. 

THE PRACTICAL SURVEYOR'S GUIDE. 

SECTION I. 

Containing a pariicidar Description of the several Instruments used in 
Surveyingy toith their respective Uses, 

THE CHAIN. 

The stationary distance, or merings of ground, are measured 
either by Gunter's cliain of four poles or perches, which con- 
sists of 100 links (and this is the most nat\iral division), or by 
one of 50 links, which contains two poles or perches : but be* 
cause the length of a perch differs in many places, therefore 
the length of chains and their respective hnks will differ also. 

The English statute-perch is 6^ yards, the two-jpole chain is 
11 yards, and the four-pole one is 22 yards ; h^nce the length 
of a link in a statpte-chain is 7.92 inches. 

For the more ready reckoning the links of a four-pole chain, 
there is a large ring, or sometime^ a round piece of brass, fixed 
at every 10 links ; and at 50 links, or in the middle, there are 
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two large rings. In such chains as have a brass piece at every 
10 links, there is the figure 1 on t}ie first piece, 2 on the second, 
8 on the third, &c. to 9. By leading therefore that end of the 
chain forward which has the least number next to it, he who 
carries the hinder end may easily determine any number of 
links : thus, if he has the brass piece number 8 next to him, 
and six links inore in a distance, that distance is 86 links. 
After the same manner 10 may be counted for every large ring 
of a chain which has not brass pieces on it ; and the number of 
links is thus readily determined. 

The two-pole chain has a large ring at every 10 links, and 
in its middle, or at 25 links, there are two large rings ; so that any 
number of links may be the more readily counted off, as before. 

The surveyor should be careful to have his chain measured 
before he proceeds on business ; for the rings are apt to open by 
frequently using it, and its length is thereby increased, so that 
no ona can be too circumspect in this point. 

In measuring a stationary distance, there is an object fixed 
in the extreme point of the line to be measured ; this is a di- 
rection for the hinder chainman to govern the foremost one by, 
in order that the distance may be measured in a right line ; for 
if the hinder chainman causes the other to cover the object, it 
is plain the foremost is then in a right line towards it. For 
this reason it is necessary to have a person that can be relied 
on at the hinder end of the chain, in order to keep the foremost 
man in a right line ; and a surveyor who has no such person 
should chain himself. The inaccuracies of most surveys arise 
from bad chaining, that is, from straying out of the right line, 
as well as from other omissions of the hinder chainman : no 
person, therefore, should be admitted at the hinder end of the 
chain of whose abilities, in this respect, the surveyor is not 
previously convinced ; since the success of the survey, in a great 
measure, depends on his care and skill. 

In setting out to measure any stationary distance, the fore 
man of the chain carries with him ten iron pegs pointed, each 
about ten inches long ; and when he has stretched the chain to 
its full length, he at the extremity thereof sticks one of those 
pegs perpendicularly in the ground ; and leaving it there, he 
draws on the chain till the hinder man checks him when he 
arrives at that peg : the chain being again stretched, the fore 
man sticks down another peg, and the hind man takes up the 
former ; and thus they proceed at every chain's length con- 
tained in the line to be measured, counting the surplus links 
contained between the last peg and the object at the termina- 
tion of the line, as before : so that the number -of pegs taken 
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up by the hinder chainman expresses the number of chains : 
to which, if the od(LIinks be annexed, the distance line required 
in chains and links is obtained, which must be registered in the 
field-book, as will hereafter be shown. 

If the distance exceeds 10, 20, 30, &>c, chains, when the 
leader's pegs are all exhausted, the hinder chainman, at the 
extremity of the 10 chains, delivers him all the pegs ; from 
whence they proceed to measure as before, till the leader's pegs 
are again exhausted, and the hinder chainman at the extremity 
of these 10 chains again delivers him the pegs, from whence, 
they proceed to measure the whole distance line in the like 
manner ; then it is plain, that the number of pegs the hinder 
chainman has being added to 10, if he had delivered all the 
pegs once to the leader, or to 20 if twice, or to 30 if thrice, ^c, 
will give the number of chains in that distance ; to which if 
the surplus links be added, the length of the stationary distance 
is known in chains and links. 

It is customary, and indeed necessary, to have red, or other 
coloured cloth fixed to the top of each peg, that the hinder man 
at the chain may the more readily find them ; otherwise, in 
chaining through corn, high grass, briers, rushes, &c. it would 
be extremely difficult to find the pegs which the leader puts 
down : by this means no time is lost, which otherwise must 
be, if no cloths are fixed to the pegs, as before. 

It will be necessary here to observe, that all slant, or inclined 
surfaces, as sides of hills, are measured horizontally, and not 
on the plane or surface of the hill, and is thus effected. 



Pl. 8.^. 4. 

Let ABC be a hill ; the hindmost chainman is to hold the 
end of the chain perpendicularly over the point A (which he 
can the better effect with a plummet and line, than by letting a 
stone drop, which is most usual), as d is over A, while the leader 
puts down his peg at e : the eye can direct the horizontal position 
near enough ; but if greater accuracy were required, a quadrant 
applied to the chaui would settle that. In the same manner 
the rest may be chained up and down ; but in going down, it is 
plain the leader of the chain must hold up the end thereof, and 
the plummet thence suspended will mark the point where he is 
to stick his peg. The figure is sufficient to render the whole 
evident, and to show that the sum of the chains will be the 
horizontal measure of the base of the hill : for de^^Ao^fg^ 
op,hi^^pq^ &c. ; therefore de+^+A», &c.=«Ao+(>p+/>3'» &c- 



\ 
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wmACy^ the base of the hill. If a whole chain cannot be car«> 
tied horizontally, half a chain, or less, may, and the sum of 
these half-chaios, or links, will give the base, as before. 

If the inclined side of the hill be the plane surface, the angle 
of the hill's inclination may be taken, and the slant height may 
be measured on the surface ; and thence (by Case 1 of right- 
angled trigonometry) the horizontal liqe answering to the top 
may be found ; and if w& have the angle of inclination given 
on the other side, with those already given, we can find the 
horizontal distance across the hill, by Case 2 of oblique trigo- 
nometry. 

All inclined surfaces are considered as horizontal ones ; for 
all trees which grow upon any inclined surface do not grow 
perpendicular thereto, but to the plane of the horizon : thus, if 
Ad^ ef^ ghf &c. were trees on the side of a hill, they' grow per- 
pendicular to the horizontal base JLC, and not to the surface 
AB : hence the base will be capable to contain as many trees 
as are on the surface of the hill, which is manifest from the 
continuation of them thereto. And this is the reason that the 
area of the base of a hill is considered to be equal in value 
to the hill itself. 

Besides, the irregularities of the surfaces of hills in general 
are such, that they would be found impossible to be determined 
by the most able mathematicians. Certain regular curve sur- 
faces have been investigated, with no small pains, by the most 

* The number of chains taken down in the field-book is longer than 
the lined Ao, op, pq^ &c., because the chain, being elevated above the sur- 
face of the earth (though stretched with a force at both ends), forms a 
curve, which approaches a right line, according as the force is more or less 
applied ; but does net coincide with it : as, for example. — Let the chain be 
stretched firom ^ to e (PI. 8. fig. 4) ; it does not coincide with de, but forms 
a curve line, which must' be longer than de or its equal Ao, and so is^ 
or op shorter than the chain, and in like manner with all the rest. And 
^ifg^y &c.=ilo, opf &,c»=zAC ; consequently, the number of chains, being 

greater than de, efi dec. or AOf op, <&c. is greater than AC ; therefore, the 
orizontal line AC (by surveyors in general) is made too long, therefore 
a deduction must be made for every chain in the field-book ; the sum to 
be taken from AC may be found by making an experiment on a two-pole 
chain (when extended abote the surface of the earth by a force at both 
extremities), and measuring the distance firom its middle point to the 
middle of the right line which would join it s extrem ities, which call a, and 
call i the length of the ch ain ft ; then ^ft»— a«=iie, or half the right 
li ne ; th erefore 2^b*—a^=de, or the right line; from whence 2ft — 
2^b^ — a*= the excess for every chain which is meas ured or taken do wn 

in the field-book : calling the number of chains c, then c.2ft — 2^{h^ — a,^ )= 
the whole excess on the horizontal line AC, From what is here demon- 
strated, the practitioner will be able to find the sum to be taken firom 
every horizontal line in surveying hills, ^. 
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eminent ; therefore an attempt to determine in general the in* 
finity of irregular surfaces which offer themselves to our Tiew, 
to any degree of certainty, would be idle and ridiculous, and 
for this reason also, the horizontal area is only attempted. 

Again, if the circumjacent lands of a hill be planned or 
mapped, it is evident we shall have a plan of the hill's base in the 
middle : but were it possible to put the hill's surface in lieu 
thereof, it would extend itself into the circumjacent Jands, and 
render the whole a heap of confusion : so that if the surfaces 
of hills could be determined, no more than the base could be 
mapped. 

Roads are usually measured by a wheel for that purpose, 
called the perambulator, to which there is fixed a machine, at 
the end whereof there is a spring, wnich is struck by a peg in 
the wheel once in every rotation ; by this means the number 
of rotations is known ; if such a wheel were 3 feet 4 inches 
diameter, one rotation would be 10^ feet, which is half a plan* 
tation perch ; anj because 320 perches make a mile, therefore 
640 rotations will be a mile also ; and the machinery is so con- 
trived that by meant of a hand, which is carried ^round by the 
work, it points out the miles, quarters, and perches, or some- 
times the miles, furlohgs, and perches. 

Or roads may be measured by a chain more accurately; 
for 80 four-pole, or 160 two-pote chains, or 320 perches, make 
a mile as before : and if roads are measured by a statute chain, 
it will give you the miles English, but if by a plantation chain, the 
miles will be Irish. Hence an English mile contains 1760, 
and an Irish mile 2240 yards ; and because 14 half-yaids is 
an Irish, and 11 half-yards is an English perch, therefore 11 
Irish perches, or Irish miles, are equsd to 14 English ones. 

Since some surveys are taken by « four-pole and others by 
a two-pole chain, and as ground for houses is measured by feet, 
we will show how tr^ reduce one to the other in the following 
problems. 



PROBLEK I. 

To reduce hoO'poU chains and links tofowr-foU cms. 

If the number of chains be even, the half of them will be the 
four-pole ones, to which annex the given links. Thus : 

1. In 16cA. 37/. of two-pole chains, how many four-pole 
ones ! Answer Sch. 87/. 

But if the number of chains be odd, take the half of themiov 
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chains, and add 50 to the links, and they will be four-pole 
chains and links. Thus : 

2. In 17 ch* 42/. of two-pole chains how many four-pole 
ones ? Answer Sch. 92L 



PROBLEM II. 

To reduce four'-foU chains and links to two-pole ones. 

Double the chains, to which annex the links if they be less 
than 50 ; but if they exceed 50 double the chains, add one to 
them, and take 50 from the links, and the remainder will be the 
links. Thus : 
ch. L 
1. In 8. 37 of foui;-pole chains how many two-pole ones! ' 
2 

16. 37 



ch. I 
2. ^ 8. 82 of four-pole chains how many two-pole ones ! 
2. 50 



17. 32, Answer. 

PROBLEJI III. 
To reduce four'fole chains and links to perches and decimals ofaperck. 

The links of a four-pole chain are decimal parts of it, each 
link being the hundredth part of a chain; therefore if the 
chain and links be multiplied by 4 Tfor 4 perches are a chain), 
the product will be the perches ana decimal parts of a perch* 
Thus : 

ch, L 
How many perches in 13. 64 of four-pole chains! 

4 



' Answer, 54. 56 perches. 

PROBLEM IV. 

To reduce tuHhpole chains and links to perches and decimals of a perch. 

They may be reduced to four-pole ones (by prob. 1), and 
thence to perches and decimals (by the last) ; or. 

If the lii^s be multiplied by 4, carrying one to the chains when 
the links are, or exceed, 25 ; and the chains by 2, adding 1 if 
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occasion be ; the product will be the perches and decimals of 
a perch. Tlius : 

eh. L 
I. In 17. 21 of two-pole chains how many perches ! 
2. 4 



Answer, 34. 84 perches. 

ch. L 
2. In 15. 38 of two-pole chains how many perches ? 
2v 4 



Answer, 31. 52 perches. 

PROBLEM V. 

To reduce perches and decimals of a perch to four-pole chains and links. 

Divide by 4, so as to have two decimal places in the quo- 
tient, and that will be four-pole chains and links. Thus : 

In 31.62 perches how many four-pole chains and links? 

ch. L 
4)31.52(7. 88, Answer. 



35 



32 



PROBLEM VI. 
To reduce perches and decimals of a perch to tufo-poU chains and links. 

The perches may be reduced to four-pole chains (by the last), 
and from thence to two-pole chains (by prob. 2) ; or. 

Divide the whole number by 2, the quotient will be chains ; 
to the remainder annex the given decimals, and divide by 4 ; 
the last quotient will be the links. Thus : 

In 31.52 perches how many two-pole chains and links ? 

eh. I. 
2)31.52(15. 38, Answer. 

11 

4)152(38 
32 
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PROBLEM VII. 
To reduce chairu and Hnks to feet and decimal parts of a fdot. 

If they be two-pole chains, redace them to four-pole ones 
(by prob. 1) : these being multiplied by the feet in a four-pole 
chain will give the feet and decimals of a foot. Thus : 

In 17 ch. 211 of two-pole chains how many feet?- 

cJu L 

8. 71 of four-pole chains. 
66 feet = 1 chain. 



5226 
5226. Answer, 574/^. lO^tn. 



Feet 674.86 
12 



Inches 10.32 
4 



1.28 



PROBLEM VIIL 

To reduce feet and inches to chains and links. 

Reduce the inches to the decimal of a foot, and annex that to 
the feet ; that divided by the feet in a four-pole chain will give 
the four-pole chains and links in the quotient ; these may be 
reduced to two-pole chains and links, if required, by prob. 2. 
Thus : 



In 2l7ft. 9tn. how many two-pole chains! 
12)9.00(.75 the decimal of inches. 

60 



66)217.75(3.29 of four-pole chains, or 6ch. 292. 
197 
655 
61 



.\ • 
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Haw to take a survey by the Chain only. 

PROBLEM I. 

To survey a piece of ground by gmng round it, and the method of taking 
the angles of the field by the chain ovly, 

» Pl« 6* f^, 6t 

Let ABCDEFG be a piece of ground to be surveyed : be- 
ginning at the point Ai let one chain be laid in a direct line from 
A towards Gr, where let a peg be left, as at c ;^ and again the 
like distance from ^ in a direct line towards B, where another 
peg is also to be left, as at <2 ; let the distance from d to c be 
measured, and placed in the field-book in the second column 
under the denomination of angles, in a line with station No. 1 ; 
and in ,the same line, imder the title of distances in the third 
column, let the measure of the line AB in chains and links be 
inserted. Being now arrived at B, let one chain be laid in a 
direct line from B towards A:, where let a peg be left, as at^^ 
and again the like distance from B in a direct line towards C, 
where let also another peg be lefl, as at e ; the distance from e 
to f}s to be inserted in the field-book, in the second column, 
under angles, in a Kne with station No. 2 ; and in the 3ame 
line, under the title of distances in the third column, let the 
measure of the line BC,ia chains and links, be inserted : afler 
the same manner we may proceed from C to A and thence to 
E ; but because the angle at JB, viz. FED^ is an external 
angle, afler having laid one chain firom E to A, and to g, the 
distance from gto h is measured and inserted in the column 
of angles, in a line with station No. 5, and oA the side of the 
field-book against that station we make an asterisk, thus *, or 
any other mark, to signify that to be an external angle, or one 
measured out of the ground. Proceed we then as before from 
JE7 to P, to 6r, and thence to A, measuring the angles and dis- 
tances, and placing, them as before in the field-book opposite 
to their respective stations : so will the field-book be completed 
in the manner following. 

N. B. — ^After this manner the angles for inaccessible distances 
may be taken, and the method of constructing or laying them 
down, ka well as the construction of the map, from the follow, 
ing field-notes, mu/st be obvious fi^m the method of taking them. 

The form of the fteld-hook^ with the title, 

A Field-Book of part of the land of Grange, in the parish of 
Fortmamock, barony of Coolock, and county of Dublin ; 
being part of the estate of L' P., Esq., let to C. !>., farmer. 
Surveyed January 30, 1782.^ 
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Taken by a four-pole chain. 



Remarks. 


No. 
Sta. 


Angles. 


Distance. 
ch. L 


Mr. J. D.'s part of Grange . . . 

Mr. L. p. 's part of Portmamock > 
Strand ) 

Widow J. G.'s part of Grange . 


1 
2 
3 

4 
5 
6 
7 


1. 80 
1. 79 
1. 76 
1. 41i 
1. 87^ 
1. 14 
1. 89 


17. 65 

18. 50 
28. 00 
20. 00 
14. 83 

19. 41 
24. 53 




Close at the first station. 



Explanatipn of the Remarks. 

Mr. J. D*s part of Grange bounds or is adjacent to the sur- 1 
veyed land from the first to the third station ; Mr. L. P^s part 
of Portmamock bounds it from the third to the fourth station ; 
the strand then is the boundary from thence to the sixth ; . and 
from the sixth to the first station, the widow J. G*s pah of 
Grange is the boundary. 

It is absolutely necessary to insert the persons' names, and 
town-lands, strsmds, rivers, bogs, rivulets, &c. which bound or 
circumscribe the land which is surveyed, for these must be ex- 
pressed in the map. 

In a survey of a town-land, or estate, it is sufficient to men- 
tion only the circumjacent town-lands, without the occupiers* 
names : but when a part only of a town-land is surveyed, then 
it is necessary to insert the person or persons' names who hold 
any particular parcel or parcels of such town-land as bound the 
part surveyed. 

When an angle is very obtuse, as most in our present figure 
are, viz. the angles at k, B^ C, £, and G^ it will be best to 
lay a chain from the angular point, as at A^ on each of the 
containing sides to c and to d ; and any where nearly in the 
middle of the angle, as at e : measuring the distances ce and 
ed ; and these may be placed for the angle in the field-book. 
Thus, 

No« Sta. Angle. 

ch, L ch* I. 

I: So} i^-'^s 

For when an angle is very obtuse, the chord line, as cef, will be 
nearly equal to the radii Ac and Ad ; so if the arc ced be swept, 
and the chord line cd be laid on it, it will be difilcult to deter- 
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mine exactly that point in the arc where cd cuts it : but if the 
angle be taken in two parts, as ce and ed^ the arc, and the angle 
thence, may be truly determined and constructed. 

After the same manner any piece of ground may be surveyed 
by a two-pole chain. 

PROBLEM II. 

To take a survey of apiece of ground from any point within ttf from 
whence all the angles caai be seen^ by the chatn only. 

Pl. 6. ^. 6. 

Let a mark be fixed at any point in the ground^ as at Jf, from 
"whence all the angles can be seen ; let the measures of the 
lines HAy HB, HCy inc, be taken to every angle of the field 
from the point /f ; and let those be placed opposite to Na. 1, 
2, 3, 4, &c. in the second column of the radii : the measures of 
the respective lines of the mering, viz. AB^ BC^ CD, DE, &c. 
being placed in the third column of distances, will complete the 
field-book. Thus : 



Remarks. 

V 


No. 


Radii. 


Distance. 
ch. L 




1 


20. 00 


17. 66 




2 


21. 72 


18. 50 


» 
« 


3 


21. 74 


28. 00 




4 


25. 34 


20. 00 


• 


5 


17. 20 


14. 83 


■ 


6 


29. 62 


19. 41 




7 


,21. 20 


24. 53 



Close at the first station. 

If any line of the field be inaccessible, as suppose C2> to be, 
then by way of proof that the distahce CD is true, let the mea- 
sure of the augle CHD be taken by the line oo, with the chain : 
If this angle corresponds with its containing sides, the length 
of the line DC is truly obtained, and the whole work is truly 
taken. 

Note. — That in setting off an angle, it is necessary to use 
the largest scale of equad parts, viz. that of the inch, which is 
diagonally divided into 100 parts, in order that the angle should 
be accurately laid down; or if two inches were thus divided, 
for angles, it would be the more exact ; for it is by no means 
necessary <hat the angles shoiild be laid from the said scale 
with the statiocary distances. 
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to 

PROBLEM HI. 

To take a mttvey hy Hu chain cmiy, when all the angles cannot he nenfrom 
mu point loithin, 

Pl. 6. fig, 7. 

Let the ground to be surveyed be represented by 1, 2, 3, 4, 
&;c. Since all the angles cannot be seen from one point, let us 
assume three points, as A, B, C, from whence they may be seen ; 
at each of which let. a mark be put, and the respective sides 
of the triangle be measured and set down in the field-book ; 
let the distance from J. to 1, and from ^ to 1, be measured, 
and these will determine the point 1 ; let the other lines 
which flow from A, ^, C, as well as the circuit of the ground, 
be then measured as the figure directs ; and thence the map 
may be easily constructed. 

There are other methods which may be used ; as dividing 
the ground into triangles, and measuring the three sides of each; 
or by measuring the base and perpendicular of each triangle. 
But this we shall speak of hereafter. 

PROBLEM IV. 
How to take any vnacceseibU distance by the chain only, 

Pl. 8. fig, 8. 

Suppose AB to be the breadth of a river, or any other inac- 
cessible distance, which may be required. 

I4et a staff or any other object be set at B, draw yourself 
backward to any convenient distance C, so that B may cover 
A ; from B, lay off any other distance by the river's side to E^ 
and complete liie parallelogram EBCD : stand at Z>, and cause 
a mark to be set at F, in the direction of A ; measure the 
distance in links from E^ to jP, and FB will be also given. 
Wherefore EF : ED : : FB : AB, Since it is plain (from part 
1, theo. 3, sect. 4, and theo. 2, sect. 4) the triangles JSFDand 
BFA are mutually equiangular. 

If part of the chain be drawn from B to C, and the other 
part from B\x> E \ and if the ends at E and C be kept fast, it 
Mrill be easy to turn the chain over to D, so as to complete a 
parallelogram ; by reckoning off the same number of links 
you had in jBC, from £ to A suid pulling each part straighu 



/ 

>. 



THE CmCUMFERENTOR. 121 



THE CffiCUMFERENTOR. 

This instrument is composed of a brass circular box, about 
five or six inches in diameter ; Within which is a brass r^g, 
divided on the top into 360 degrees, and numbered 10, 20, 30, 
&c. to 360 : in the centre of the box is fixedbi steel pin finely 
pointed, called a centre-pin, on which b ^^ced a needle 
touched by a loadstone, which always retains the same situa* 
tion ; that is, it always points to the north and' south points of 
the horizon nearly, when the instrument is horizontal, and the 
needle at rest. 

The box is covered with a glass lid in a brass rim, to pre* 
vent the needle being disturbed by wind or rain at the time of 
surveying : there is also a brass lid or cover, which is laid 
over the former to preserve the glass in canying the instrument. 

This box is fixed by screws to a brass index or ruler of about 
14 or 15 inches in length, to the ends whereof are fixed brass 
sights which are screwed to the index and stand perpendicular 
thereto : in each sight is a large and a small aperture or slit, 
one over the other ; but these are changed, that is, if the large 
aperture be uppermost in the one sight, it will be lowest in the 
other, and so of the small ones : therefore the small aperture 
in one is opposite to the large one in t|he other, in the middle of 
which last there is placed a horse-hair or fine silk thread. 

The instrument is then fixed on a ball and socket, by the help 
of which and a screw you can readily fix it horizontally in any 
given direction, the socket being fixed on the head of a three* 
legged stafi*^ whos^ legs, when extended, support the instrument 
while it is used. 

To take field-notes by the Circumferentor, 
Pl.6.;^. 6. 

Let your instrument be fixed at any angle as 4> your first 
station ; and let a person stand at the next angler B^ or cause.a 
staff with a white sheet to be set there perpendicularly for an 
object to take your view to : then having placed your instru- 
ment horizontally (which is easily done by turning the box so 
that the ends of the needle may be equidistant from its bottom, 
and it traverses or plays freely) turn the flower-de-luce, or 
north part of the box, to your eye, and looking through the 
small aperture turn the index about till you cut the person or 
object in the next angle B with the horse-hair or thread of the 
opposite sight ; the degrees then cu^ by the south end of the 
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needle will give the niimber to be placed in the second colimiii 
of your field-book in a line with station No. 1, and expresses 
the number of degrees the stationary line is from the north, 
counting quite round with the sun. 

i. Most needles are pointed at the south end, and have a smaU 
ring at the north : such needles are better than those which are 
pointed at each end, because the surveyor cannot mistake by 
counting to a wrong end, which error may be frequently com- 
mitted in using a two-pointed needle. 

Two-pointed needles have sometimes a ring, but more usually 
a cross towards the north end ; and the south end is generally 
bearded Awards its extremity, and sometimes not, but its arm 
is a naked right line from the cap at the centre. 

Having taken the degrees or bearing of the first stationary 
line AB, let the line be measured, and the length thereof in 
chains and links be inserted in the third column of your field- 
book, under the title of distances, opposite to station No. 1. 

It is customiary, and even necessary, to cause a, sod to be 
dug up at each station or place where you fix the instrument, 
to the end that if any error should arise in the field-book it may 
be the more readily adjusted and corrected, by trying over the 
former bearings and stationary distances. 

Having done with your first station, set the instrument over 
the hole or spot where your object stood, as at B^ for your 
second station, and send him forward to the next angle of the 
field, as at C ; and having placed the instrument in a horizon- 
tal direction, with the sights directed to the object at C, and the 
north of ^he box next your eye, count your degrees to the south 
end of the needle, which register in your field-book in the sec- 
ond column opposite to station No. 2 ; then measure the sta^ 
tionary distance BC, which insert in the third column ; and 
' thus proceed from angle' to angle, sending your object before 
you, till you return to the place where you began, and you will 
have the field-book complete ; observing always to signify the 
parties' names who hold the contiguous lands, and the .names 
of the town-lands, rivers, roads, swamps, lakes, &c. that bound 
the land yoii survey, as before ; and this is the manner of taking 
field-notes by what is called fore-sights. 

But the generality of mearsmen frequently set themselves in 
disadvantageous places, so as often to occasion two or more 
stations to be made where one may do, which creates mueh 
trouble and loss of time ; we will therefo^re show how this may 
be remedied, by taking back-sights, thus : let your object stand 
at the point where you begin your survey, as at >1 ; leaving 
him there, proceed to your next angle By where fix your instru- 
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ment so that you may have the longest view possible towards 
C. Having set the instrument in a horizontal position, turn the 
south part of the box next your eye, and having cut your object 
at Ay reckon the degrees to the south point of the needle, which 
will be the same as if they were taken from the object to the 
instrument, the direction of the index being the saine. Let the 
degree be inserted in the field-book, ^ and the stationary dis- 
tance be nleasured and annexed thereto in its proper column ; 
and thus proceed from station to station, leaving your object in 
the last point you left till you return to the first station A. 

By this method your stations are laid out to the best advan- 
tage, and two men may do the business of three, for one of 
those who chain may be your object ; but in fore-sights you 
must have an object before you, besides two chainmen. 

It was said before, that a surveyor should have a person with 
him to carry the hinder end of the chain, on whom he can de- 
pend : this person should be expert and ready at taking offsets, 
as well as exact in giving a faithful return of the length of every 
stationary line. One who has such a person, and who uses 
back-sights, will be able to go over nearly double the ground 
he could in the same time by taking fore-sights, because of 
overseeing the chaining; for should he take back-sights he 
must be obliged, after taking his degree, to go back to the fore- 
going station, to oversee the chaining, and by this means to 
walk three times over every line, which is a labour not to be 
borne. 

Or a back and a fore-sight may be taken at one station, thus : 
with the south of the box to your eye, observe from B the ob- 
ject A, and set down the degree in your field-book cut by the 
south end of the needle. Again, from B observe an object at 
C, with the north of the box to your eye, and set down the de- 
gree cut by the south point of the needle, so have you the bear- 
ings of the lines AB and BC ; you may then set up your in- 
strument at D, from whence take a back-sight to C and a fore- 
sight to E : thus the bearings may be taken quite round, and 
the stationary distances being annexed to them will complete 
the field-book. 

But in this last method care must be taken to see that the 
sights have not the least cast on either side ; if they have, it 
will destroy ail : and yet with the same sights you may take a, 
survey by fore-sights, or by back-sights only, with as great truth 
as if the sights were ever so erect, provided the same cast con- 
tinues without any alteration ; but, upon the whole, back-sights 
only will be found the readiest method. 

If your needle be pointed at each end, in taking fore-sights 
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you may turn the north part of the box to your eye, and count 
your degrees to the south part of the needle, as before ; or you 
may turn the south of the box to your eye, and count your de- 
.grees to the north end of the needle. 

But in back-sights you ipay turn \he north of the box to your 
eye, and count your degrees to the north point of the needle ; 
or you may turn the south of the box to your eye, and count 
your degrees to the south end of the needle. 

The brass ring in the box is divided on the side into 360 de- 
grees, thus : from the north to the east into 90, from the north 
to the west into 90, from the south to the east into 90, and from 
the south to the west into 90 degrees ; so the degrees are num- 
bered from the north to the east or west, and from the south to 
the east or west. 

The manner of using this part of the instrument ia this : hav- 
ing directed your sights to the object, whether fore or back, as 
before, observe the two cardinal points of your compass the 
point of the needle lies between (the north, south, east, and 
west being called the four cardinal points, and are graved on 
the bottom of the box), putting down those points together by 
their initial letters, and thereto annexing the number of degrees, 
counting from the north or south, as before, thus ; if the point of 
your needle lies between the north and east, north and west, south 
and east, or south and west points in the bottom of the box, 
then put down NE, NW, SE, or SWy annexing thereto the 
number of degrees cut by the needle on the side of the ring, 
counting from the north or south, as before. 

But if the needle point exactly to the north, south, east, or 
west, you are then to write down iV, ;Si, JE, or W, without an- 
nexing any degree. 

This is the manner of taking field-notes, whereby the con- 
tent of ground may be universally determined by calculation ; 
and they are said to be taken by the quartered compass or by 
the four nineties. 



To find the number of degrees contained in any given aiigle. 

Set up your instrument at the angular point, and thence di- 
rect the sights along each leg of the angle, and note down their 
respective bearings, as before ; the difference of these bearings, 
if less than 180, will be the quantity of degrees contained in the 
given angle ; but if more take it from 360, and the remainder 
will be the degrees contained in the given angl^. 

Ex. Let the angle proposed be GAB (pi. 6, fig. 6) ; place 
the instrument at A, with the flower-de-luce toward^ you ; then 
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direct ibfe sights to B^ and observe what degrees are cut by the 
south end of the needle, which let be 250° ; then turning the 
instrument about on its stand, direct the sights to G^ note again 
what degrees are cut l^ the south end of the needle, which sup- 
pose are 172^. Then 260° — 172° = 68° = the /. GAB ; bat 
if the degrees cut should be 298° and 105°, then 298^ — 105° 
=193°, which taken from 360° leaves 167° = the /. GAB. 



THE THEODOLITE, 



Fig, 1. FrorUispieee, 

Tms instrument is a circle, commonly of brass, of ten or 
twelve inches in diameter, whose limb is divided into 360 de- 
grees, and those again are subdivided into smaller parts, as the 
magnitude of it will admit ; sometimes by equal divisions and 
sometimes by diagonals drawn from one concentric circle of the 
limb to another. 

In the middle is fixed a circumferentor with a needle ; but 
this is of little or no use, except in finding a meridian line, or 
the proper situation of the land. 

Over the brass circle is a pair of sights, fixed to a moveable 
Index, which turns on the centre of the instnunent, and upon 
which the circumferentor-box is placed. 

This instrument will either give the angles of the field or the 
bearing of every stationary distance line from the meridian, as 
the circumferentor and quartered compass do. 

To take the angles of the field, 

Pl. B,fig, 6. 

Lay the ends of your index to 360° and 180° ; turn the whole 
about with the 360 from you ; direct the sights from A to Gr, 
and screw the instrument fast ; direct tkem from A to cut the 
object at B ; the degree then cut by that end of the index which 
is opposite you will be the quantity of the angle GAB to place 
in your field-book ; to which annex the measure of the line AB 
in chains and links ; set up your instrument at J?, unscrew it, 
and lay the ends of your index to 360 and 180 ; turn the whole 
about, with the 360 from you or 180 next you, till you cut the 
object at A ; screw the instrument fast and direct your sights to 
the object at C, and the degree then cut by that end of the index 
which is opposite to you will be the quantity of the angle ABC. 
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Thus proceed from station to station, still laying the index to 
360, turning it from you, and observing the object at the fore- 
going station, screwing the instrument fast and observing the 
object at the following station, and counting the degrees to 
the opposite end of thi& index, will give you the quantity of each 
respective angle. 

LEMMA. 

AU the angles of any polygon are equal to twice a» maity right angles as 
there are sides, less by four. Thus, all the angles A, £, C, D, £, Fy G^ 
are equal to twice as many right angles as there art sides m the figure^ less 
by four, 

Pl* %,fig» 6. 

Let the polygon be disposed into triangles by lines drawn 
from any assigned point H within it, as by the lines HA^ tiB^ 
HC, &o. It is evident, then (by theo. 2, sect. 4, part 1), that 
the three angles of each triangle are equal to two right, and 
consequently that the angles in all the triangles are twice as 
many right ones as there are sides : but all the angles about 
the point H are equal to four right (by cor. 2, theo. 1> sect 
4) ; therefore the remaining angles are equal to twice as many 
right ones as there are sides in the figure, abating four. 
Q. E. D. I - 

SCMOUUM. 

Hence we may know if the angles of a survey be truly taken ; 
for if theu: sum be equal to twice as many right angles as there 
are stations, abating four right angles, you may conalude that 
the angles were truly taken, otherwise noL 

. If you take the bearing of any line with the circumferentor, 
that bearing will be the number of degrees the line is. from the 
north ; consequently the north must be a like number of de- 
grees from the line ; and thus the north, and of course the south, 
as well as the east and west» or the situation of the land, is ob- 
tained. 

To take the bearing of eatih respective line from the meridian ; or to 
perform the office of the circumferentor, or quartered compass, by the thb' 
odolite, * 

Set your instrument at the first station, and lay the index to 
360° and 180° with the flower-de-luce of the box next 360 ; 
unscrew the instrument, and turn the whole about till the 
north and south points of the needle cut the north and south 
points in the box ; then screw it fast, and the instrument is 
north and south, if there be no vacation in the needle ; hut if 
there be» and its quantity known, it may be easily allowed^ 
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The circumJTerentor-box may then be taken off. 

Direct the sights to the object at the second station, and the 
degree cut by the opposite end of the index will be the bearing 
of that line from the north, and the same that the circumferentor 
would give. 

After having measured the stationary distance, set up your 
instrument at the second station ; unscrew it, and set either 
end of the index to the degree of the last line, and turning the 
whole about with that degree towards you, direct your sights 
to an object at the foregoing station, and screw the instru- 
ment fast ; it will then be parallel to its former situation, and 
consequently north and south ; direct then your sights to an 
object at the following station, and the degree cut by the oppo- 
site end of the index will be ^e bearing of that line. 

In the like manner you may proceed through the whole. 

If the brass circle be divided into four nineties, from 360 and 
180, and the letters iV, S, jE, Whe applied to them, the bear- 
ings may be obtained by putting down the letters the far or op- 
posite end of the index lies between, and annexing thereto the 
degrees from the N or 8, and this is the same as the queered 
compass* 

If you keep the compass-box oh, to see the mutual agreement 
of the two instruments : after having fixed the theodolite north 
and south, as before, tlirn the index about, the north end or fio wer- 
de-luee next your eye, and count the degree to the opposite or 
south end of the index, and this will coi^respond with the de- 
gree cut by the south end of the needle. 

At the second or next station, unscrew the instrument and 
set the south of the index to the degree of the last station ; turn 
the whole about, with the south of the index to you, and cut the 
object at the foregoing station ; screw the instrument fast, and 
with the north of the index to you, cut the object at the next 
following station ; the degree then cut by the south of the index 
will correspond with the degree cut by the south end of the 
needle, and so through the whole* 

Some theodolites hdve a standing pait of sights fixed at 360 
and 180, besides those on the moveable index ; if you would 
use both, look through the standing sights with the 180 next 
you to an object at the foregoing stations screw the instrument 
fast, and direct the upper sights on the moveable index to the 
object at the following station, and the degree cut by the oppo- 
site end of the index will give you the quantity of the angle of 
the field. 

Two pair of sights can be of no use in finding the angles 
from the meridian ; and inasmuch as one pair is sufficient to 
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find the angles c^ the fields the second can be of no use :' be- 
sides, they obstruct the free motion of the moveable index, and 
therefore are rather an incumbriuice than of any real use. 

Some will have it that they are useful with the others for 
setting off a right angle in taking an offset : and surely this is 
as easily performed by the one pair on the^ moveable index : 
thus, if you lay the index to 360 and 180, and cut the pbject 
either in the last or following station, screw the instrument fast 
and turn the index to 90 and 270, and then it will be at right 
angles with the line. So that the small sights, at those of the 
circle, can be of no additional use to the instrument, and there- 
fore should be laid aside as useless. 

This instrument may be used in windy and rainy weather, 
as well as in mountainous and hilly groimds ; for it does not 
require a horizontal position to find the bearing or angle, as the 
needle doth, and therefore is preferred to any instrument that is 
governed by the needle. 



THE SEMICIRCLE. 

This instrument, as its name imports, is a half-circle, divided 
from its diameter into 180 degrees, and from thence again, th&t 
is, from to 360 degrees. It is generally made of brass, and is 
from 8 to 18 inches diameter. 

On the centre there is a moveable index with sights, on 
which is placed a circumferentor-box, as in the theodolite. 

This instrument may be used as the theodolite in all re- 
spects, but with this difierence ; when you are to reckon the 
degree to that end of the index which is off the semicircle, you 
may find it at the other end, reckoning the degree from 180 
forwards. 



THE PLANE TABLE.* 

A Plane Table is an oblong of oak, or other wood, about 
15 inches long and 12 broad. They are generally composed of 
three boards, which are easily taken asunder or put together 
for the convenience of carriage. 

m 

* This isBtramoit is not much uied by nirTeyoiB at pzesent. 
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There is a box frame, with six joints in it, to take off and put 
on as occasion serves ; it keeps the table together, and is like- 
wise of use to keep down a sheet of paper which is put thereon* 

The outside of the frame is divided into inches and tenths, 
which serve for ruling parallels or squares on the paper, or for 
shifting it, when occasion serves. 

The inside of the frame is divided into 360 degrees, which, 
though unequal on it, yet are the degrees of a circle produced 
from its centre, or centre of the table, where there is a small 
hole. 

The degrees are subdivided as small as their distance will 
admit ; at every tenth degree are two numbers, one the number 
of degrees, the other its complement, to 360. 

There is another centre-hole about one-fourth of the table's 
breadth from one edge, and is in the middle between the two ends. 
To this centre-hole on the other side of the frame, there are the 
divisions of a semicircle, or 180 degrees ; and these again are 
subdivided into halves, or quarters, as the size of the instru- 
ment will admit. 

That side of the frame on which the 360 degrees are, sup- 
plies the place of a theodolite, the other that of a semicircle. 

There is a circumferentor-box of wood, with a paper chart 
at the bottom, applied to one side of the table by a dovetail 
joint fastened by a screw. This box (besides its rendering the 
plane table capable of answering the end of a circumferentor) 
is very useful for placing'the instrument in the same position 
every remove. 

There is a brass ruler or index, about two inches broad, 
with a sharp or fiducial edge, at each end of which is a sight ; 
on the ruler are scales of equal parts, with and without diago- 
nals, and a scale of chords ; the whole is fixed on a ball and 
socket, and set on a three-legged staff. 

To take the angles of afield by the table. 

Having placed the instrument at the first station, turn it about 
till the north end of the needle be over the meridian, or flower- ' 
de-luce of the box, and there screw it fast. Assign any con- 
venient point, to which apply the edge of the index, so as 
through the sights you may see the object in the last station, 
and by the edge of the index from the point draw a Kne. Again, 
turn about the index with its edge to the same point, and through 
the sights observe the object in the second station, and from 
the rwint, by the edge of the index, draw another line ; so is 
the angle laid down ; on that last line set off the distance to 
the second station, in chains and links : apply your instrument 
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I 

to the second station, taking the angle as before ; and after the 

like manner proceed till the whole is finished. 

' This method may be used in good weather, if the needle be 

well touched and play freely ; but if it be in windy weather, or 

the needle out of order, it is better, after having taken the first 

angle as before, and having renooved your instrument to the 

second station, and placed the needle over the meridian line as 

before, to lay the index on the last drawn line, and look back- % 

waid through the sights ; if you then see the object in the first 

station, the table is fixed right, and the needle is true ; if not, 

turn the table about, the index lying on the last line, till through 

the sights you see the object in the first station : and then screw 

it fast, and keeping the edge of the index to the second station, 

direct your sights to the next ; draw a line by the edge of the 

index, and lay off the next line ; and {»roeeed through the 

whole without using the needle, as you do with the theodolite. 

If the sheet of paper on the table be not large enough to con^ 

tain the map of the ground you survey, you must put on a clean 

sheet, when the other is full ; and this is called shifting of 

paper, and is thus performe'd. 

Pl. 6. jig* 8. 

Let ABCD represent the sheet of paper on the plane table, 
upon which the plot JS, jP, G^ H, /, K^ L, M is to be drawn : 
let the first station be JS ; proceed as before, from thence to F 
and to G; then proceeding to J7, you find there is not room on 
your paper for the line Gffl, however draw as much of the line 
GH as the paper can hold, or draw it to the paper's edge. 
Move your instrument back to the first station E, and pro- 
ceed the contrary way to M and to L ; but in going from thence 
to iC, you again find your sheet will not hold it ; however draw 
as much of the line LK on the sheeft as it can hold. 

Take that sheet off the table, first observing the distance oo 
of the lines GH and LK by the edge of the table ; take off 
that sheet and mark it with No. 1, to signify it to be the first 
taken ofi*. Having then put on another sheet, lay that distanbe 
00 on the contrary end of the table, and so proceed as before 
with the residue of the survey, from o to H, to Jf , and thence 
to o ; so is your survey complete. 

In the like manner you may proceed to take off and put on 
as many sheets as are convenient ; and these may afterward 
be joined together with mouth glue, or fine white wafer, very 
thin. 

' If the index be fixed to the first centre, using the 360 side, it 
.will then serve as a theodolite, and when to the second centre. 
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usmg the 180 side, it will serve as a semicircle ; by either of 
which you may survey in rainy weather, when you cannot have 
paper on the table. 



To measure Angles ef Altitude hy the Circumferentor^ Theodfh 

litej Semicircle^ or Plane Table. 

1. To take an angle of altitude by the circumferentor, let 
the glass lid be taken off, and let the instrument be tmned on 
one side, with the stem of the ball into the notch of the socket, 
so that the circle may be perpendicular to the plane of the 
horizon; let the. instrument be placed in this situation before 
the object, so that the top thereof may be seen through the 
sights ; let a plummet be suspended from the centre-pin, and 
the object being then observed, the complement of the number 
of degrees comprehended between the thread of the plummet 
and that part of the instrument which is next your eye will give 
the angle of altitude required. 

2. If an angle of altitude is to be taken by the theodolite, 
or semicircle, let a thread be run through a hole at the centre, 
and a plummet be suspended by it ; turn the instrument on one 
side, by the help of the ball and notch in the socket for that 
purpose, so that the thread may cut 90, having 360 degrees next 
you ; screw it fast in that position, and through the sights cut 
the top of the objects ; and the degrees then cut by the end of 
the index next you are the degrees of elevation required. An 
angle of depression is taken the contrary way. 

3. ^By the plane table an angle of altitude is taken in the 
like manner ; by suspending a plummet from the centre thereof, 
having turned the table on one side, and fixed the index to the 
centre by a screw, so as to move freely, let the thread cut 90, 
look through the sights as before, and you have the angle of 
elevation, and on the contrary that of depression. 



THE PROTRACTOR. 

TitE protractor is a semicircle annexed to a scale, and is 
made of bras^, ivory, or horn ; its diameter is generally about 
five or six inches. 

The semicircle contains three concentric semicircles, at such 
distances from each other that the spaces between them may 
contain figures. 
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The outward circle is numbered from the right to, the left- 
hand, with 10, 20, 30, &C. to 180 degrees ; the middleaioat the 
same way, from 180 to 360 degrees ; and the innermost from 
the upper edge of the scale both ways, from 10, 20, 30, &>c. to 
90 degrees. # 

It is easy to conceive that the protractor, though a semicircle, 
may be made to supply the plade of a whole circle ; for if a 
line be drawn, and the centre-hole of the protractor be laid on 
any point in that line, the upper edge'of the scale corresponding 
with that line, the divisions on the edge of the semicircle will 
run from to 180, from right to left : again, i^ it be turned the 
other way, or downwards, keeping the centre-hole thereof un 
the aforesaid point in the line, then the divisions will run from 
180 to 360, and so complete an entire circle with the former 
semicircle. 

The use of the ^ protractor is to lay off angles, and to de- 
Jineate or draw a map or plan of any ground from the field- 
notes ; and is performed in the following manner. 

To protract afield-book, when the angles are taken from the meridian. 

Pl. 6. fig, 9. 

On your paper rule linies paraUel to each other, at an inch 
asunder (being most usual), or at any other convenient dis- 
tance ; on the left end of the parallels put N for north, and on 
the right S for south ; put E at the top for east, and IF at the 
bottom of yom* paper for west. 

Then4et the following field-book be that which is to be pro- 
tracted, the bearings being taken from the meridian, whether 
by a circumferentor, theodolite, or semicircle, and measured 
with a two-pole chain. 



No. 


Bearing. 


ch, L 


1 


283^ 


55. 20 


2 


348J 


12. 36 


3 


317 


29. 20 


4 


266 


55. 20 


5 


193 


40. 00 


6 


124 


76. 00 


7 


63f 


87. 02 



Close at the first station. 



Pitch upon any convenient point on your paper for your 
first station, as at 1, oti which lay the centre-hole of your pro- 
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tractor with a protracting-pin ; then, if the degrees be less than 
180, tarn the arc of your protractor downwards, or towards the 
west, but if more than 180 upwards; or towards the east. 

Or, if the right-hand be made the north and the left the south, 
the west will be then up and the east down. 

In this case, if the degree be less than 180, turn tke arc of 
your protractor upwards, or towards the west ; and if more* 
downwards, or towards the east. , 

By the foregoing field-book the first bearing is 283^ ; turn 
the arc of your protractor upwards, keeping the pin in the centre- 
hole, move the protractor so that the parallel lines may cut 
opposite divisions either on the ends of the scale or on the de- 
grees, and then it is parallel. This must be always first done, 
before you lay off your degrees. 

Then by the edge of the semicircle, keeping the protractor 
steady, with the pin prick the first bearing 283^, and from the 
centre-point, through that point or prick, draw a blank line with 
the pin, on which, from a scale of equal parts or from the scale's 
edge of the protractor, lay off the distance 65cA. 20/. ; so is 
that station protracted. 

At the end of the first station, or at 2, which is the beginning 
of the second, with the pin place the centre of the protractor, 
turning the arc up, because the bearing of the second station is 
more than 180, viz. 348 f. Place your protractor parallel, as 
before, and, by the edge of the semicircle, with the pin prick 
at that degree, through which and the end of the foregoing 
station draw a blank line, and on it set the distance of that 
station. 

In the like manner proceed through the whole, only observe 
to turn the arc of your protractor down when the degrees are 
less than 180. 

If you lay off the stationary distances by the edge of the 
protractor, it is necessary to observe, that if your map is to be 
laid ^wn by a scale of 40 perches to an inch, every division 
on the protractor^s edge will be one two-pole chain ; ^ of a di- 
vision will be 25 links, and j^ of a division will be 1 2^ links. 

If your map is to be laid down by a scale of 20 perches to 
an inch, two divisions will be one two-pole chain ; one division 
will be 25 links ; } a division 12|^ links ; and j- of a division will 
be 6^ links. 

In general, if 25 links be multiplied by the number of perches , 
to an inch the map is to be laid down by, and the product be 
divided by 20 (or, which is the same thing, if you cut ofi'one and 
take the half), you will have the value of one division on the 
protractor's edge in links and parts. 
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EXAMPLES. 



1. How many links in a division, if a map be laid down by 
a scale of 8 perches torWi inch ? 

25 
8 



2|0)20|0 



10 links, Answer. 



' 2. How many links in a division, if a map be laid down by 
a scale of 10 perches to an inch ? 

25 
10 



2|0)25|0 

12.5 or 12|^ links, Answer. 
And so of any other. 

To protract a field-book taken by the angles of the field. 

Note, — ^We here suppose the land surveyed is kept on the 
right-hand as you survey. 

Draw a blank line with a ruler of a length greater than the 
diameter of the protractor ; pitch upon any convenient point 
therein, to which apply the centre-hole of your protractor with 
your pin, turning the arc upwards if the angle be less than 180, 
and downwards if more ; and observe to keep the upper edge 
of the scale, or 1 80 and degrees, upon the line : then prick 
off the number of degrees contained in .the given angle, and draw 
a line from the first point through 'the point at the degrees, 
\ipon which lay the stationary distance. Let this line be length- 
ened forwards and backwards, keeping your first station to the 
right and second to the lefl, and lay the centre of your pro- 
tractor over the second station, with your pin turning fjie arc 
upwards if the angle be less than 180, and downwards if more ; 
and keeping the 180 and degrees on the line, prick off the 
number of degrees contained in the given angle, and through 
that pohit and the last station draw a hne, on which lay t|ie 
stationary distance ; and in like manner proceed through the 
whole. 

In all protractions, if the end of the last station falls exactly 
in the point you began at^the field-work and protraction are truly 
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taken and performed ; if not, an error must have been commit^ 
ted in one of them : in such ease, make a second protraction ; 
if this agrees with the former, and neither meet nor close, the 
fauh is in the field-work and not in the protraction and then 
a resurvey must be taken. 

REMARKS. 

The accuracy of geometrical and trigonometrical mensuration 
depends in a great degree on the exactness and perfection of 
the instruments made use of; if these are defective in construc- 
tion or difficult in use the surveyor will either be subject to er- 
ror or embarrassed with continual obstacles. If the adjustments 
by which they are to be rendered fit for observation be trouble- 
some and inconvenient, they will be taken upon trust, and the 
instrument will be used without examination, and thus sifbject 
the surveyor to errors that he can neither account for nor 
correct. 

In the present state of science it may be laid down as a 
maxim, that every instrument should be so contrived that the 
observer may easily examine and rectify the principal parts ; 
for however careful the instrument-maker may be, however per- 
fect the execution thereof, it is not possible that any instrument 
should long remain accurately fixed in the position in which 
it came out of the maker's hand, and therefore the principal 
parts should be moveable, to be rectified occasionally by the 
observer. • 

An enumeration of Instruments useful to a Surveyor, 

Fewer or more of which will be wanted, according to the ex- 
tent of his work and the accui^acyarequired. 

A case of good pocket instruments. 
A pair of beam compasses. 
A set of feather-edged plotting scales. 
Three or four parallel rules. 
A pair of proportional compasses. 
A pair of triangular ditto. 
A pentagraph. 
A cross-staff. 
*A circumferentor. 
A Hadley's sextant. 
An artificial horizon. 
A theodolite. 
A feurveyirig compass. 
Measuring chains and measuring tapes. 
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King's surveying quadrant 
A perambulator, or measuring wheeL 
A spirit-level with telescope. 
Station staves used with me level. 
A protractor, with or without a nonius. 

To be added for County ahd' Marine Surveying. 

■ An astronomical quadrant, or circular instrument. 
A good refracting and reflecting telescope. 
A copying-glass. 

For Marine Surveying, 

A station-pointer. 

An azimuth compass. 

One or two boat compasses. 

. Besides these, a number of measuring rods, iron pins, or ar- 
rows, &c. will be foimd very convenient, and two or three ofF- 
se^staves, whiclt are straight pieces of wood six feet seven inches 
long, and about an inch and a quarter square : they should be ac- 
curately divided into ten equal parts, each of which will be equal 
to one link. These are used for measuring offsets and to ex- 
amine and adjust the chain. 

Five or six staves, of about five feet in length and one inch 
and a half in diameter, the upper part painted white, the lower 
end shod with iron, to be struck into the ground, as marks. 

Twenty or more iron arrows^ ten of which are always 
wanted to use with the chain, to count the number of links, and 
preserve the direction of the chain, so that the distance measured 
may be really in a straight line. 

The pocket measuring tapes, in leather boxes, are oflen very 
convenient and useful. ' They are made to the different lengths 
of one, two, three, four poles, or sixty-six feet and one hundred 
feet : divided on one side into feet and inches, and on the other into 
links of the chain. Instead of the latter are sometimes placed 
the centesimals of a yard, or three feet into 100 equal parts. 
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SECTION 11. 

MENSURATION OF HEIGHTS AND DISTANCES. 

1st Of Heights. 
Pl. b.fig. 18. 

Thv instrument of least expense for taking heights, is a 
quadrant divided into ninety equal parts or degrees ; and those 
may be subdivided into halves, quarters, or eighths, aecordingto 
the radius, or size of the instrument : its construction will be 
evident by the scheme thereof. 

From the centre of the quadrant let a plummet be suspended 
by a horse-hair, or a fine silk thread, of such a length that it 
may vibrate freely, near the edge of its arc ; by looking along 
the edge ^C, to the top of the object whose height is required, 
and holding it perpendicular, so that the plummet may neither 
swing from it, nor lie on it, the degree then cut by the hair or 
thread will be the angle or altitude required. 

If the quadrant be fixed upon a ball and socket on the three- 
legged staff, and if the stem from the ball be turned into the 
notch of the socket, so a;3 to bring the instrument into a per- 
pendicular position, the angle of dtitude by this means can be 
acquired with much greater certainty. 

An angle of altitude may be also taken by any of the instru- 
ments used in surveying ; as has been particularly shown in 
treating of their description and uses. 

Most quadrants have a pair of sights fixed on the edge A C, 
with smdl circular holes in them ; which are useful in taking 
the sun's altitude, requisite to be known in many astronomical 
cases ; this is effected by letting the sun's ray, which passes 
through the upper sight, fall upon the hole in the lower on^ ; 
and the degree then cut by the thread will be the angle of the 
sun's altitude ; but those sights are useless for our present pur- 
pose, — for looking along the quadrant's edge to the top of the 
object will be sufficient as before. 

To take an angle of altitude and depression with the quadrant, 

Pl. 14.;^. 6, 7. 

Let A be any object, as the sun, moon, or a star, or the top 
of a tower, hill, or other eminence ^ and let it be required to 
find the angle ABC^ which aline drawn from the object makes 
above the horizontal line BC, 

Place the centre of the quadrant in the angular point, and 
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move it round there as a centre, till with one eye at D, the t^i 
■other being shut, you perceive the object ^ through the sights ; ht\A 
then will the arc GH of the quadrant, cut off by the plumb- \^^ 
line BHf be the measure of the angle ABC^ as requir^. \^ 

The angle ABC of depression of any object Ai below the 
horizontal line BC, is taken in the same manner ; except that 
here the eye is applied to the centre, and the measure of the 
angle is the arc GH, on the other side of the plumb-line.* 

Demonstration. In taking the angle of altitude, the angle 
ABG is a right angle ; and because the plumb-line BH is per- 
pendicular to the horizon, the angle CBH is also a right angle ; 
hence if the angle CBG be taken from these equals, the re- 
maining angles will be equal, thati8iiJBC=:6ir^J^,or equal to 
the arc HG. Q. E. D. 

In like manner, the angle GBH(m taking the angle of de- 
pression) is equal to the angle ABC, 



PROBLEM I. 
Pl. 6. fig. 19. 

To find the Height of a perpendicular object at one station, which is on a 

horizontal plane. 

A Steeple. 
' The angle of altitude, 53 'degrees. 
Given J Distance from the observer to thfte foot of the stee- 
J pie, or the base, 85 feet. 
L Height of the instrument, or of the observer, 5 feet 
Required the height of the steeple. 

The figure is constructed and wrought, in all respects, as 
Case 2 of* right-angled trigonometry ;* only there must be a line 
drawn parallel to and beneath AB, of 5 feet, for the observers 
height, to represent the plane upon which the object stands ; to 
which the perpendicular must be continued, and that will be the 
height of die object. 

Thus, AB is the base, A the angle of altitude, BC the height 
of the steeple from the instrument, or from the observer's eye, 

* In findinflr the height of an object, let the observed ungle be as near 45^ 
as possible, &r then a small error committed in taking it makes the least 
error in the computed height of the object. In taking the height of a 
perpendicular object, if the observed angle be 45°, the height of the ob- 
ject above the horizontal line is equal to the base line, and if the observed 
angle should be 60^^, three times the square of the base line i»equal to the 
square of the perpendicular object above the horizontal line ; hence by 
extracting the square root of three times the square of the base or hon • 
zontal line, will give the height of the object above that line, te which add 
the height of the observer's eye above the horizon, and you have the true 
height. 



I 

I 
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hS,C: AB: : 8.A : BC. 




37° 85 63° 112.8. 




2. R.. :AB:: T.A : BC. 




90° 85 53° 112.8. 




3. T.C: AB:: R. : BC. 




37° 85 90° 112.8. 


To BC 


112.8 


Add DB 


5. the height of the observer. 
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P^ if he were at the foot of it ; DC the height of the steeple above 
sjgBte,- the horizontal surface. 

pioio^ Various statings for BC, as in Case 2 of right-angled plane 
"• ' trigonometry. 

IF k 9Q0 

^H 5B=A. 

•' i 37= C. 

urn 

fJ 
I 

■ 

; 

^ 

I Their sum is 117.8 or 118 feet, the height of the steeple re- 

< quired. 
I PROBLEM IL 

; Pl. 5. fig, 20. 

Tofi,nd the height of a perpendictUar object, -on a horizontal plane, Vy having 

the length of the shadow given. 

Provide a rod, or staff, whose length is given, let that be set 
perpendicular, by the help of a quadrant, thus ; apply the side 
of the quadrant AC to the rod, or staff; and when the thread 
cuts 90°, it is then perpendicular ; the same may be done by a 
carpenter's or mason's plumb. 

Having thus set the rod or staff perpendicular, measure the 
length of its shadow when the sun shines, as well as the length 
of the shadow of the object whose height is required, and you 
have the proper requisites given. Thus, 

ab, the length of the shadow of the staff, 15 feet. 

be, the length of the staff, 10 feet. 
■ AB, the length of the shadow of the steeple, or object, 1 35 feet. 

Required BC, the height of the object. 

The triangles abc, ABC are similar, thus ; jthe angle ^=5, 
being both right ; the lines ac, AC sxe parallel, being rays, or 
a ray of the sun ; whence the angle a=A (by .part 3, theo. 3, 
sect 4), and consequently c=C. The triangles, being therefore 
mutually equiangular, are similar (by theo. 16, sect. 4^, it will be, 

abibc:: AB : BC. 

15 10 135 90, the steeple's height required. 
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The foregoing method is most to be depended on ; however, 
this is mentioned for variety's sake. 



^ PROBLEM III. 

Pl. 6.^. 21. 

To take the aJUihtde of 9 perpendieiddr object at tlu foot of a hillf from ilu 

kiWf side. 1 

Turn the centre A of the quadrant next your eye, and look 
along the side AC, or 90 side, to the top and bottom of the 
object; and noting down the angles, measure the distance from 
the place of observation to the foot of the object. Thus, 

r Angle to the foot of the object, 56 J° or 65® 15'. 
Given } Angle to the top of it, 31 J° or 31® 16' 
( Distance to the foot of it, 250 feet. 
Required the height of the object. 

jSy Construction. 

Draw an indefinite blank line AD at any point in which A 
makes the angles EJlJ5 of 55® 15', and EAC of 31® 16' ; lay 
250 fi-om A ioB; from B draw the perpendicular BE (by prob. 
7 of geometry) crossing AC in C: so will BC be the height 
of the object required. 

In the triangle ABC there is given, 

ABE the complement of EAB to 90®, which is 34® 45'. 

CAB the difierence of the given angles 24® 00'. 

The side AB 250. Required BC. 

' This i^ performed as Case 2 of oblique angular trigonometry. 
Thus, 

180 —the sum of ABE 34® 46' and CAB 24® 00' =ACB 
121® 15'. Then, 

S.ACB :AB:i S.CAB: BC. 

121® 15f 250 24® 00' 119, the height required, 

PROBLEM IV. 

Vl, 5, Jig, 22, 

To take the altitude of a perpendicular object on the top of a hill at one 
station, when the top and bottom of it can be seen from the foot of the hill* 

As in prob. 1, take an angle to the top and another to the bot- 
tom of the object, and measure from the place of observation to 
the foot of the object, and you have all the given requisites. 
Thus, 
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A tower on a hill. 

C Angle \o the bottom 48'' 30'. 
Given / Angle to the top 67'' OO'. 

( Distance to the foot of the object 136 feet. 
Required the height of the object. 

*>y Construction, 

Make the angle DAB=4S° 30', and lay 136 feet from A 
to B ; from B' let fall the perpendicular BD^ and that will be 
the height of the hiH. Produce BD upwards by a blank line. 
Again, at A make the angle DAC=67^ 00' by a blank line, 
and from C, where that crosses the perpendicular produced, 
draw die line CB^ and that will be the height of the object re- 
quired. 

Let ilC be drawn. 
In the triangle ABC there is given, 
The angle ACD the complement of DAC=23° 00'. 
CAB the difference between the two given angles = 18® 
30'. 

And the side AB 136. To find BC, 

S.C :AB:: S.CAB : BC. 
23^^ 136 18° 30' not 

If BD were wanted it is easily obtained by the fiftt case of 
right-angled plane trigonometry. 

PROBLEM V. 

Pl. 5. Jiff. 23. 

To take an inaccessible perpendicular altitude on a horizontal plane. 

This is done at two stations. Thus, 

Let DC be a tower which cannot be approached, by means 
of a moat or ditch, nearer than B; At B take an angle of alti- 
tude to C : measure any convenient distance backward to A, 
which note down ; at A take anodier angle to C ; so have you 
the given requisites. Thus, 

r First angle 55° 00'. 
Given < Stationary distance 87 feet. 
( Second angle 37° 00'. 
The! height of the tower CD is required. 

By Construction, 

Upon an indefinite blank line lay oft* the stationary distance 
87 from AtoB; from 5 set off your first, and from A your 
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second angle ; from C, the point of intersection of the lines 
which form these angles, let fall the perpendicular CD ; and 
that will be the height of the object required. 

The external angle CBD of the triangle ABC is equal to 
the two internal opposite ones A and ACE (by theo. 4, sect. 
4) : wherefore if One of the internal opposite angles be taken 
from the external angle, the remainder will be the other intenyd 
opposite one. Thus, 

CBD 55°—^ 37° =A CB 18°. 

Therefore, in the triangle -4jBC we have the angles A and ACB 
with the side^jB given, to find BC. 

S.ACB : AB:: S.A: BC. 

18° 87 37° 169.4. 

Having found BC, we have in the triangle BCD the angle 
CBD 65° ; consequently BCD 36°, and BC 169.4, to find 
DC. 

This is performed by the first case of right-angled trigonome- 
try three several ways. Thus : 

1. R: BC:: S.CBD : DC. 
90° 169.4 66° 138.8, 

the height required. 

2. Sec. CBD : BC : : T.CBD : DC. 

55° 169.4 dS"" 138.8, 
the height required. 

3. Sec. BCD : BC : : R : CD. 

35° 169.4 90° 138.8, 
the height required. 

If BD, the breadth of the moat, were required, it may also 
be found by three different statings, as in the first case of right- 
angled plane trigonometry. 

PROBLEM VI. 
Pl. 6. Jiff, 24. 

Let BC, a maypole, whose height is 100 feet, be broken at 
D, the upper part of which, DC, falls upon a hqrizontal plane, 
so that its extremity C is 34 feet from the bottom or foot of the 
pole. 

Required the segments BD and DC. ' 

, By Construction. 

' Lay 34 feet from AioB\ on J? erect the perpendicular BC 
of 100 feet, and draw JLC; bisect AC (by prob. 4, geom.) 
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with th^ perpendicular line EF; and from A where it cuts the 
perpendicular J3C, draw iLD, which will be the upper segment, 
aad DB will be the lower. 

By cor. to lemma preceding theo. 7, geom., AD=DC ; and 
(by the lemma) the angle C=CAD. 

In the triangle ABC find C, as in Case 6 of right-angled 
trigonometry. Thus, 

1. BC: Ri: AB: T.C=OAD. 

100 90° 34 18° 47'. 

By theo. 4, geom. The external angle ADB=S7° 34^ or 
to twice the angle C ; i. e. to C and GAD. 

Then in the. triangle ABD there is ADB 37° 34', therefore 
also its complement DAB 52° 26' and AB 34 given, to find 
AD and BD. 

By the second case of right-angled trigonometry : 

2. S.ADB :AB:iR: ADor DC. 
37° 34' 34 90° 65.77. 

BC—DC=BD. 

100—55.77=44.23, required. 

These may be had from other statings, as in the second case 
aforesaid. 

PROBLEM VII. 

Pl. 5ifig. 26. 

To take the altitude of a perpendicular object on a hilly from a plane beneath it. 

This is done at two stations. Thus, 
Let the height DC of a, windmill on a hill be required. 
Prom any part of the plane whence the foot of the object can 
be seen, let angles be taken to the foot and top ; measure 
thence any convenient distance towards the object, and aj; the 
end thereof take another angle to the top, and you have the 
proper requisites. Thus, 

First station. Angle to the foot DAB 21° 00'. 

Angle to the top CAB 35° 00'. 
Stationary distance AB 104 feet. 

Second station. Angle to the top 48° 39'. ' 

2>C required. 

By Construction, 

On an indefinite blank line lay the stationary distance AB 
104 feet ; from A set off the second, and from B the third given 
angle ; and from the intersecting point C of the line formed by 
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them let fall the perpendicular CE; from A set off the fiist 
angle, and the line formed by it will determine the point D. 
Thus have we the height of the hill, as well as that of the 
windmill. 

The angle CBE — A=ACB, as in the last prob. 
In the triangle ABC Bnd AC thus, 

S.ACB :AB:: S.ABC (or sup. of CBE) : AC. 
13° 30' : 104 :: 131° 30' : 333.6, 

The angle CAE—DAE=CAD. 

The angle ACD=AED+EAD, by theo. 4. 

In the triangle CAD find CD thus, 

JS.ADC I AC II S.CAD : DC. 
111° : 333.6 : : 14° : 86.46 required. 

C£, BEj or DE may be found by other various statings, 
as set forth in the first and second cases of right-angled trigo- 
*nometry. 

PROBLEM VIII. 

. Pl. 6. fi^. 26. 

To find the length of an object that stands obliquely' on the top of a hiUy 
from a plane beneath, 

• Let CD be a tree whose length is required: 

This is done at two stations. 

Make a station at B^ from whence take ah angle to the foot 
and another to the top of the tree ; measure any convenient dis- 
tance backward to A, from Whence also let an angle be taken 
to the foot and another to the top, and you have the requisites 
given. Thus : 

First station. Angle to the foot £BZ)=36° 30'. 

. Angle to the top EBC—44^ 30'. 

Stationaiy distance -4.5=104 feet 
Second station. Angle to the foot jE-4.I>=^24°' 30'. 

Angle to the top £^C=32° 00'. . 
Let DC and DE be required. 

The geometrical constructions of this and the next problem 
are omitted, as what has been already said, and the figures, are 
looked upon as sufficient helps. 

EBC-;-A=ACB, or 44° 30'— 32°=12° 30', as before. 
In the triangle ABC find BC thus, 

1. S.ACB :AB::S.A: BC. 
12° 30' 104 32» 254.7, 
EBD^EAD=ADB, or 36° 30'— 24° 30'= 12° 00'. 
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In the triangle ADB find BB thus, 

a. S.ADBi AB : : S.DAB : DB. 

12° 00' 104 24° 30' 207.4. 

CBE—DBE=CBD, or 44° 30'— 36° 30' =8° 00'. 

^ In the triangle CBD there is given CB 264.7, DB 207.4, 
and the angle CBD 8° 00', to find DC. 

This is performed as Case 3 of ohlique-a^gled trigonometry. 
Thus, 

3. BC+PD:BC—BD:: T.oi\(BDC+BCD): T. of 
402.1 47.3 86° 00' 

i{BDC—BCD). 
P6°40'. 

86° 00'+66° 40 =141° W^BDC. 
86° 00'— 66° 40'= 30° 20'=BCZ>. 

4. S.BCD iBD:: S.CBD : DC. 

30° 20' 207.4 8° 00' 67.16, length of the tree/ 
To find DE in the triangle DBE^ say 

R.iBD:i S:DBE : DE. 

90° 207.4^ 36° 30' 123.4, height of the hilL 

PROBLEM I^. 

To find the height of an inaccessible object CD^ onahUl BC^ from ground 
that is not horizontal. 

Pl. 6. fig. 1. 

From any two points, as G and Ay whose distance GA is 
measured, and therefore given ; let the angles HGD, BAD^ 
BAC, and EAG be taken; because GH is parallel to EA 
(by part 2, theo. 3, geom.), the angle HGA=EAG ; therefore 
EAG+HGD=AGD : and (by cor.. 1, theo. 1, geom.) 180 — 
the sum. of EAG and BAD=GAD; and, by cor. 1, theo. 6, 
geom., 18Q -^Ihe sum of the angles AGD and GAD=GDA : 
fiius we have the angles of the triangle JlGtZ) and the side^lG 
given; thence (by Case 2 of obi. ang. trig.) AD m^y he easily 
found. The angle t>AB—CAB=DAC, and 90°— 5AZ)= 
ADC, and 180°— the sum of DAC and ADC=ACD : so have 
we the several angles of the triangle JL CD given, and the side 
AD ; whence (by Case H of obi. trig.) CD may be easily found. 
We may also find AC, which with the angle BAC will give 
CB the height of the hill. 

The solutions of the ^several problems in heights and dis- 
tances by Gunter's scale are omitted; because every par- 
Ucular stating has been already shown by it, in Trigonometry. 

G 
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2cL Of Distances. 

The principal instruments used in surveying will give the 
angles or bearings of lines ; which was particularly shown 
when we treated of thenu 

PROBLEM I. 

Pl. 6.;^. 2. 

Let A and B be two houses on one side of a river, whose 
distance asunder is 293 perches : there is a tower at C on the 
other side of the river, that makes an angle at A with the line 
AB of 53"" 20', and another at B with the line BA of ee"" 
20' ; required the distance of the tow» from each house, viz. 
AC and BC. 

This is performed as Case 2 of oblique-angled trigonometry, 
thus, 

1. 8,Ci AB: : S.A: BC. 
60° 20' 293 53° 20' 270.6. 

2. S.C : AB:: S.B : AC. 

60° 20' 293 66° 20' 308.8. 

PROBLEM IL 

Pl. 6.^. 11. 

Let B and C be two houses whose direct distance asunder, 
BC, is inaccessible : however, it is known that a house at A is 
252 perches from B, and 230 from C, and that the angle BAC 
is found to be 70°. What is the distance BC between the two 
houses ? 

This is performed as Case 3 of oblique-angled trigonometry> 
thus, 

I. AB+AC:AB—AC::T.ofl{C+B): T.of J(C— B). 
482 22 55° 00' 3° 44'. 

55°+3° 44'=58° 44'=C. 55°— 3° 44'=51° 16'=B. 

2. S.C : AB:: S.A: BC. 

58° 44' 252 70° 277. 

PROBLEM m. 

Pl. ^. fig. 3. 

Suppose ABC a triangular piece of ground,- which by an old 
survey we find to be thus ; AB 260, AC 160, BC 150 perches, 
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ihe mearing lines AC and BC are destroyed or ploughed down, 
and the line AB only remaining. What angles must be set off 
at A and B to run new mearings by exactly where the old 

ones were I 

• 

This is performed as in Case 4 of oblique-angled trigono« 
metry, thus, 

1. AB: AC+BC : : AC—B€ : An-DB. 
260 310 10 11.92. 

130+«.96=135.96=ilD. 
130— 5.96= 124.04=i)j5. 

2. AD : R: : AC I sec. A. 
136 90^ 160 .3i°47'. 

3. BC : S.A:: AC : S.B. 

150 Sr 47' 160 34° 10'. 

PROBLEM IV. 

Pl. e.^jg'. 4. 

Let D and C be two trees in a bog, to which 3^u can have 
no nearer access than at A and B ; there is given DAB 100°,, 
€4B 36° 30', CBA 121°, DBA 49°, and the line AB 113 
perches. Required the distance of the trees DC, 

180° — the sum of DBA and DAB=ADB=dl°. 
180° — the sum of CAB and CBA=ACB=22'' 30'. 

In the triangle ABD, find DB thus, 

1. S.ADB : AB : : S.DAB : DB. 

31° 113 100° . 216. 

And in the triangle ABC, find BC thus, 

2. ^.AC5 : JL5 : : iSf.CA-B : BC. 
22° 30' 113 36° 30; 175.6. 

In the triangle DBC, you have DBC=ABC—ABD=1f2''^ 
likewise the sides BD, BC as before foiind, given, to find DC. 

3. BD+BC : BD^BC : : T. of ^(Z)CJB+ CDB) : T. 
391.6 40.4 64° 

of \{DCB—CDB). 
8° 05', 

64°+8° 05'=62° 05'=DCB. 
54^—80 05'=45° 65'=€2>J?. 

4. S.CDB : BC:: S.DBC : DC. 
45° 55' 175.6 72° 232.5. ' 
G2 
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Pl. 6.fyr. 10. 

/ from a paint C of a triangle ABC, inscribed in a circle, there he a per* 
pendicular CD let fall upon the opposite side AB, that perpendictUar is to 
one of the sides, including the angle, as the other side, iticluding the an- 
gky u to the diameter of the circle, L e. DC : AC : : CB : CE. 

Let the diameter CE be drawn, and join EB ; it is plain, the 
angle CEB=CAB{^y cor. 2, theo. 7, geom.)' *°^ CBE is a 
right angle (by cor. 5, theo. 7, geom.), and = ADC : whence 
ECB=ACD. The triangles CEB, CAD are therefore mu- 
tually equiangular, and (by theo. 16, geom.) DC : AC : : CB: 
CE, or DC: CB:: AC: CE. Q. E. D. . 

PROBLEM V. 
Pl. 6. fig, 6. 

Let thiree gentlemen's seats .4, B, C be situate in a triangular 
form : there is given, AS 2.5 miles, AC 2.3, and BC 2. It 
is required Ho build a church at E, that shall be equidistant 
from the seats A, B, C. .What distance must it be from each 
seat, and by what angle may the place of it be found ? 

By C^struction. 

By prob. 15, geom., find the centre of a circle that will 
pass through the points A, B, C, and that will be the place of ^ 
the church ; the measure of which, to any of these points, is 
the answer for the distance : draw a line from any of the three 
points to the centre, and the angle it makes with either of the 
sides that contain the angle it was drawn to ; that angle laid off 
by the direction of an instrument, on the ground, and the dis- 
tance before found, being ranged thereon, will give the place of 
the church required. 

By Calculation, 

1. AB : AC+BC : : AC—BC { AD^DB. 
2.5 4.3 .a .516. 

1.25+.258=1.508=^I>. 

By cor. 2, theo. 14, geom., the square root of the difference 
of the squares of the hypothenuse AC, and given leg AD, will 
give DC. 

That is, 6.20—2.274064=3.015936. 



. V 
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Its square root is 1.736= CD. 

Then, by the preceding lemma, 

2. CD : AC :: CBiihe diameter. 
1.736 2.3 2 2.65. 

the half of which, viz. 1.325, is the semidiameter, or distance 
of the church from each seat, that is, AE, CE^ BE. 

From the centre E let fall a perpendicular upon any of the 
sides as EFy and it will bisect it in 2^ (by theo. 8, geom.). 

Wherefore, jLF=CJP=|AC=1.15. 

In the right-angled triangle AFE yon have AF 1.15, and 
AE the radius 1.325 given, to find FAE. Thus : 

3. AF:R:: AE: sec. FAE. 
1.15 90° 1.325 29° 47'. 
Wherefore, directing an instrument to make an angle of 29° 47' 
with the line AC^ and measuring 1.325 on that line of direction, 
will give the place of the churqh, or the centre of a circle that 
win, pass through A, B, and C. 

The above angle \FA£ may be had without a secant, as be- 
fore. Thus : 

AE: RiiAFi S.AEF, 
1.325 90° 1.15 60° 13'. 

Its complement 29° 47' will give FAE, as before. 

PEACTICAL QUESTIONS. 

Ex. 1. At 170 feet distance from the bottom of a tower the 
angle of its elevation was found to be 52° 30'. Required the 
altitude of the tower. Ans. 221.55 feet. 

Ex^ 2. From the top of a tower, by the seaside, of 14.3 
feet high, it was observed that the angle of depression of a 
ship's bottom, then at anchor, measured 35°. What then was 
the ship's distance from the bottom of the wall ? 

Ans. 204.22 feet. 

Ex* 3. From a window near the bottom of a house which 
seemed to be on a level with the bottom o f^ steeple, I took the 
angle of elevation of the top of this ste^epre, equal 40° ; then 
from another window, 18 feet directly above the former", the like 
angle was 37° 30'. What then is the height and distance of 
the steeple ? a 5 height 57.26. 

^^^' } distance 150.50. 

Ex. 4* Wanting to know the height of an inaccessible tower, 
at the least distance from it, on the same horizontal, plane, I 
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took its angle of elevation, equal to 58° ; then going 300 feet 
directly fron^ it, found the angle there to be only 32°. Re- 
quired its height and my distance from it at the first station.' 
, ^ j^s i height 307.53. 

' ( distance 1 92. 1 5. 

Ex. 5. Being on the side of a river, and wanting to know 
the dis^tance to a house which was seen on the other side, I 
measured out for a base 400 yards in a right line by the side of 
the riv^r, and found that the two angles, one at each end of this 
line, subtended by the other end and the house, were 68° 2' and 
73° 15'. What then was the distance between eaoh station 
and the house 1 . i 593.08 ) , 

^°«- { 612.38 J y^^"- 

Ex. 6. Wanting to know the breadthpf a river, I measured 
a base of > 500 yards in a straight line close by one side of it, 
and at each end of this line I found the angles subtended by 
the other end and a tree close to the bank on the other side of 
the river lo be 53° and 73° 15'. What then was the perpen- 
dicular breadth of the river ? Ans. 529.48 yards. 

Ex. 7. Two ships of war, intending to cannonade a fort, are, 
by the shallowness of the water, kept so far from it that they 
suspect their guns cannot reach it with effect. In order there- 
fore to measure the distance, they separate from each other a 
quarter of a mile, or 440 yards ; then each ship observes and 
measures the angle which the other ship and the fort subtend, 
which angles are 83° 45' and 85° 15'. What then is the dis- 
tance between each ship and the fort ? 

. ( 2292.26 f , 
^' \ ;J298.05 \ y^^«- 

Ex. 8. A point of land was observed by a i^ip at sea to 
bear east by south ; and after sailing north-east 12 miles, it was 
found to bear south-east by east. It is required to determine 
the place of that headland, and the ship's distance from it at 
the last observation. Ans. 26.0728 'miles. 

Ex. 9. If the height of the mountain called the Peak of 
Teneriffe be 2^ miles, as it is very nearly, and the angle taken at 
the top of it, as formed between a plumb-line and a line conceived 
to touch the earth in the horizon, or farthest visible pomt, be 88° 
2' ; it is required from these measures to determine the magni- 
tude of the whole earth, and the utmost distance that can be 
seen on its surface from the top of the mountain, supposing the 
form of the earth to be perfectly globular. 

A..C i distance 135.943 ) ., 
^^•{ diameter 7916 H"'* 
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Ex. 10. Wanting to know the extent of a piece of water, 
or distance between two headlands, I measured from each of 
them to a certain point inland, and found the two distances to be 
735 yards and 840 yards ; also the horizontal angle subtended 
between these two Imes was 55^ 40'. What then was the dis- 
tsmce requured? Ans. 741.2 yards. 

Ex. 1 1. Wanting to know the distance between a house 
and a mill which were seen at a distance on the other side of 
a river, I measured a base line along the side where I was of 
600 yards, and at each end of it took the angles subtended by 
.the other end and the house and miU, which were as follows, 
viz. at one end the angles were 58° 20' and 95° 20', and at the 
other end the like angles were 6S° 30' ^nd 98° 45'. What 
then was the distance between the house and mill ? 

Ans. 962.5866 yards. 

Ex. 12.* Wanting to know my distance from an inaccessible 
object on th^ other side of a^iver, and having no instrument 
for talking angles, but only a chain or cord for measuring dis- 
tances ; from each of two stations, A and B^ which were taken 
at 500 yards asunder, I measured, in a direct line from the ob- 
ject 0, 100 yards, viz. AC and BD, each equal 100 yards; 
also the diagonal AD measiured 550 yards, and the diagonal 
BC 560; What then was the distance of the object from 
each station J. and J? ? . i JL 526.81. > -i 

^^'\B0 500.47. J y^®' 



SECTION III. 

m 
I 

MENSURATION OF AREAS, 

OR THE VARIOUS METHODS OF CALCULATING THE SUt>ERFICIAL 

CONTENTS OF ANY FIELD, 



Definition. 

The area or contents of any plane surface in perches is the 
9umber of square perches which that surface contains. 

* These practical examples are taken from, Hutton's Mathematics, vol. 
ii seventh London edition. 
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Pl. l.fig. 1. 

Let ABCD represent a rectangular parallelogram, or oblong ; 
let the side AB or DC contain eight equal parts, and the side AJ) 
or EC three of such parts ; let Che line AB be moved in the 
direction of AD till it has come to EF, where AE or BF (the 
distance of it from its first situation) may be equal to one of 
the equal parts. Here it is evident that the generated oblong 
ABEF will contain as many squares as the side AB contains 
equal parts, which are eight ; each square having for its side one 
of the equal parts into which ABox AD is divided. Again, let 
AB move on till it comes to GH^ so as GE or HF may be 
equal to AE or BF\ then it is plain that the oblong AGHB 
will contain twice as many squares as the side AB contains 
equal parts. After the same manner it will appear that the 
oblong '^DCB will contain three times as many squares as the 
side AB contains equal parts ; and, in general, that every 
rectangular parallelogram, whether square or oblong, contains 
as many squares as the product of the number of equal parts in 
the base multiplied into the number of the same equal parts in 
the height contains units, each squaire having fox its side one 
of the equal parts. ' 

Hence arises the solution of the following problems. 



PROBLEM I. 

To find the contents of a square piece of ground, 

1. Multiply the base in perches into the perpenoicular in 
perches, the product will be the contents in perches ; and be- 
cause 160 perches make an acre, it must thence follow that 

Any area, or contents in perches, being divided by 160, will 
give the contents in acres ; the remaining perches, if more than 
40, being divided by 40, will give the roods, and the last re 
mainder, if any, will be perches. 

Or thus : 

2. Square the side in four-pole chains and links, and the 
product will be square four-pole chains and links : divide this 
by 10, or cut off one more than the decimals, which are five in 
all, from the right towards the left : the figures on the left are 
acres ; because 10 square four-pole chains make an acre, and 
the remaining figures on the right are decimal parts of an acre. 
Multiply the five figures to the right by four, cutting five%ures 
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from the product, and if any figure be to the left of them it 
is a rood, or roods; multiply the last cut off figures by 40, 
cut^g ofiT five, or (which is the same thing) by 4, cutting 
off four; and the remaining figures to the lefl, if any, are 
perches. 

1. The first part is plain, from considering that a piece of 
ground in a square form, whose side is a perch, must contain a 
perch of ground ; and thaf 40 such perches make a rood, and 
four roods an acre ; or, which is the same thing, that 160 square 
perches make an acre, as before. 

2. A square four-pole chain (that is, a piece of ground four 
poles or perches every way) must contain 160 square perches ; 
and 160 perches make an acre ; therefore 10 times 16 perches, 
or 10 square four-pole chains, make an acre. 

Note, — The chains given or required, in any of the following 
problems, are supposed to be two-pole chains, that chain being 
most commonly used ; but they must be reduced to four-pole 
chains or perches for calculation, because the links will not 
operate with them as decimals. 

EXAMPLES. 

# Pl. 1. fig» 17. 

Let ABCD be a square field, whose side is I4ch, 29Z. ; re- 
quired the contents in acres. 

By problem 4, section 1, part 2, lick. 291. are equal to 

29.16 perches 

29.16 



17496 
2916 

26244 

5832 



- A. H. Pf 



160)850.3056( 6 1 10, contents. 
40)50(1 rood. 
10 perches. 

Or thus: 

14cA. 29Z. are equal to 7cA. 29/. of four-pole chains, by prob- 
lem 1, section 1, part 2. 

G3 
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ch.L 
7.29 
7.29 



6561 
1458 
5103 

A. R, P. 

Acres 5|3]441 contents, as before, 5 1 10. 
4 



Rood 1|25764 
40 



Perches 10|30560 

It is required to lay down a map of this piece of ground, by 
a scale of twenty perches to an inch. 

Take 29.16, the perches of the given side, from the small 
diagonal on the common surveying scale, where twenty small, 
or two of. the large divisions are an inch : make a square whose 
side is that lengSi (by prob. 9, geom.), and it is done. 

PROBLEM II. 

To find the tide of a square whose contents are given. 

Extract the square root of the given contents in perches, and 
you have the side in perches, and consequently in chains. 

EXAMPLE. 

It is required to lay out a square piece of ground which shall 
contain 12 A. 3R. 16P. Required the number of chains in each 
side of the square ; and to lay down a map of it by a scale of 
40 perches to an inch. 



A. R. 


P. 


12 3 


16 


4 




61 




40 





2066 
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2056(45.34+ perches =22eA. 33^2. by prob. 6. 

sect. 1, part 2. 



85)456 



903)3100 



9064)39100 &;c. 

To draw the map. 
From a scale ^where 4 of the large or 40 of the small divi- 
sions are an inch, take 45.34 the perches of the side, of which 
make a square. 

PROBLEM ni. 
To find the contents of an oliong piece of ground. 

Multiply the length by the breadth, for the contents. 

EXAMPLE. 

Pl. 1.^.3. 
Let ABCD be an oblong piece of ground, whose length^B is 
14cA. 251. and breadth 8ch, 371, Required the contents in acres, 
and also to lay down a map of it, by a scale of 20 perches to 
an inch. 

ch. I. perches. 

^8!37= 17!48 } ^y P"^^- ^' ^^^ ^' P*^ ^• 



15732 
3496 

A. R. P. 



160)506.9200(3 27 contents. 
26 .perches, or near 27. 



Or thus: 

four-pole ch. 

eh. I. eh. I. 

14.25=7.25 >^ , , ^ , ^„ 
g 37—4 37 \ By prob. 1, sect 1, part 2. 



5075 
2175 
2900 

31682 
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Acres 8| 16825 

4 



Rood |67300 






Perches 26|9200 

To draw the map. 
Make an oblong (by schol. to prob. 9, geom.) whose length, 
from a scale of 20 to an inch, may be 29 perches, and breadth 
17.48 perches. • 

PROBLEM IV. 
The contents of an phlong piece of ground and one tide gtven^ to find the other. 

Divide the contents in perches by the given side in perches, 
the quotient is the side required in perches ; and thence it may 
be easily reduced to chains. 

EXAMPLE. 

There is a ditch 14c^ 25/. long, by the side of which it is 
required to lay out an oblong piece of ground which shall con- 
tain 3A. OR. 27P. What breadth must be laid off at each end 
of the ditch to enclose the 3A. OR. 27P. 1 

A. R. P. 

3 27 * 

4 

12 
40 

perclu ch, L 



29)607(17.48=8 37, breadth. 



217 



140 
240 



8 



The map is constructed like the last* 
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PROBLEM V. 

Tofinii the contents of a piece of ground inform of an (Alique amgvlar jutr- 
aUelogranif or of a rhomlme or rhomJboides. 

^ RULE I. 

Multiply the base into the perpendicular height. The reason 
is plain from theo. 13, geom. 

EXAMPLE. 

Pl. 7.^. 2. 

Let ABCD be apiece of ground in form of a rhombus, whose 
base ^^ is 22 chains, and perpendicular DE or FC 20 chains. 
Required the contents. 

ch, 

20=10 I ^^^"P^^® chains. 



Acres 11|0 

ch. Or, 

22=44 > , 
.20=4QjP^'^^^«- 

160)1760(11 acres. 

160 





The converse of this is done by prob. 4, and the map is drawn 
by la3ring off the perpendicular on that part of the base from 
whence it was taken, joining the extremity thereof to that of 
the base by a right line, and thence completing the parallelo- 

^ RULE n. 

As rad. (viz. S. of 90^, or tang, of 45°) 
Is to the sine of any angle of a parallelogram, 
So is the product of the sides including the angle : 
To the area of the parallelogram. » 

That ii^, DA x AB x nat shie of the angle ^ = the area.* 
PL 7, fig. 2. 

* Demonstration. For, having drawn the perpendicular DE the aiea 
bv the first rale is ilBxi>£; but as radius 1 (jS. Z. £) : S.L.A: i AD i 
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EXAMPLE. 

How many acres are in a rhomboides whose less angle is 
30^ and the including sides 25.35 and 10.4 four-pole chains ? 

Ans. 13A. OR. 29.12P. 

(Rad.) 1 : ^00000 (Nat. S. of 30°) : : 263.640 (=25.35 X 
10.4) : 131.82 = the area in four-pole chains ; which £vided 
by 10 (because 10 square chains are an acre) gives 13.182 
acres, or 13 A. OR. 20.12P. 

Note, — Because the angle of a square and rectangle are 
each 90°, whose sine is 1, this rule for them is the same as the 
first. 

PROBLEM VI. 

To find the eontenta of a triangular piece of ground. 

Multiply the base by half the perpendicular, or the perpendicu- 
lar by half the base ; or take half the product of the base into 
the perpendicular. 

The reason of this is plain from cor. 2, theo. 12, geom. 

EXAMPLE. 

Pl. 1.^. 16. 

Let ABC be a triangular piece of ground whose longest 
side or base ^C is 24cA. 38Z., and perpendicular AD, let fall 
from the opposite angle, is Idch, 28/. Required the contents. 

ch, I, ch, I, 

1. Base 24.38=12.38 ) ^ . , . 

iperp. 3.39 J four-pole chams. 

11142 
3714 
3714 



Acres 4| 19682 
4 



Rood |78728 
40 



Perches 31|49120 
Con^enU, 4A. OR. 31P. 



I}.&=5. Z. il xDil ; therefore, P£XilJ9=ilBx 5. ii. ^ Xi>il =the area; 
or, 1 : S,L.Ai zDAxAB: S,LAxDAxAB=ithe9Ltea, ofUiepanl- 
lelogram. Q. £. D. 
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0r,2dly. Peq). 6.78 of four-pole chaifis. 
I base 6.19 



6102 
678 
4068 

4|19682=4A. OR. 31P. 

eh, h 
Or, 3dly. Base 12.38 four-pole chains. 
Perp. 6.78 



9904 
8666 

7428 

83.9364 



Its half =4|19682=4A. OR. 31P. 



Or the base and perpendicular may be reduced to perches, 
and the contents may thence be obtained, thus : 

ch, I, perches, 

Byprob«4, sect. 1, part 2. 



Perp. 13.28=27.12 1 



Half the perp. 13.56) 



perches, ch, I, 
1. Base 49.52=24.38 
^perp. 13.56 

29712 
24760 
14856 
4952 



160)671.4912(4A. OR. 31P. 
31 
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perches. 
2. Perp. 27.12 
Half-basf 24.76 



16272 
18984 
10848 
5424 

671.4912=4A. OR. 31P. 

But square perches may be reduced to acres, &c. rather 
more commodiously by dividing by 40 and 4, than by 160 ; 
thus, 

4|0)67|1 

4)16. 31 



A. 4. 0. 31 



perches. 

3. Base 40;ft2 

Perp. 27.12 



9904 
4952 
34664 
9904 

1342.9824 

671.4912=4A.0R.31P- 

I 

The map may be readily drawn, having the distance from 
either end of the base to the perpendicular given ; as may be 
evident from the figure. 

PROBLEM VII. 

The eontenis of a triangtUar [picee of ground and the base gwen, to find 
the perpendicular, ^ 

Divide the contents in perches by half the base in perches,' 
and the quotient will give you the perpendiciilar in perches, and 
so in chains. 
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EXAMPLE. 

Pl. I. fig, 16. 

Let BC be a ditch, whose length is 24cA. 40/., by which it is 
required to lay out a triangular piece of ground, whose contents 
shal^be^A. ^R. lOP. Required the perpendicular. 

* cA. h Perches. 

Base 24.40=49.6 

Half the base=24.8 

A. R. P. J^ 

4 1 10 • 

4 



J7 
40 

Perches. 

24.8)690(27.82 

1940 



2040 



560 



64 

— Perches, ch. I. 



Answer, perp. 27.82=13.45 

This perpendicular being laid on any part of the base, and 
lines run from its extremity to the ends of the base, will lay out 
the triangle (by co;-. to thep. 13, geom.) so that the perpen- 
dicular may be set on that part of the base which is most con- 
wenient and agreeable to the parties concerned. 

9 

PRACTICAL QUESTIONS. 

Ex. 1. What is the area of a parallelogram whose length 
is 12.25 and its height 8.5 four-pole chains Y 

Ans. lOA. IR. 26P. 

Ex. 2. What is the area of a square whose side is 70.25 
itworpole chains ? ^ Ans. 124 A. IR. IP. 

Ex. 3. What is the area of a rhombus whose side is 60 
iperches, and its height 45 perches ? Ans. 16A. 3R. 20P. 
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Ex. 4. What b the area of arhomboideawhose less angle 
18 40^ and the including sides 80 and 25 four-pole chains t 

Ans. 128A. 2R. 9P. 
Bz. 5. What is the area of a triangle whose base is 12 
and its perpendicular height 6 two-pole chains ? 

'Ans. lA. 3R. 8P. 



LEMMA. 
Pl. S.fig. 9. 



#•3*14 



Jffromhalf the turn of the sides of any plane triangle ABC each particular 
side be takers and if the half •turn and the three remainders be multiplied 
continually into each other, the square root of this product vfill be the a^a 
of the triangle. 

Bisect any two of the angles, as A and B, with the lines 
AD, BD, meeting in D ; draw the perpendiculars DE, DF, DG. 

The triangle AFD is equiangular to AED ; for the angle 
FAD=EAD by construction, and AFD=AED, being each a 
right angle, and of consequence ADF=^ADE ; wherefore AD : 
DE : : AD : DF ; and since AD bears the same proportion 
to DF that it does to DE, DF=DE, and the triangle AFD= 
AED. The same way DE=DG, and the triangle DEB= 
DGB, &nd FD=DE=DG ; therefore Dwill be the Centre of 
a circle that will pass through JS, F, G. 

In the same way, if A and C were bisected, the same point 
D would be had ; therefore a line from D to C will bisect C, 
and thus the triangles DFC, DGC will be also equal. 

Produce CA to H, till AH=EB or GB ; so will HC be 
equal to half the sum of the sides, viz. to ^AB+^AC+^BC ; 
for FC, FA, EB are severally equal to CG, AE, BG ; and 
all these together are equal to the sum of the sides of the tri- 
angle ; therefore FC+FA+EB or CH are equal to half the 
sum of the sides. 

FC=CH—AB, for AF^AE, and HA=EB; therefore 
HF=AB, and AF^CH—BC; for CF^CG, and AH= 
GB; ihere^re BC=HA+FC, ^nd AC'^CH— AH/ 

Continue DC till it meets a perpendicular drawn upon jETin 
K ; and from K draw the perpendicular KI, and join AK, 

Because the angles AHK and AIK are two right ones, the 
angles HAI and K together are equal to two right ; since the 
angles of the two triangles contain four right : in the same wav 
FDE+FAE= (two right angles =i) FAE+IAH; let FAE 
be taken from both, then FDE=IAH, and of course FAE=^ 
K; the quadrilateral figures AFDE and KHAI are therefore 
similar, and have the sides about the equal angles proportional; 
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and it is plain the triangles CFD and CHK are also propor- 
tional: hence, 

TDiHAiiFAiHK 
FD:FC::HK: HC. 

Wherefore, by multiplying the extremes and means, in both,. 
it will be the square of FDxHKxHC=FCxFAxHAx 
UK : let HK be taken from both, and multiply each side by 
CH; then the square of CH X by the square of FD=FCx 
FAxHAxCH. 

It is plain by the foregoing problem, that ^AB x BE ^{BC 
xDG+\ACxFD = ihe area of the triangle; or that half 
the sum of the sides, viz. CHx FD = the triangle ; wherefore, 
the square bf CH X by the square of FD=FC xFAx HA x 
CH^ that is, the half-sum multiplied continually into the dif* 
ferences between the half-sum and each side will be the square 
of the area of the triangle, and its root the area. Q. E. D. 

Cor 1. K all the s ides be equal, the rule will become 

ViaX\ oX| aX^a=^aa\/3, for the equilateral triangle 
whose side is a. 

Hence the following problem will be evident. 

PROBLEM Vin. 
The three' sides of a plane triangle given, to find the area. 

RULE.* 

From half the siun of the three sides subtract each side 
severally ; take the logarithms of half the sum and three 
remainders, and half their total will be the logarithm of the 
area : or, take the square root of the continued product of the 
half-sum and three remainders for the area. 



EXAMPLES. 
Pl. 8.^. 9. 

1. In the triangle ABC are 
(.45=10.64) 
Given < JLC= 12.28 > four-pole chains ; required the area, 
f C5= 9,00 ) 



Sum 31.02 



* The demonitration of this is plain from the foregoing lemma, and the 
nature of logarithms. 
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Half-sum 15.96 Log. 1.203033 

5.32 — 0.725912 

Remainders ^3.68 — 0.565848 

a.96 — 0.842609 



2)3.337402 



Answer, sqr. ch. 46.63 log. 1.668701 
or, 4.663 acres. 

Or, 15.96 X 5.32 x 3.68 X 6.96=2174.71 113216 ; the square 
root of which is 46.63, for the area, as before. 

. 2. What quantity of land is contained in a triangle, the three 
sides of which are 80, 120, and 160 perches respectively? 

Ans. 29A. 7P. 

3. What quantity of land is contained in a triangle, the three 
aides of which are 20, 30, and 40 four-pole chains ? 

Ans. 29A. 7.579P. 

4. How many acres are in a triangle, whose sides are 49, 
60.26, 25.69 four-pole chains? Ans. 61A. IR. 39.68P. 

PROBLEM IX. 

Two 9idei qfaplane triatigleand their induded angle given^ to find thearetu 

RXJUB.* 

To the log. sine of the given angle (or of its supplement to 
180^ if obtuse) add the logarithms of the containing sides; 
t)ie sum less radius will be the logarithm of the double area. 
Or, As radius 

Is to the sine of any angle of a triangle^ 

So is the product of the sides including the angle : 

To double the area of the triangle. 

That IS, (PI. $, fig. 17) =the area. 

* DemonBtration. This follows from rale 2, prob. 5, and from the na- 
ture of logarithms, because a triangle is half a parallelogram of the same 
base and height. 

Or thus, Pl. lly Jig. 3. 

Let AH be perpendicular to AB and equal to AC, and HE, FCG 
parallel to AB ; then making AH{^AC) radius, AF{=CD) will be the 
sine of CAD, and the parallelograms ABEH{\he product of the given sides) 
and ABGF (the double area of the triangle), having the same base AB, are 
in proportion as their heights AH, AF; that is, as radius to the sine of 
the given angle ; which proportion gives the operation as in the rule above. 
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Pl. 6.^. 16. 

Suppose two sides AB^ AC of a triangalar lot ABC form 

aQ angle of 30 degrees, and measure one 64 perches, and the 

other 40.5, what must the contents be t 

Given angle SO"" sine 9.608070 

n * •« v. M S 64 log. 1.806180 
Contammg sides J ^^ ^ j^| ^^^^^^ 



2)1296 log. 3.112605 
160)648(4 A. 8P., Answer. 



8 



Or thus : 

.600000 sine /^A 
64 AB 



32.000000 

40.5 AC 



2)1296.0000000 



160)648 



4A. 8P. 

2. Required the area of a triangle, two sides of which are 
40.2 and 40.8 perches, and their contained angle 144^ degrees, 

Ans. 3A. 2R. 22P. 

3. What quantity of ground is enclosed in an equilateral 
triangle, each side of which is 100 perches, either angle being 
60 degrees ? * Ans. 27A. lOP. 

PROBLEM X. 

To find the area of a trapezoid^ viz, a figure hounded by four right UneSy 
two of which are paraUtlj but unequal, 

RULE.* 

Multiply the sum of the parallel sides by their perpendicular 
distance, and take half the product for the area. 

* Demonstration. The trapezoid ABCD (pl. 14, fig. 8) is equivalent to 
the rectangle contained by its altitude and half the sum of the parallel 
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EZAXPUES. 

1. Required the area of & trapezoid, of which the parallel 
aides are, respectively, 30 and 49 perches, and their perpen- 
dicular distance 61.6. 

2)4866.4 

Answer, 2433.2= 15A. 33.2P* 

Th.9,Jig. 10. 

2. In the trapezoid ABCD the parallel sides are, AD 20 
perches, BC 32, and their perpendicular distance AB 26; 
required the contents. Ans. 4A. 36P. 

PROBLEM XI. 

To find the contents of a trapezium. 
RULE I.* 

Multiply the diagonal, or line- joining the remotest opposite 
angles, by the sum of the two perpendiculars falling from the 
other angles to that diagonal, and half the product will be 
the area. 

sides BC and AD. For draw CE parallel to AB (prob. 8), bisect ED 
in Fi and draw FG parallel to AB, meeting the production of BC in G, 
Because BC is equal to AE, BC and AD are together equal to AE afid 
ADf or to twice AE with ED, or to twice AE and twice EF, that is, to 
twice AF; consequently, AF=^{BC'\'AD). Wherefore, the rectangle 
contained by the altitude of the trapezoid and half the sum of its parallel 
sides is equivalent to the rhomboid BF : but the rhomboid EG is equiva- 
lent to the triangle ECD (theo. 12, cor. 2) ; add to each the rhomboid BE^ 
and the rhomboid BFis equivalent to the trapezoid ABCD, 

Note. — On this proposition is founded the method tf offsets, which 
enters so largely into the practice of land surveying. In measuring a field 
of a very irregular shape, the principal points only are connected by straight 
lines, forming sides of the component triangles, and the distance of each 
remarkable flexure of the extreme boundary is taken from these rectilineal 
traces. The exterior border of the polygon is therefore considered as a 
collection of trapezoids, which arc measured by multiplying the mean of 
each pair of olSsets or perpendiculars into their base or intermediate dis- 
tance, which is one of the other sides, because the parallel sides are per- 
pendicular to it. ' 

* Demonstration. For the trapezium ABDC =; the triangles ABC-|- 

2 2 2 
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EXAMPLE. 

Pl. l.fig. 3. 

Let ABCD be a field in fonn of a trapezium, the diagonal 
AC 64.4 perches, th9 perpendicular Bb 13.6, and Dd 27.2 ; re- 
quired the contents. 

i3.?4+27K4o:8 \ ^^^p^y- 



2)2627.52 



160)131 376(8A. 33}?., Answer. 
1280 



33| perches. 

Note. — The method of multiplying together the half-sums of 
the opposite sides of a trapezium for the contents is erroneous, 
and the more so the more oblique its angles are. 

To draw the miap, set off Ab 28 perches, and Ad 34.4, and 
there make the perpendiculars to their proper lengths, and join 
their extremities to those of the diagonal. 

Note, — ^When one of the diagonals and the four sides of a 
trapezium are given, it is divided into two triangles whose sides 
are given ; the area of each triangle may be found (by prob 8), 
and their stun will give the area of the trapezium. 

RULE II.* 

If there be drawn two diagonals cutting each other, the pro- 
duct of the diagonals muhiplied by the natural sine of the angle 
of intersection of the diagonals will be double the area. And this 
rule is common to a square, rhombus, rhomboides, &c., as well as 

to all other quadrilateral figures ; that is, 

= the area. PI. 14, fig. 9. Or, as radius : S.LR: : ^ACx 
BD : the area. 

Note. — Because the diagonals of a square and r]iombus in- 
tersect at a right angle, whose sine is 1, therefore half the pro- 
duct of their diagonals is the area. 

♦ Pemonstration. PI. 14, fig. 9. For the trapez. = the four As ARB, BR C, 
C RD, DRA= : {ARxRB+BR xRC+CRxRD +DRxRA )xhSU^ 

=iAR+RCxBR+CR-{^RAxDR)xhS, L R= AR+RCxBR+RD 
\\S.LR=ACxBDxhS.LR. Q.E.D. 
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" 2. A gentlemaiit knowing that the area of a circle is greater 
than that of any other figure of equal perimeter, walls in a cir- 
cular deer-park of 100 perches diameter, in which he makes 
an elliptical fish-pond 10 perches long by 6 wide. Required 
the length of his wall, contents of his park, and area of his 
pond. 

Answer. The wall 3 14. 1 6 perches, enclosing 49A. HP** of 
which 39 j^ perches, or ^ of an acre nearly, is appropriated to 
the pond. 

PROBLEM XIII. 
Tht area of a eireU jioes, tojind its iiuamUr, 

RULE. 

To the logarithm of the area add 0.104909, and half the sum 
will be the logarithm of the diameter. Or, divide the area 
by .7854, and the square root of the quotient will be the 
diameter. 

EXAKPLS. 

A horse in the midst of a meadow suppose 
Made fast to a stake by jsl line from his nose : 
How long must this line be that, feeding all round. 
Permits him to grazci just an acre of ground ? 

Area in perches 160, log. 2.204120 

0.104909 



2)2.^09029 



Diametei^ 
' 2)14.2733 log. 1.154514 

Apswer, 7.13665 per. = WHfL 9fn. 



PROBLEM XIV. 

Allowance for roads. 

It is customary to deduct 6 acres out of 106 for roads ; the 
land before the deduction is made may be termed the.^o^^, and 
that remaining after such deduction the neat. 

RULE. 

The gross divided K^ j /vg < quotes. the neat. 
The neat multiplied > / ^""^ ) produces the gross. 
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EXAMPLES. 



1. How much land must I enclose to have 850A. 2R. 20P. 

neat? 



40 
4 



20 
2.5 
— — Acres. A. R. P. 



850.«25 X 1.06=901.6025=901 2 26, the' answer. 

2. How much neat land is there in a tract of 901 A« 2R« 26P. 
gross? 



40 
4 



26 
2.65 

Acres.. A. R. P. 



1.06)901.6625(85a625=850 2 20, the answer. 
848 



&c. 

, Note, — ^These two operations prove each other. 

PROBLEM XV. 

To find the area of apiece ofgroundy be ii ever to irregftloTf by dividing 
it into triangles and trapezia, 

, Pl.. 7. fig, 4. 

We here admit the survey to be taken and protracted ; by 
having, therefore, the map, and knowing the scale by which it 
was laid down, the contents may be thus obtained. 

Dispose the given map into triangles by fine pencilled lines, 
such as are here represented in the scheme, and number the 
triangles with 1, 2, 3, 4, &c. Your map being thus prepared, 
rule a table with four columns, the first of which is for the 
number of the triangle, the second for the base of it, the 
third for the perpendicular, and 'the fourth for the contents in 
perches. 

Then proceed to measure the base of number 1, from the 
scale of perches the map was laid down by, and place that in the 
second column of the table, under the word base ; and from the 
angle opposite to the base open your compasses so as when one 
- foot is in the angular point, the other, being moved backward 
and forward, may just touch the base line, and neither go the 
least above nor beneath it ; that distance in the compasses, 
measured from the same scale, is the length of that perpendicu- 
lar, which place in the third column under the word perpen- 
dicular. 
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If the perpendiculars of two triangles fall on one and the same 
base, it is unnecessary to put down the base twioe, but insert 
the second perpencUcular o^^xMite to the number tif the triangle 
in the table, and join it with the other perpendicular by- a braces 
as Nos. 1 and 2, 4 and 5, 6 and 7, 9 and 10, &c. 

Proceed after this manner till you have measured all the 
triangles, and then, by prob. 6, find the contents in perches of 
each respective triangle, which severally place in |)[ie table op- 
posite to the number of the triangle, in the fourth column, under 
the word contents. 

But where two perpendiculars are joined together in the table 
by a brace, having both one and the same base, find the con- 
tents of each (being a trapezium) in perches, by prob. 11, which 
place opposite the middle of those perpendicidars, in the fourth 
column, under the word contents. 

, Having thus obtained the contents of each re^>ective triangle 
and trapezium which the map contains, add them all together, 
and their sum will be the contents of the map in perches, 
which being divided by 160 gives the contents in acres. Thustfor 





• 


EXAMPLE. 




No. 


Base. 


Perpend. 


Contents. 


1 
2 


24.8 


17.0 1 
16.3 f 


412.92 


3 


28.2 


16.0 


225.6 


4 
5 


39.8 


19.6 > 
16.2 J 


712.42 


6 


49.4 


29.0) 
15.0 J 




7 




1086.8 


8 


38.7 


6.7 


129.64 


9 

10 


40.0 


.17.0 ) 
13.0 J 


600 


11 
12 


42.8 


10.2) 
12.3) 


481.5 


13 


26.2 


17.9 


234.49 


14 
Id 

Co 


24.0 
Qtents in p 


11.6 > 
10.0) 

erches -^- - 


259.2 


4142.57 
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This being divided by 160 will give 25A. 3R. 22P.,the con- 
tents of the map. 

Let your map be laid down by the largest scale your paper 
will admit, for then the bases and perpendiculars can be mea- 
sured with greater accuracy than when laid down by a smaller 
scale, and if possible measure from scales divided diagonally. 

If Ae bases and perpendiculars were measured by four-pole 
chains, the contents of every triangle and trapezium may be had 
as before in prpblems 6 and 11, and consequently the whole 
CQiitents of the map. 

If any part of your map has short or crooked bounds, at 
those represented in plate 7, iig. 5, then by the straight edge of 
a transparent horn draw a fine pencilled line, as AB, to balance 
the parts taken and left out, as also another BC : these parts^ 
when small, may be balanced very nearly by the eye, or they 
may be more accurately balanced by method the third. Join 
the points A and C by a line, so will the contents of the triangle 
ABC be equal to that contained between the line AC and the 
crooked boundary from A to B^ and to C : by this method the 
number of triangles will be greatly lessened, and the contents 
become more certain ; for the fewer operations you have the 
less subject will you be to err, and if an error be committed the 
sooner it may be discovered. 

The lines of .the map should be drawn small and neat, as 
well as the bases, the compasses neatly pointed, and the scale 
accurately divided ; without ^1 which you may err greatly. 
The multiplications should be run over twice at least, as also 
the addition of the column of contents. 

From what has been said it will be easy to survey a field by 
i*educing it into triangles and measuring the bases and perpen- 
diculars by the chain. To ascertain the contents ooly it is not 
material to know at what part of the base the perpendicular 
was taken ; since it has been shown (in cor. to theo. 1 3 geom.) 
that triangles on the same base and between the same paral- 
lels are equal : but if you would draw a map from ^ the bases 
and perpendiculars, it is evident that you must know at what 
part of the base the perpendicular was taken, in ord^r to set 
it ofi* in its due position ; and hence the map is easily con- 
structed. 



174 TO FIND THE CONTENTS OF GROUND. 

PROBLEM XVI. 

Pl. 8.^. 5. 

To determine the area of a piece of ground^ having the may gnenyhf 
reducing it to one triangle equal thereto^ and thence finding its contents. 

Let ABCDEFGH be a map of ground which you would 
reduce to one triangle equal thereto. 

Produce any line of the map, as AH^ both ways ;^ lay the 
edge of a parallel ruler from J. to C, having B above it ; hold 
the other side of the ruler, or that next you, fast ; open till the 
same edge touches B, and by it, with a protracting pin, mark 
the point b on the produced line ; lay the edge of the ruler from 
b to D, having C above it, hold the other side fast, open till the 
same edge touches^ C, and by it mark the point c on the pro- 
duced line. A line drawn from cio D will take in as much as 
it leaves out of the map. 

Again, lay the edge of the ruler from ^to JP, having G above 
it; keep the^^er side fast, open till the same edge touches 6r, 
and by it mark the point g on the produced line ; lay the edge 
of the ruler from g to £, having F above it, keep the other side 
fast, open till the same edge touches F, and by it mark the 
point /on the produced line. Lay the edge of the ruler from 
fio i), having E above it, keep the other side fast, open till 
the same edge touches E, and by it mark the point e on the 
produced line. A line drawn from D tjoe will take in as much 
as it leaves out. Thus have you the triangle cDcy equal to th^ 
irregular polygon ABCDEFGH.* 

Ifi when the ruler's edge is applied to the points A and C, 
the point B falls under the ruler, hold that side next the said 
points fast, and draw back the other to any convenient distance ; 
then hold this last side fast, and draw back the former edge to 
JS, and by it mark b on the produced line ; and thus a parallel 
may be drawn to any point under the ruler as well as if it were 
above it. It is best to keep the point of your protracting pin 
in the last point in the extended Ime till you lay the edge of the 
ruler from it to the next station, or you may mistake one point 
for another. 

This may also be performed with a scale or ruler which has 
a thin-sloped edge, called a fiducial edge, and a fine-pointed 
pair of compasses. Thus, 

Lay that edge on the points A and C ; take the distance from 
the 4>oint B to the edge of the scale, so that it may only touch 
it, in the samfef manner as you take the perpendicular of a tri- 

*' The demanstration of this is evident from proh^ 19, Geom., page 63 of 
this book. 
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angle ; cany that distance down by the edge of the scale par- 
allel to it to &, and there describe an arc on the point bj and if 
it just touches the ruler's edge the point b is in the true place 
of the extended line. Lay then the fiducial edge of the scale 
from bto D, and take a distance from C that will just touch the 
edge of the scale ; carry that distance along the edge till the 
point which was in C cuts the produced line in c ; keep that 
foot in e and describe an arc, and if it just touches the ruler's 
edge the point c is in the true place of the extended line. Draw 
a line' from ctoD and it will take in and leave out equally : in 
like manner the other side of the figure may be balanced by the 
line eD. 

Let the point of your compasses be kept to the last point of 
the extended line till you lay your scale from it to the next 
station, to prevent mistakes from the number of points. 

That the triangle cDe is equal to the right-lined figure 
ABCDEFGH will be evident from problems 16, 19, geom. ; 
for thereby, if a line were drawn from h to C, it will give and 
take equally, and then the figure, bCDEFGH will be equal to 
the map. Thus the figure is lessened by one side, and the 
next balance line will lessen it by two, and so on, and will give 
and take equally. In the same manner an equality will arise 
on the other side. 

The area of the triangle is easily obtained, as before, and 
thus you have the area of the map. 

It is best to extend one of the shortest lines of the polygon ; 
because if a very long line be produced, the triangle will have 
one angle very obtuse, and consequently the other two very 
acute ; in which case it will not be easy to determine exactly 
the length of the longest side, or the points where the balancing ' 
lines cut the extended one. 

This method will be found very useful and ready in small 
enclosures, as well as very exact ; it may be also used in large 
ones, but great care must be taken of the points on the extended 
line, which will be crowded, as well as of not missing a station. 

PROBLEM XVII. 

A map with its area being given, and its scale omitted to he either dravm or 
mentionedj to find the scale. 

Cast up the map by any scale whatsoever, and it will be 

As the area found >• 

Im to the square of the scale by which you cast up, 

8o is the given area of the map 

To the square of the scale by which*it was laid down*.. ^ 

The square root of which will give the scale. 
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BXAMPLE. 

A map whose area is 126A. 3R, 16P. being given, and the 
scale omitted to be either drawn or mentioned, to fin4.the scalie. 

Suppose this map was cast up by a scale of 20 perches to 
an inch, and the contents thereby produced be 31 A. 2R. 34P. 

As the area found, 31 A. 2R. 34P.=5074P. 

Is to the square of the scale by which it was cast up, that is, 

to 20X20=400, 
So is the given area of the map 126A. 3R. 16P.=20296P. 
To the square of the scale by which it was laid down. 

5074 : 400 : : 20296 : 1600, the square of the requixed scale. 

Root. 
1600(40 
16 



8) 00 



Answer. ^ The map was laid down by a scale of 40 perches 
to an inch. 

PROBLEM XVIII. 

How to find the true conienU of a survey, tlumgh it he taken by a eham ikai 
w too long or too ehort. 

Let the map be constructed, and its area found, as if the 
chain were of the true length. And it will be, 
As the square of the true chain 
Is to the contents of the map. 
So is the square of the chain you surveyed by 
To the true contents of the map. 

EXAMPLE. 

If a survey be taken with a chain which is 3 inches too long, 
or with one whose length is 42 feet 3 inches^ and the map 
thereof be found to contain 920A. 2R. 20P. ; required the true 
contents. 

As the square of 42ft. Oin. = the square of 504 inches = 
2*4016 -^ ' ^ 

Is to the contents of the map, 920A. IR. 20P. = 147260P., 
So is the square of 42/i. din. = the square of 507 inchea 

= 257049 . 
To the true contents. 



..,j 
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P. P. 

2604U : 147260 : : 967049 : 140010 

A. R* P. 
160)140010(931 1 10, Answer. 
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METHOD OF DETERMINING THE AREAS OP 
RIGHT-LINED FIGURES UNIVERSALLY, OR BY 
CALCULATION. 

Definitions. 

Pl. e.yj^. 7. 

1. Meridians are north and south lines, which are sup- 
posed to pass thtough every station of the survey. 

2. The difference of latitude, or th^ northing or southing 
of any stationary line, is the distance that one end of the line 
is north or south from the other end ; or, it is the distance whicK 
is intercepted on the meridian, between the beginning of the 
stationary line and a perpendicular drawn from the other end to 
that meridian. Thus, if NS be a meridian line passing 
through the point A of the line AB^ then is Ab the difference 
of latitude or southing of that line. 

3. The departure of any stationary line is the nearest dis- 
tadce from tone end of the line to a meridian passing through 
the other end. Thus Bb is the departure or easting of the line 
AB : but if CB be a meridian, and the measure of the sta- 
tionary distance be taken from B to A^ then is BG ihe differ- 
ence of latitude, or northing, and ^Cthe departure or westing 
of the line BA. 

4. That meridian which passes through the first station is 
sometimes called the first meridian ; and sometimes it ib a me- 
ridian passing on the east or west side of the map« at the dis- 
tance of the breadth thereof, from east to west, set off firom the 
first station. 

5. The meridian distance of any station is the distance 

H3 
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thereof from the first meridian, whether it he supposed to pa8» 
throu^ the first station or on the east or west side of the map* 

* THEOREM L 

In every survey which is truly taken, the sum of the north- 
ings will he equad to that of the southings ; and the sum of the 
eastings equal to that of the westings. 

. Pl. 9. fig^ 1. 

Let abcefgh represent a plot or parcel of land. Let a 
be the first station, bt the second, c the third, &c. Let NS 
be a meridian line ; then will all lines parallel thereto, which 
pass through the several stations, be meridians also ; as ao, bsy 
cdy &c., and the linei$ ho^ csy de^ &c., perpendicular to those, 
will be the east or west lines or departures. 

The northings, €i-\-go-\'hq=ao-^bs+cd'{-fryihe southings: 
for let the figure be completed ; then it is plain that gO'\'hq-\- 
rk=ao+bs-\'cd, and ei — rk=^fr. If to the former part of this 
first equation ei — rh be added, and^r to the latter, then go+ 
hq+ei=ao+b^+cd+frj that is, the sum of the northings is 
equal to that of the southings. 

The eastings, 'C^+?a=o&+rf«+t/*+f;g'+oA, the westings. 
For aq-^-yo (az) =c?e+t/*+r^+oA, and bo=^€S — yo» If to the 
former part of this first equation es — yo be added, and bo to 
the latter, then cs+c^^^^ob+de+if+rg+oh \ that is,' the sum 
of the eastings is equal to that of the westings. Q. £. D. 

SCHOLIUM. 

This theorem is of use. to prove whether the field-work be 
truly taken or not ; for if the sum of the northings be equal to 
that of the southings, and the sum of the eastings to that of 
the westings, the field-work is right, otherwise not 

Since the proof and certainty ojf a survey depend on this 
truth, it will be necessary to show how the difference of latitude 
and departure for any stationary line, whose course and dis- 
tance are given, may be obtained by the^ table usually called 
the Traverse Table.* 
I 

* Th29 table is calcalated by the first case of right-anffled plane trigo- 
nometry, taught in the fifth section of the 'first part of tms book, where 
the hypothenuse and an acate angle are eiven, to find the legs. 

In die ngfat-angled triangle ABC (PI. 8, fig. 7), given the distance ov 
hypotenuse AB 91 chains, linksj or perdies, the coarse or one of the 
acute angles ABC 41® ; it is required to find the legs, or the difference of 
laCitade and departure. 
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To find the difference of latitude and departure by the Traverse 

Tabk. 

This table is so contrived, that by finding therein the given 
course, and a distance not. exceeding 120 miles, chains, perches, 
or feet, the difference of. latitude and departure is had by ia- 
spection : the course is to be found at the top of the table when 
under 45 degrees, but at the bottom of the table when above 
45 degrees. Each column signed with a eonrse consists of two 
parts, one for the difference of latitude, marked Lat, the other 
for the departure, dfeirked Dep., which names are both at the 
top and bottom of these columns. The distance is to be found 
in the column marked Dist, next the left-hand margin of the 
page. 

EXAMPLE. 

In the use of this table, a few observations only are ne* 
cessaryw 

1. If a station consist of any number of even chains of 
perches (which are almost the only measures used in survey- 
ing), ^the latitude and departure are found at sight under the 
bearing or course, if less th^ 45 degrees, or over it if more, 
and in a line with the distance. 

2. If a station consist of any number of chains and perches, 
and decimals of a chain or perch, under the distance 10, the 
lat. and dep. will be found as kbove, either over or under the 
bearing ; the decimal point or separatrix being removed one 
figure to the left, which leaves a figure to the right to spare. 

If the distance be any number of chains or perches, and the 
decimals of a chaiii or perch, the lat. and dep. 'must be taken 



As radius 90<* 

is to AB, 91 
So is the sine of B41<^ 


10.000000 
1.959041 
9.816943 


to AC . 59.70 

As ndins 90° 

isto^B, 91 
So is the sine of A 49^^ 


1.776984 

10.000000 
1.959041 
9.877780 



to BC 68.68 1.836821 

Hence. ilC is the departure and BC the difference of latitude which 
coirespond to those in the table. In the same manner the difference of 
latitude aiid departure to every degree in the table u calculated, by whioh 
the practitioner can at any time prove the exactness of those in the table. 
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out at two or more operatjjpns, by taking out the lat. and dep. 
for the chains or perches in die first place ; and then for the 
decimal parta. 

To save the repeated trouble of additions, a judimous sur- 
veyor will always limit his stations to whole chains or perches 
and lengths, which can commonly be done at every station 
nave the last. 

1. In order to illustrate the foregoing observations, let us 
suppose a course or bearing to be S. 35° 15' £., and the dis- 
tance 79 four-pole chains. Under 35° 16', or 35} degrees, 
and opposite 79, we find 64.51 for the ladtude, and 45.59 the 
departure, which signify that the end of that station differ in ' 
latitude from the beginning 64.51 chains, and in departure 45.59 
chains. 

Note. — ^We are to understand the same things if the distance 
is given in perches or any other measures, the method of pro« 
ceeding being exactly the sanfie in every case. 

Again, let the bearing be 54} degrees, and distance as before ; 
then over said degrees we find the same numbers, only with 
this difference, that the lat. before found will now be the dep., 
and thc^dcfp. the lat., because 54} is the complement of 35} de- 
grees to 90, viz. lat. 45.59, dep. 64.51. 

2. Suppose the same course, but the distance 7 chains 90 
links, or as many' perches. Here we find the same numbers, 
but ij^e d^dimail point must.be removed one figure to the left. 

Thus, under 35}, and in a line with 79 or 7.9, are 

Lat 6.45 

Dep. 4.56 
the 5 in the dep. being increased by 1, because the 9 is re- 
jected ; but over 54} we get 

Lat 4.56 

Dep. 6.45 

3. Let the course be as before, but the distance 7.79, then 
opposite 

7.70 Lat. 6.29 Dep. 4.43 

9 7 6 



i.79 


6.36 


4.49 


Or opposite 
7.00 
.79 


Lat 5.72 
.64 

* 


Dep. 4.03 
.46 


7.79 


6.36 


4.49 
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THEOREM 11. 

When ike first meridian passes through the map. 

If the east meridian dittances in the middle of each line U multiplied into 
the particular Mouihingf and the west meridian distance* into the parkcular 
northing, the sum of these products vnU he the area of the map, 

Pl. 10.^. 1. 

Let the figure ahkm be a map, the lines a3, hk to the south- 
ward, and hn^ ma to the northward, NS the first meridian line 
passing through the first station a. 

The meridian izdXao \ z^ k S^'^ 

distances east \ tuXox (hq) \ Area ^ ^^ 

, The meridian \efXgx \z=\reA^ 

distances west \hhXga {my) ) . \gl 

These four areas am-^-aw+ocp-^rgl will be the area of the 
whole figure cmswiprlc^ which is equal to the area of the map 
abkm. Complete die figure. 

The parallelograms am and ow are made of the east meridian 
distances dz and tu multiplied into the southings ao and ox ; 
the parallelograms xp and gl are composed of the west meri- 
dian distances ef and Kh multiplied into the northings xg and 
ga (my) : but these four parallelograms are equal to the area 
of tne map ; for if from them be taken the four triangles marked 
Z^ and in the place of those be substituted the four triangles 
marked O, which are equal to the former, then it is plain 
the area of the map will be equal to the four parallelograms. 
Q. £. D. 

THEOREM III. 

If the meridian distance when east he multiplied into the southings, and 
the fneridian dista/nce when west he multiplied, into the northings, the sum 
of these less hy the meridian distance when west multiplied into the south- 
tags is the area of the survey, 

Pi« 10. fig, 2. 

Let oht be the map. 

The figure being completed, the rectangle af is made of the 
meridian distance eq when east multiplied into the southing 
an ; the rectangle yk is made of the meridian distance ano, mul- 
tiplied into the northings cz or ya. . These two rectangles, or 
parallelograms, af-^ykj make the area of the figure dfnyikd ; 
from which taking the rectangle oy, made of the meridian dis- 
tance tu when west into the southings oh or hm, the remainder 
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is the area of the figure dfohikdf mrhich is equal to the area of 
the map. 

and ade^^A. ' I say that Y+Z+B=K+L+A. 

Y=L+0\ add Z to both, then Y+Z^L+O+Zi but Z 
+ 0=Kj put K instead of Z+0, then Y+Z=L+K; add 
to both sides the equal triangles JB and A, then Y'\'Z+B=^L 
+K+A. If therefore B+ Y+Z be taken from abc^ and in 
lieu thereof we put L+K+A^ we shall havp the figure dfokikd 
=^ahc\ b^t that figure is made up of the meridian distance when 
east muhiplied inlo the southing, and the meridian distance 
when west multiplied into the northing less by the meridian 
distance when west multiplied into the southing. Q. £. D. 

COROLLARY. 

• Since the meridian distance when west multiplied into the 
southing is to be subtracted, by the same reasoning th^ me* 
ridian distance when east multiplied into the northing must be 
also subtracted. « 

8CH0LIUV. 

From the two preceding theorems we learn how to find the 
area of the map when the first meridian passes through it ; 
that is, when one part of the map lies on the east and the other 
on the west side of that meridian. Thus, % 

RULE. 

9um is the area of the map. 

But, 
The mend, j east > j^. j,^^ ^^ ^^ j northings, j ^ 
dist. when \ west S l soutmngs, S 

of these products taken from the former gives the area of 
the map. 

These theorems are true when the surveyor ke^ the land 
he surveys on his right-hand, which we suppose Uirough the 
whole to be done ; but if he goes the contrary wa}^ call the 
southings northings and the northings southings, and the same 
rule will hold good 
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General Rule for finding the Meridian Distances. 

h The meridian distance and departure both east or both 
west, their suiq. is the meridian distance of the same name. 

2. The meridian distance and departure of different names, 
that is, one east and the othier west, their difference is the me- 
ridian distance of the same name with the greater. 

Thus, in the first method of finding the area, as in the follow- 
ing field-book. 

The first departure is put opposite^ the northing or southing 
of the first station, and is the first meridian distance of the same 
name. Thus, if the first departure be east, the first meridiaa 
distance will be the same as the departure, and east also, and 
if west it will be the same way. 

The first meridian distance 6.61 E. * 

The next departure 6.61 E. 

The second meridian distance 13.22 E. 
The next departure 1.80 E. 

The third meridian distance ' 15.02 E. 

At station 5, the meridian distance 6.78 E. 
The next departure 7.76 W 

The next meridian distance 1.98 W. 



At station 1 1, the meridian distance 0. 12 W. 
The next departure 5.84 E. 

The next meridian distance 5.72 E. 



Pl.10.>^.3. ^>.v 

In the 5th and 11th stations, the meridian distance being less 
than the. departures and of a contrary name, the map will 
cross the first meridian, and will pass, |^ in the 5th line, from 
the east to the west line of the n^^dian ; and in the llfh line 
it will again cross from the west to the east side, which will 
evidently appear if the field-work be protracted, and the me- 
ridian line passing through the first station be drawn through 
the map. 

The field-book cast up by the first method will be evident 



/ 
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from the two foregoing theorems, and therefore requires no 
frirther explanation ; but to find the ared hy th$ second method 
take this 

RULE. 

When the meridian distances are east, put the products of 
north and south ari^as in their proper columns, but when west 
in their contrary columns ; that is, in the column of south area 
when the difierence of latitude is north, and in north when 
south : the reason of which is plain from the last two theo- 
rems. The difference of these two columns will be the area 
of the map. 

Canitruetion of the Map from either the first or the second Table* 

Pl. 10.^.3. 

Draw the line NS for a north and south line, which call the 
first meridian ; in this line assume any point, as 1, for<the first 
station. Set the northing of that stationary line, which is 3.54, 
from 1 to 2, on the said meridian line. Upon the point 2 
raise a perpendicular to the eastward, the meridian distance 
being easterly, and^upon it set 13.22, the second number in the 
column of meridian distances from 2 to 2, and draw the line 
1, 2 for the first distance line : from 2 upon the first meridian 
set the northing of the second stationary line, chat is, 9.65, to 3^ 
and on the point 3 erect a perpendicular eastward, upon which 
set the meridian distance of the second station 16.82, from 3 to 
3, and draw the line 2, 3, for the distance line of the second 
station. And since the third station has neither northing nor 
southing, set the meridian distance of it 33.02, from 3 to 4, for 
the distance line of the third station. To the fourth station 
there is 29.44 southing, which set from 3 to 5 ; upon the point 
5 erect the perpendicular 5, 5 ; on which lay 13.54, and draw 
the line 4 to 5. 

In the like manner proceed to set the northings -and south* 
ings on the first meridian, and the meridian distances upon the 
perpendiculars raised to the east or west ; the extremities of 
which connected by right lines will complete the map. 
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Field-book, Method I. 



No. 
St 

1 
2 
3 
.4 
5 


Bearings. 


C.L. 


Lat and 
halfDep. 


• 
Merid. 

Dist. 


Area. 


• 
Deduct. 


NE 75° 


13.70 


N 3.54 
E 6.61 


6.61 E 
13.22 E 


- 


23.3994 


NE 20} 


10.30 


N 9.67 
E 1.80 


15.02 E 
16.82 E 


■ 


144.9430 


East 


16.20 


0.00 
E 8.10 


24.92 E 
33.02 E 






SW 33J 


35.30 


S 29.44 
W 9.74 


23.28 E 
13.54 E 


685.3632 




SW76 


16.00 


S 3.87 
W 7.76 


5.78 E 
1.98 W 


22.3686 




6 

7 


North. 


9.00 


N 9.00 
0.00 


1.98 W 
1.98 W 


17.8200 




«W 84 


11.60 


S 1.21 
W 5.77 


7.75 W 
13.52 W 




9.3775 


8 
9 


NW53i^ 


11.60 


N 6.94 
W 4.64 


18.16 W 
22.80 W 


126.0304 




NE 36f 


19.20 


N 15.38 
E 5.74 


17.06 W 
11.32 W 


262.3828 




10 


]NE22i 


14.00 


N 12.93 
E 2,68 


8.64 W 
5.96 W 


111.7152 




11 


SE 76J 


12.00 


S 2.76 
E 5.84 


0.12 W 
5.72 E 




0.3300 


12 
13 


SW15 


10.85 


S 10.48 
W 1.40 


4.32 E 
2.92 E 


46.2736 




SWl6f 


10.12 


S 9.69 
W L40 


1.46 E 
0.00 


14.1474 




■ 


1285.1012 
178.0499 


178.0499 


L 


Com 


tents in 


chains • 


■ « « 


1107,0513 





t t 
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It to 



The foregoing Field'hook^ Method 11. 

ban to faMTt llM oolnBiM of bMriac or dfaluiCM in dmii^ 087 beiag ttt I 



No. 

St 

1 

2 

3 

4 

5 

6 

7 

8 

9 
10 
11 

r 

12 
13 


Lat and 
halfDep. 


Merid. 
Dist 


N. Area. 


S. Area. 


N 3.54 
E 6.61 


6.61 E 
13.22 E 


23.3994 


"• 


N 9.65 
E 1.80 


15.02 E 
16.82 E 


144.9430 




0.00 
E 8.10 


24.92 E 
3*3.02 E 




• 


S 29.44 
W 9.74 


23.128 E 
"13.54 E 


* 


685.3632 


S 3.87 
W 7.76 


5.78 E 
1.98 W 




22.3686 


N 9.00 
0.00 


1.98 W 
1.98 W 


/ 


17.8200 


S 1.21 
W 5.77 


7.75 W 
13.52 W 


9.3775 




N 6.94 
W 4.64 


18.16 W 
22.80 W 


1 


126.0303 


N 15.38 
E 5.74 


17.06 W 
11.32W 




262.3828 


N 12.93 
E 2.68 


8.64 W 
5.96 W 




111.7152 


S 2.75 
E 5.84 


0.12 W 
5.72 E 


0.3300 




S 10.48 
W 1.40 


4.32 E 
2.92 E 




45.2736 


S 9.69 
W 1.46 


1.46 E 
0.00 


\ 


14.1474 




178.0499 

• 


1284.1012 
178.0499 








Area 


in chains, i 


BUS before, 


1107.0513 
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A Specimen of the Pennsylvania Method of CALCULA' 
TION; which for its simplicity and ease in finding the Jtfis- 
ridian Distances is supposed to he preferable in practice to 
any thing heretofore published on the subject. 

Find, in the first place, by the Traverse Table, the lat. and 
dep. for the several courses and distances, as already taught ; 
and if the survey be truly taken, the sums of the northings and 
southings .will be equal, and also those of the eastings and 
nestings. Then, in the next place, find the meridian distances, 
by choosing such a place in the column of eastings or westings 
as will admit of a continual addition of one, and subtraction of 
the other ;• by which means we avoid the inconvenience of 
changing the denomination of either of the departures. 

The learner must not expect that in real practice the columns 
of lat and those of dep. will exactly balance when they are 
at first added up, for little inaccuracies will arise, both from the 
observations taken in the field and in chaining ; which to ad- 
jusrt, previous to finding the meridian distances, we may observe, 
diat if in small surveys the difference amount to two-tenths 
of a perch for every station, there must have been some error 
committed in the field ; and the best way in this case will be, 
to rectify it on the ground by a resurvey, or at least as much 
as will discover the error. But when the differences are not 
wilhih those limits, the columns of northing, southing, easting, 
and westing may be corrected as follows : 

Add all the distances into one sum, and say, as that sum is 
to each particular distance, so is the difference between the sums 
of the columns of northing and southing to the correction of 
northing or southing belonging to that distance : the corrections 
thus found are respectively additive when they belong to the 
column of northing or southing which is the less of the two, 
and subtractive when they belong to the greater ; if the course 
be due east or west, the correction is always additive to the 
less of the two columns of northing or southing. The correc- 
tions of easting and westing are found exactly in the same 
manner. 

The following example will sufficiently illustrate the manner 
of applying the rule. 
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In this example, the sum of the distances is 791, and the dif- 
ference between the columns of northing and southing is .4, 
also the first distance is 70 ; say then, 

791 : 70 : : .4 : .04, 

which fourth proportional .04 is the first correction belonging 
to the southing 63.6, ffom which the correction .04 shoulcf be 
subtracted* 
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In this manner the several corrections of the southings 

53.6 \ ^ .04 ^ 

29.1 > are found to he \ .09 S respectively. 
135.7 S \ .07 ) 

But as only two of these corrections amount to half a tentht 
we must use .1 for €ach of the corrections .09 and .07, and 
neglect the correction .04 ; ^us the correct southings become 
53.6, 29.0, 135«6. 

In like manner from the remaining distances we obtain to 

( 62.9 \ /.04 

the northings < « . \ > the additive corrections < \o 

( 00.0 ) (.07 . 

And consequently, by neglecting .04 and .03, and using .1 
for each of the two .06 and .07, the northings when corrected 
are 62.9, 101.2, 54.0, 00.1. 

'ixv obtaining these corrections, it is commonly unnecessary 
to use all the significant figures of the distances : thus, for the 
ratio of 791 to 70, we may say, as 80 to 7. 

The latitudes and departures being thus balanced, proceed 
to insert the meridian distances by the above method, where 
we still make use of the same field-notes, only changing chains 
and links into perches and tenths of a perch. Then by look- 
ing along the column of departure, it is easy to observe, that 
in the columns of eastings opposite station 9 all the eastings 
may be added, and the westings subtracted,, without ahering 
the denomination of cither. Therefore, by placing 46.0, the 
east 4,eparture belonging to this station, in the column of me* 
ridian distances, and proceeding to add the eastings and subtract 
the Nvestings, according to the rule already mentioned, we shall 
find that at station 8 these distances will end in 0, 0, or a 
cipher, if the additions and subtractions be rightly made. Then 
multiplying the upper meridian distance of each station by its 
respective northing or southing, the prodyct will give the north 
or south area, as in the examples already insisted on, and which 
is fully exemplified in the annexed specimen. When these 
products are all made out and placed in dieir respective columns, 
their difference ^vill give double the area of the plot, or twice 
the number of acres contained in the survey. Divide this 
remainder by 2, and the quotient thence arising by 160 (the 
number Qf perches in an acre), then will this last quotient ex- 
hibit the number of acres and perches contained in the whole 
survey; which in this example may be called 110 acres, 103 
perches, or 1 10 acres, 2 roods, 23 perches. 
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FIELD^NQTES vf the two foregoing methods^ as practised 

in Pennsylvania, 

Cast up by perches and tenths of a perch. 



1 


Courses. 


Dist. 
64.8 


N. 


S. 

117.7 
15.5 

4.9 


52.9 
14.4 
64.8 


W. 


M.'D- 


N. Area. 


S. Area. 


N 750 00' E 


14.2 


235.3 
288.2 


3341.20 




2 
3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 


N 20.30 £ 

• 


41.2 
64.8 
141.2 
64.0 
36.0 
46.4 
46.4 
76.8 
56.0 
48.0 
43.4 
40.5 


38.6 

36.0 

27.8 
61.5 
51.7 


302.6 
317.0 


11680.36 




East 


77.9 


381.8 
446.6 


\ 


• 


S 33.30 W 


368.7 
290.8 




43395.99 


S 76.00 W 




62.1 
46.1 


228.7 
166.6 




3544.85 


North. 


166.6 
166.6 


5977.60 




S 84.00 W 


120.5 
74.4 




600.45 


N 53.15 W 




37.2 


37.2 
00.0 


1034.16 




N 36.46 E 


46.0 
21.4 




46.0 
. 92.0 


2829.00 




N 22.30 E 


113.4 
134.8 


5862.78 


• 


S 76.46 E 


« 

229.8 


11.0 

41.9 

38.8 

229.8 


46.7 
246.2 


11.2 

U.7 

246.2 


181.5 
228.2 




1996.50 


S 15.00 W 


217.0 
205.8 




9092.30 


S 16.46 W 


194.1 
182.4 




7531.08 






80745.16 


66161.17 
30746.16 




« 


2 


35406.01 








^^^^ 






■■■^wi 


Area ii 


t perches 


177030.05 
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Note. — ^In the foregoing methods the first meridian passes 
throu^ the map ; hut as it is more convenient to have it pass 
through the extreme east or west point* of the same, I have 
given the following example to illustrate this method. 

Of eompuHfig the areorofa survey hy Tuwmg the hearings and distaneee 

gweriy geometrically considered and demonstrated, 

• 

Let BCDEFGHA^ pL 14, fig. 1 1, represent the boundary of 
a survey of which the following field-notes are given ; it is re* 
quired to find the area. 



Sides of 
th^ land. 


Bearings. 


Length in 
chains. 


BC 


East. 


4.00 


CD 


N9°E 


4.00 


DE 

4 


S69E 


5.56 


EF 


S36E 


7.00 


FG 


S42W 

• 


4.00 


GH 


S75W 


10.00 


HA 


N39W 


7.60 


AB 


N42E 


5.00 



RULE L 

Find the difference of latitude and departure answering to 
each course and distance by the Traverse Table or right- 
angled plane trigonometry, according to the directions already 
given, and place them under the succeeding columns North or 
South, East or West, according as they are north or south, 
east or west ; tHilL if the survey does not close, correct the 
errors by saying,* as the sum of all the distances is to each 

* This arithmetical rule wag given by MrC Bowditch in his solution of 
Mr* Patterson's question of correcting a survey in No. 4 of the Analyst. 
Also, the editor, Dr. Adrain, has given precisely the same praetical rule, 
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particular distance, so is the whole error in departure to the 
correction of the corresponding departure, each correction be- 
ing so applied as to diminish the whole enor in departure : pro- 

— — — ■ > 

in his elegant solution of the said question, analytically demonstrated. As 
the deinonstration of tlus important rale may give great satis&dion to 
those who have not an opportunity of seeing the Analyst, I have inserted 
Mr. Bowditch's demonstration of said rule, which is as follows, viz. 

Demonstration 1. That the error ought to be apportioned among all 
the bearings and distances. 

2. That in those lines in which an alteration of the measured distance 
would tend considerably to correct the error of the survey, a correction 
ought to be made ; but when such an alteration- would not have that ten- 
dency, the length of the line ought to remain unaltered. 

3. In the same manner, an tdteration o^ght to be made in the observed 
bearings, if it would tend considerably to correct the error of the survey, 
otherwise not. 

4. In cases where alterations in the bearings and distances will both tend 
to correct the error it will be proper to alter them both, making greater or 
less alterations according to the greater or less e&cacy in correcting the 
error of the survey. 

5. The alterations made in the observed bearing and length of any one 
of the boundary lines ought to be duch that the combined effect of such 
alterations may tend wholly to correct the error of the survey. 

Suppose now that ABCDE (pi. 14, dg, 12) represent the boundary lines 
of a field, as plotted from the observed bearings and lengths, and that the last 
point E, instead of falling on the first Af is distant from it by the length AE, 
Ifhe question will then be, what alterations BB\ CC\ DD"', &c, must 
be made in the positions of the points B, C, D, &c. so as to obtain the 
most probable boundaries AB'C"iy"A1 If AB* be supposed to be the 
most probable bearing and length of the first boundary line, the point B 
would be moved through the line BB", and the following points U, D, E 
would in consequence thereof be moved in equal and parallel directions to 
.C, D', E\ and the boundary would become AB'CD'E, Again, if by 
correcting in the most probable mannej the error in the observed bearing 
and length of BC (or S'C), the point C be moved to C", the points D* 
and E would be moved in equal and parallel directions to D" and E*\ and 
the boundary line would become ABC'iy'E", In a similar manner, if 
by correcting the probable error in the bearing and length of CD (or CD") 
the point D" be moved to D^'\ the point E' would be moved in an equal 
and parallel direction to £'", and the boundary would hecome ABC"D^"E^"\ 
Lastly, by correcting the probable error in the bearing and length of the 
line DE (or />"'£'") the true boundary A&C"D'"A would be obtained. 
If we suppose the lines BBCC"DD'\ &c. to be parallel to AE, it would 
satisfy the second, third, fourth, and fifth of the preceding principles. For 
the change of position of the points B, C, dtc. being in directions parallel 
Ui AEy the whole tendency of sach change would be to move the point E 
directly towards A, conformably to the fifth principle ; and by inspecting 
the figure, it will appear that the second, third, and fourth principles would 
also be satisfied. For, in the first place, it appears that the bearing of the 
first line AB would be altered considerably, but the length but little. This 
is agreeable to thos« principles, because an increase of the distance AB 
would move the point E in the direction Eh parallel to AB, and an altera- 
tion in the bearing would move it in the direction Eh' perpendicular to 
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ceed the same way for the corrections in latitudes. These 
corrections being applied to their corresponding differences of 
latitude and departure, that is, add when of the same name and 

AB, Now the fonner change would not tend effectually to decrease. the 
distance AE, but the latter would be almost wholly exeited in producing 
that ^ect. Again, the length of the line BC would be considerably 
changed without altering essentially the bearing ; the former alteration 
would tend greatly to decrease the distance AE, but the latter would not 
produce so sensible an effect. Similar remarks may be made on the 
changes in the other bearings and distances, but it does not appear to be 
necessary to enter more largely on this subject. 

It remains now to determme the proportion of the lines BB, CC\ 
DD"\ dec. To do this we shall observe, that in measuring the lengths 
of any lines the errors would probably b^ in proportion to their lengths. 
These sup^posed errors must, however, be decreased on those lines ^ere 
the eSeci m correcting the error of the survey would be small, by the 
second and fourth principles. , 

In observing the beanngs of all the boundary lines equal errors are 
liable to be committed ; however, it will be proper, by the third and fourth 
principles to suppose the error greater or less in proportion to the greater 
or less effect it would produce in correcting the error of the survey. 

Now the error of an observed bearing bemg given, as for example GFI 
(pL 14, fig. 18), the change of position GI of the end of the line G would 
be proportional to ^e length of the line EG (=:Fi), so that the supposed 
errors both in the length and in the bearing of apy bottndarr line would 
produce changes in the position of the end of it proportional to its length. 
There appears, therefore, a considerable degree of probability in supposing 
the lines BB, CC", tyiy'\ dec. to be respectively proportional to tiie 
lengths of the boundary lines AB, BGj CD, Ac The main point to be 
ascertained before adopting this hypothesis is, whether a due pn^rtion 
of the error of the survey is thrown on the bearings and lengths of the 
sides. Now it is plain by this hypothesis that the error in any boundary 
line is supposed to be wholly in the bearing if the line be perpendicular 
to AEy and wholly in its length when parallel to AE ; and if the len^h 
be the same in both cases, the change of position of the end of the hne 
would in both cases be exactly equal. Thus, if FGH be the boundary 
line, GI the change of position of the point B in the former case, and GM 
in the latter, we /should in this hypothesis have GIr=.GH. 

To show the probability of this hypothesis it may be observed, that in 
measuring the lengths of a line FGjfof six or eight chains of fifty links 
each, an error of one fink might easily be committed by the stretching of 
the chain or the uneveimess of the surfiice. This error Would be about 

-^ of the whole length. If we, therefore, suppose GJ to be -^— of FG, 

we anffle GFI would be about 10'. Now, with such instruments as axe 
genera&y made use of by surveyors, it is about as pi^pbable that an error 

of lO' was made in the bearing as that the above en^r, ->— part, was made 

in measuring the length. We shall therefore adopt it as a principle, that 
the most probable way of apportioning the error of the survey ^E is to 
take BBy OC, Bf'BT', dto. respectively proportional to the boundary 
Imes AB, BC, CD, dec. 

Hence the foUovring practical rule for correcting a survey geometrical^. 
Draw the boundary lines ABCDE by means of the observed bearings and 

I 
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subtract when of different names, then the corrected difference 
of latitude and departure will be obtained, and the table will 
stand thus : 
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len^hs, and find the error of the survey AE, and let the quotient of AE 
divided ]iy the sum of all the lines AB, BC^ CD, DE be represented by 
r ; through the angular points B, C, JD, dtc. draw the lines BB', CO*, 
Sec. parallel to AE, and in the same direction that A bears from E, Take 
BB=:rXAB, CC"=rx {AB+BC), DD^'^rX {AB+BC+CD), &c. 
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The errors being corrected thus 

4 A^r' aIIoqWio (The corrections of difference of iat» 
&c.&c.> as in Table I. 

As 47 : 4 : : .22 : .02 ^ rpi ^. c a ^ 

As 47 • 4 • • 22 • 02 > corrections of departure as m 

"*&c.'&c.> "r""^^' 

The latitudes and departures being thus balanced, it is neces- 
sary to calculate the several meridian distances, in order to com" 
pute the area of the survey. 

As beginning at the most easterly or most westerly point of 
the survey admits of a continual addition of the one and sub* 
tracticm of the other, the most easterly or most westerly point 
can be easily discovered from the foregoing table, thus : 

The first departure corrected is 3.98, which is the meridian 
distance of the second point of the survey from the first, to ' 

which add 0.61 the next dep. corrected, and their sum is 4.69,. 
the meridian distance of the third points of the survey from the 
first ; and in like mamier 4.69+5.17=9.76= the meridian dis- 
tance of the fourth point from the first, and 9.76+4.08= 13.84 
= the meridian distance east of the fiilh point from the first ; 
after the same manner, continue to add the dep. when east, ' 
but subtract when west : the next dep. is west, therefore 13.84 
— 2.70=11.14 = the meridian distance of the sixth point from 
the first, and 11.14 — 9.7 1 =.43 = the next. Now the next de- 
parture is 4.76, which is westj'and 1.43 is the meridian distance 
of the seventh point from the first, which is east ; therefore 
4.76 — 1.43=3.33= the meridian distance of the eighth point 
from the first ; as 3.33 is the greatest meridian distance west of 
the eighth point of the survey from the first, because the next 
departure is east 3.33;' then, 3.33 — 3.33=0, which closes the 
survey : consequently, the eighth point of the survey is the most 
westerly point, and for the same reason as 13.84 is the greatest 
meridian distance east, which is the meridian distance of the 
fifth point of the survey. In like manner, the most easterly or 

Then through the points A, W, C", D'", &c. draw the corrected boundary H^ 

lines ABCDA^ which being determinied, the area may be found by dividing 
the figure into triangles in the usual method. 

The proportional parts BB\ CC, &c. may be found expeditiously by 
means of a table of difference of latitude and departure, by finding the 
page where the sum of the lines ^B+J?C+ CZ)+DJ5J in the distance 
column corresponds to AE in the departure or diiierence of latitude 
column ; then-find ABj AB'\-BC^ &c. in the distance column, and. the 
corresponding numbers wilT be equal to J5jB', CC, DD'", &c. respect- 
ively. 

I 2 
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most westerly point of the survey can be found by beginniiigat 
any other point. 

After the most easterly or most westerly point of the survey 
is discovered, call that point the first station, and proceed to 
find the meridian distances for the several lines in the order in 
which they were surveyed; that is, the first dep. will be the 
first meridian distance, which place in the column of meridian 
distances opposite the said departure ; to the same meridian dis- 
tance add the said departure, to which sum add the next de- 
j>arture if it be of the same name with the foregoing departure, 
:.but subtract if it be of a different name, which sum or differ- 
^'ence call the next meridian distance, and set it in the colunm 
of meridian distances opposite the departure last used ; and in 
like manner, continue to add the departure twice when of the 
same name, but if of a different name subtract twice, and the 
last meridian distance will be zero, if the additions and sub- 
tractions are rightly performed ; because the sum of the north- 
ings is equal to the sum of the southings after the survey is 
corrected, which is evident from theo. 1, 'and the foregoing 
table. Then,* multiplying the upper meridian.distance of each 
station by the corresponding northilig or southing, and place the 
■ product in the north or south area, according as the latitude is 
north or south, the difference of the sum of these products , 
will give twice the area, half of which gives the area of the 
survey. 

The most westerly point of the survey being made the first 
station, aiid theseverad meridian distances being calculated, ^c, : 
the foregiMAg table will stand thus : 

y * Demonstration. Let NS be a meridian passing through the mort 
westerly station from the points B, C^^Dy E, F^ G, and H; let fall the 
perpendiculars Bb, Cbf Dd, Ecj Fe, Gf, and HI, on the meridian N8: 

Now, if from the area of the figure dDEFGHI the area of the figure 
dDCBAHI be taken, there remains the area of the surrey. The area of 
the multangular figure dDEFGHI \a equal to the sum of the areas of the 
trapezoids of which it is composed, viz. dDEc, cEFe, eFGf, ondfGHI\ 
but (by prob. 10), {dD-^E^Xdc^ twicethe area of the trapezoid dDEc ; ~ 
and dD-^E equal to the sum of the meridian distances of the points D and 
E from the first meridian line NS, and dc ot dg = the southing of the 
point E from the point D, In like manner the area of every other trape- 
zoid is found : but these are Ae south column areas : that is, {dD'\-cE) X 
dc+{cE^eF) X (;e+(eF+/G) X ef+{fG+IH) Xfl— twice the area of 
the figure dDEFGHI = the sum of the south area column. And, in like 
manner, we demopiftrate that (<i2>4-6C)X<2i-|-6Bxftil+AIXlH'=r twice 
the area of the figUtft^^CB^/Ti^the north area colunm; therefore, 
{dD+cE)XdcJ\^cE+t^F)Xce+{eF+/G)Xef^ (fG+IH)XfI'- [{dD 
'{•'bC)Xdb+bBxbA^AIxIH] = twice the area of the survey ; conse- 
quently, the sum of the sbuth area column — the sum of the north area 
column t= twice the area of the survey. Q. £. D. 
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The difference of latitude and departure being foimd and cor- 
rected as in the preceding rule. . ^ 

* This is not the first station in the actual survey, but only the most 
westerly point of the survey as calculated by the foregoing method from 
the field-notes, which, for convenience' sake, I call the mrst station in mak- 
ing out tfaU table. 

f The meridian distances in this column are the sum of two adjacent 
meridian distances ; but at the most westerly point the meridian distance 
is nothing, hence the first dep. is the first meridian distance, and, in like 
manner, the last dep. is the last meridian distance. 

t Demonstration. Let us consider that every tract of land has an ex- 
treme southerly point, as H ; and we reckon so much as any other point is 
distant from the east and west line IK (PI, 14, fig. 11), that passes through 
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As ^beginning at the most nortHerly or most southerly pomt 
of the survey admits of a continual addition of the one and 
subtraction o( the other, make choice of either of these points 
in order to calculate the area of the survey. 

1. It is necessary to calculate the several latitudes in order 
to find the most northerly or most southerly point of the survey^ 
which may be done from Table I., thus : 

The first lat. is .02- south, which is the differenee of latitude 
between the second point of the survey and the first, when the 
survey is corrected firom the next departure 3.93, which is N., 
subtract .02 and their difference 3.91 is equal to the difference 
of latitude between the third point and the first, which is N., and 
3.91 — 2.02=1.89 = the difference of lat. between the fourth 
point and the first ; which is al^o N. But as the next differ- 
ence of lat. is south, therefore 5.71 — 1.89=3.82 = the difier- 
ence of lat. S* between the fiflh point and ihe first ; and 3.82+ 
2.99=6.81= the difference of lat. S. between the sixth point 
and the first j and 6.81+2.65=9.46 = the difference of lat S. 
between the seventh point and the first ; and 9.46— 5.77 =3j69 
= the difference of lat. S. between the eighth point and the 
first; and 3.69 — 3,69=0; hence it is evident that 9.46 is the 
greatest lat. S. = the difference of lat. between the seventh 
point and the first ; therefore, the seventh point of the survey 
is- the most southerly point; and, in like manner, 3.91 = the 
difference 'of lat. between the third point and the first, is the 
greatest lat. N. ; hence, the third point is the most northerly 
point of the survey. 

H, to be its latitude noith,, or the differencQ of latitude between the poii^ 
Ha.ndji; BL the lat. of B ; CM the lat of C ; &c. 

Thus, if from the contents of the figure I'AB CDEFKy the contents of the 
figure FKIAHG be subtracted, the remainder will bo the area of the survey. 

The multangular figure lABCDEFK is composed of all these trape- 
zoids, viz. lABL^BCML, CDNM, EONDyand FKOE ; but (by Prob. 10) 
(M •]'LB)xIL = twice the area of the trapezoid MBLy and(JL5+CJtf) 
X LM =. twice the area of the trapezoid B CML, and so for the rest ; and 
IA'\'LB = the sum of the northings of the points A and B from the line 
IK, and IL = the easting of the point B from the point A. In like man- 
ner the area of every other trapezoid is found ; but these aie the east col- 
umn arwis, that is, (/./^+J?Ii)XlL+(BL+Ci»f)XLif+(CAf+Z>iV)X 
3fi\r+(/)iV+£0) X iVO+(£0-f FIT) X OJf = twice the area of the figure 
lAB CDEFK = the sum of the east area column. And in like manner w& 
demonstrate that {FK-^PG) X PK = twice the area of the trapezoid 
FKPG ; but FK-^-PG = the lat. of F+ the lat. of G and PK = the ^ep. or 
westing of the point G from the point F, and PGxPH=^ twice the area 
of the triangle PGH, and IAxIH^= twice the area of the triangle lAH; 
hence (FJiT+PG) X PK+PG X PH+IA xlHz=z twice the area of the 
figure FKIAGH=^ the sum of the west area column. Therefore (1*^+ 
BL) X 11^ {BL+CM) X LM+ ( CM+DN).X MN+ {DN4-E0).X NQ 
+{EO+FK) X OK-- [{FK+PG) X PK+P G X PH+IA XlH]= twice 
the area of the survey ; consequently, the sum of the east area column — 
the sum of the we^t area column = twice the area of the survey. Q. £. D. 
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Now, by calling the mosf southerly point of the survey the 
first stktion, and proceeding to find the latitudes for the several 
lines in the order in which they were surveyed ; that is, the first 
difference of lat. will be the furst lat., which place in the column 
of latitudes, opposite the said difference of latitude ; to the 
same lat. add the said difference of lat., to Avhich sum add 
the next difference of lat. if it be of the same name, but sub- 
tract if of a different name, and place it in the column-^f lati- 
tudes ; in like manner continue to add or subtract the difference 
of lat. twice, and the last lat. comes out nothing, if the addi- 
tions and subtractions are rightly performed. Multiply each 
of the upper numbers in the column of latitudes by the corres- 
ponding dep., and place the products in the, column of east or 
west area, according as the dep. is E. or W. The difference 
of these columns will be equal to twice the area, half of which 
will give the area of the survey ; as in the following table. 
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Each of the numbers in the column of latitudes is twiee&e 
mean latitude of two adjacent latitudes ; but at the most south- 
erly point the latitude is nothing ; hence the first difference of 
latitude is the first lat, and in like manner the last difference 
of lat. is the last latitude. It is also to be remarked that the 
first station us^d in this table is not the first station in the 
actual survey, but the most southerly point of the survey, as 
calculated by the foregoing method from Table L 



SECTION IV. 
OF OFFSETS* 



In taking surveys it is unnecessary and unusual to make a 
station at every angular point, because the field-work can be 
taken with much greater expedition by using ofisets and in- 
tersections, and with equal certainty ; especially where creeks, 
&c. bound the survey. 

Ofisets are perpendicular lines drawn or measured from the 
angular points of the land, that lie on the right or left-hand to 
the stationary distance, thus : 

Pl. 11.^.2. 

Let the black lines represent the boundaries of a farm or 
township; and let 1 be the first station: then if you have 
a good view to 2, omit the angular points between 1 and 2, and 
take the bearing and length of the stationary line 1, 2, and in- 
sert them in your field-book ; but in chaining from 1 to 2, stop 
at d opposite the angular point a, and in your field-book insert 
the distance from 1 to d, which admit to be 4cA. 252., as well 
as the measure of the ofiset ad, which admit to be Ich, 
12/., thus : by the side of your field-book, in a line with the 
first station, say at 4cA. 25Z. L. Ich, 12/., that is, at ifik* 25/. 
there is an offset to the left-hand of Ick. 12/. 

This done, proceed oa your distance line to e opposite to the 
angle &, and measure eb ; supposing then 1^ lo be 7ch. 40/., 
and eb dch. 40/., say (still in a line with- the first station in 
your field-book) at 7cL 40/. L. 3ch. 40/., that is, at 7clu 
40/. there is an ofiset to the left of 3ch. 40/. ; proceed then 
with your distance line to/^oppo^te to the angle c, and measure 
fc; suppose then 1/ to be ISch, and/c ich, 25/., say, in the 
same line a's before, at 13cA. L. leh. 25/. Then proceed from 
/to 2, and you will have the measure of the entire stationary 
line 1, 2, wMch insert in its proper column by the bearing. 
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In taking offsets, it is necessary to hare a perch chain, or 
a staff of half a perch, divided into links for measuring them ; 
for hy this means the chain in the stationary line is undis- 
turbed, and the number of chains and links in that line from 
whence^ or to which, the offsets are taken, may be readily 
known. - 

Having arrived at the second station, if you find your view 
will carry you to 3, take the bearing from 2 to 3, and in mea^ 
suring the distance line, stop at / opposite g ; admit 22 to be 
4tch. 10/., and the offset Ig \ch. 202., then in a line with the 
second station in your field-book, say at 4cA. 10/. R. IcA. 20/., 
that is, the offset is a right-hand one of IcJu 20/. Again, at 
m, which suppose to be lOcA. 25/. from 2, take the offset mh 
of Ich, 15/., and in a line with the second station, say at 10«A. 
25/. R. Ich, 15/. In the same line, when you come to the 
boundary at i, insert the distance 2t, 13cA. 10/., thus, at IZcK 
10/. 0; that is, at ]3cA. 10/. there is no offset. At n, which 
is 15cA. from 2, take the offset nh 45/., and still opposite to 
the second station say at 15cA. L. 45/. 

Let the line 3, 6 represent the boundary which by means 
of water, briers, or any other impediment, cannot be measured. 
In this case make one or more stations within or without the 
land, where the distances may be measured, and draw a line 
from the beginning of the first to the end of the last distance, 
thus : make stations at 3, 4, and 5, takoB^bearings, and mea- 
suring the distances as usual, which irnKf ih your field-book, 
and draw a mark like one side of a pare^Sfesis, from the third 
to the fifth station, to show that a line drawn from the third 
station to the farthest end of the fiflh 'stationary line will ex- 
press the boundary. Thus, 

No. Sta. Deg. cA. /. 

f 3 172| 5.45 . 

4 200 13.25 

5 250 3.36 

Suppose the point p of the bomidary to be inaccessible by 
means of the lines 6p or p7 being overflowed, or that a quarry, 
furze, .&c. might prevent your taking their lengths : in this case 
take the bearing of the line 6, 7, which insert opposite to the 
sixth station in your field-book with the other bearing; then 
direct the index to the point p, and insert its bearings on the 
lefl side of the field-book, opposite to the sixth station, annexing 
thereto the words Int. for boundary ; and having measured and 
inserted the distance 6, 7, set the iadex in the direction of the 
line To, and insert its bearing on the left of the seventh station 

13 
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of the field-book, annexing thereto the words InLfor boundary r 
the croasing or intersection of these two bearings will deter- 
mine the point p^ and of course the boundary C^7 is also de- 
termined. 

If your view will then reaeh in the first station, take its bear- 
ing, stationary line, and offsets as before, and you have the 
field-book completed. Thus, 

The Field-book. 



Remarks and Inter. 


N. 
St. 


Deg. 


cK L 


OFFSETS. 


318 Int. to a tower 


1 


358 


22.12 


At 4cA. 25/. L. Uh. 12/. 
at7cA.40Z*L.3cA.40/. 
at 13cA. L. Uh, 251. 


23Hlnt. to ditto 


2 


297J 


22.12 


At4ch. lOin. Uh. 201. 
at lOch. 251. R. IcL 
511. at 13cA. 10/. 0. 


• 








at 15cA. L. 45/. 


^ 


3 


172J 


5.46 






4 


200 


13.25 






5 


260 


3.36 




155| Int. for bound. 


6 


125 


15.15 


AtlcA.20/.L.2c*.20/. 


274 Int. for ditto. 


7 


105J 


15.10 


at7cA.45/.L.2cA,32/. 
atllcA.25/.0.atl2cA. 










25/. R. 36/. 



Close at the first station. 

If you would lay down a tower, ho^se, or any other remark- 
able object in its proper place, from any two stations take 
bearings to the object, and their intersection will determine the 
place where you are to insert it, in the manner that the tower 
is set out in the figure, fit>m the intersection taken at the first 
and second stations of the above field-book. 

A protraction of this will render all jplain, on which lay off 
all your ofi*set8 and intersections, and proceed to find the con- 
tents by any of the methods in section the fourth. • 



OF OFFSETS. 203 

The foregoing Field-hook may he otherwise kept^ thus: 



■ 

• 

Remarks and Intersection. 


No. 

St. 


Deg. 


L. hand 

Offset. 

ch. L 


DisL 

ch. I, 


R.hand 
Offset. 


318 Int. to a tower - 
232^ Int. for ditto - - 

155} Int. forbonndary 
274 Int. for boundary 


1 
2 

3 
4 
5 
6 

7 


358 


1.12 
3.40 
1.25 


4.25 

7.40 

13.00 

22.12 




297J 


0.45 


4.10 
10.25 
13.10 
15.00 
21.21 


1.20 
1.15 


172} 
200 
250 
125 




5.45 
13.25 

3.36 
15.15 




105 


2.20 
2.32 


1.20 

7.45 

11.25 

12.25 

15.10 


0.36 



How to cast up offsets hy the pen* 
Pl. ll.yig-. 2. 

I, 2— 1/=2/, 2/-le=/e, le-^lrf=c<i. ♦ 

Then 1 J X \da=\day and ed X \{da+eh) =heda, i{eb+fc) X 
fe=befc, and 2/'X}/c=c/6; ihe sum of all which >vill be 
lahc2l ; the area contained between the stationary line 1, 2 
and the boundary labcSt, 

In the same manner you may find the area of 2t%2, of ikSu 
as well as what is without and withinside of the stationary 
line 7, 1. 

If therefore the left-hand offsets exceed the right-hand ones, 
it is plain the excess must be added to the area within the sta- 
tionary lines ; but if the right-hand offsets exceed the left-hand 
ones the difference must be deducted from the said area, if the 
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ground be kept on the right-hand, as we have all along sup- 
posed ; or in words thus : 

Tofiifi the contents of offsets* 

1. From the distance line take the distance to the preceding 
offset, and from that the distance of the one preceding it, &,q. in 
four-pole chains; so will you have the respective distances 
from offset to offset, but in a retrograde order. 

2. Multiply the last of these remainders by half the first 
offset, the next by half the sum of the first and second, the next 
by half the sum of the second ahd third, the next by half the 
sum of the third and fourth, i&c. The sum of these will be the 
area produced by the offsets. 

Thus, in the foregoing field-book the first stationary line is 
%%ch 12/., or 1 IcA. 12/. of four-pole chains. See the figure. 

^ eh, L ch, I, ch. /. 

From 11.12=1, 6.50=1/ 3.90=ltf 

Take 6.60=1/ 3.90=1^ 2.25=1(/ 

■■•'ai^m^^^lK-aa^ ^^^^^^^^^^^m^mm mm^^mm^mmt^mt^^i^^ 

4.62=2/ 2.60=tf/ l.65=ed 

eht /• 
11^=2.25 X 32/., half the first offset, .7200 

eJ =1.65 X Ich. 26/., half the sum of the 1st and 2d, = 2.0790 
ef =2.60 X ich. 32/., half the sum of the 2d and 3d, = 3.4320 
2/=4.62 X 37/., half the last offset, = 1 .7094 



Contents of lefl offsets on the first distance in 
square four-pole chains. 



I 



7.9404 



In like manner the rest are performed. 

The sum of the left-hand offsets will be 14.0856 

And the sum of the right-hand ones 3.6825 

Excess of left-hand offets in sq. four-pole chains, 10.4031 

Acres 1.04031 



.16124 

4 



Perches 6.4496 



Excess of lefl-hand offsets above the righuhand ones, 1 A* 
C^« 6P., to be added to the area within the stationary lines. 
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SECTION V. 

TojM the area of a pieee of ground by i7Uersectian$ onli/f when ail ike 
angles of the field can he teen from any two itatione on the outside of the 
ground, 

Pl. 12. fig. 1. 

Let ABCDEFG be a field, H and / two places on the out- 
side of it from whence an object at every angle'of the field may 
be seen. 

Take the bearing and distance between H and /; set that 
at the head of yom* field-book, as in the annexed one. Fix 
your instrument at H^ from whence take the bearings of the 
several angular points ABCD, &^c. as they are here represented 
by the lines HA^ HB, HC^ HD, &>c. Again, fix your instru- 
ment at / and take bearings to the same angular points, 
represented by the lines lA^ IB, IC, ID, dtc, and let the first 
bearings be entered in^ the second column and the second bear- 
ings in the third column of your field-book ; then it is plain 
that the points of intersection made from the bearings in the 
second and third columns of every line will be the angular 
points of the field, or the points A, B, C, J9, &c., which points 
being joined by right lines will give th& plan ABCDEFG A 
required. 



Bear. 180, Dist^ 28cA. of the St^. H and /. 



No. 

A 
B 
C 
D 


Bear. 


Bear. 


261) 
265J 
248 
238^ 


331) 
317} 
307) 
289 


E 
F 


215^ 
208) 


262) 
286) 


G 


220 


300 



The same may be done from any two stations widiinside of 
the land from whence all the angles of the field can be seen. 

This method will be found useful in case the stationary dis- 
tances from any cause prove inaccessible, or shoiJM&be re- 
quired to be done by one party when the other, in m^^ pos- 
session it is, refuses to a^it you to go on the land^ 
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To find the contents of afield by caladdtion, fckich was taken by inier- 
section. 

In the triangle AIH^ the angles AHI^ AIH, and the base 
HI being known, the perpendicular j4a and the segments of the 
base jETo, AI may be obtained by trigonometry : and in the 
same manner all the other perpendiculars, Bb, Cc^ Dd, Ee, Ff, 
Gg, and the several Segments at b, c, d, e,fig: if, therefore, the 
several perpendiculars be supposed to be drawn into the scheme 
(which are here omitted, to prevent confusion arising from a 
multiplicity of lines), it is plain ih2Lt i( from bBCDEeb there be'^ 
taken bBAGFeb the remainder will be the map ABCDEFGA, 

As before, half the sum ofBb and Cc multiplied by be will be 
the area of the trapezium bBCc ; after the same manner, half 
the sum of Cc and Dd multiplied by cd will give the area of the 
trapezium cCDd ; and again, half the sum of Dd and Ee mul- 
tiplied by de gives the area of the trapezium dDEe ; and the 
sum of these three trapezia will be the area of the £gure 
bBCDEeb. 

Again, in the same manner, half the sum of Bb and Aa mul- 
tiplied by ab will give the area of the trapezium BbAn, and 
half the sum of a A &nd gG by ag gives the trapezium aAGg\ 
to these add the trapezia gGFf and fFIk^ which are found in 
the like manner, and you will have the figure hBAGFEeb, and 
this taken from bBCDEeb will leave the rm^ ABCDEFGA. 
Q. E. I. 

It will be sufficient to protract this kind of work, and from 
the map to determine the area as well as in plate 10, fig. 3, to 
find the areas of the pieces 3, 4, 5, 6, 3 and 6, 7, 7, 6 from 
geometrical constructions. 

s 

How to determine Jhe station where a fault has been committed in afieldr 
book, without the trouble of going round the whole ground a second time. 

From every fourth or fiflh station, if they be not very long 
ones, or oftener if they are, let an intersection be taken to any 
object, as to any particular part of a castle, house, or cock oi 
hay, &c., or, if all these be wanting, to a long staff with a 
white sheet or napkin set thereon, to render the object more 
conspicuous, and let this be placed on the sunnnit of the land, 
and let the respective intersections so taken be inserted on the 
left-hand side of the field-book opposite to the stations from 
whence they were respectively takeni 

In your protraction as you proeeed let every intersection be 
laid oflf from the respective stations from whence they were 
taken, and let these lines be continued ; if they all converge or 
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meet in one point, we thence conclude all is right, or so far as 
they do converge ; but if we find a line of intersection to di- 
verge or fly off fVom the rest, we may be sure that either a mis- 
take has happened between the station the foregoing intersec- 
tion was taken at and the station from whence the intersection 
line diverges, or there must be an error in the intersection ; but 
to be assured in which of these the fault is, protract on to the 
next intersection, and having set it off, if it converges with the 
rest, -though the foregoing one did not, we may conclude the 
fault was committed in taking the last intersection but one, and 
hone in any station, and that so f§r is true as is pro^acted ; 
but if this as well as the foregoing intersection diverge or fly 
from the point of concourse or converging point of the rest, the 
error must have its rise from some station or stations at or after 
that from whence the last converging intersection line was 
taken : so that by going to that station on the ground, and pro- 
ceeding on to that where the next or from whence the follow- 
ing diverging intersection Was taken, we can readily and with 
little trouble set all to rights. 

But in most tracts of land one object cannot be seen from 
every station, or from perhaps one-fourth of them ; in this case 
we are under the necessity to move the pole after we begin to 
lose sight of it, to some other part of the land, where it may 
be seen from as many more stations as possible ; which is 
easily done by viewing the boundary before it be surveyed : 
the pole then being fixed in an advantageous place, the first 
intersection to it is best to be made from the same station from 
whence the last one was taken, and then as often as may be 
thought convenient, as before ; in like manner the whole may 
be done by the removal of the pole. 

When we here speak of stations, we do not mean such as 
are usually taken at every particular angle of the field : for it 
is to be ^^jjyjrehended, that every skilful surveyor, particularly 
such who use calculation, will take the longest distances pos- 
sible, not only to lessen the number of stations, for the ease of 
either protraction or calculation, but with greater certainty to 
account for the land passed by, on the ri^ht-hand or on the left, 
which is taken by offsets : and surely it will be allowed that 
any measure taken on the ground, and the contents thence arith- 
metically computed, will be much more accurate than that 
which is obtained from any geometrical projection. 

From what has been said it is plain, that from this method 
any fault committed in a survey can be readily determined, and 
therefore must be much preferable to the present method of 
taking diagonals, or the bearings and lengths of lines across 
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land, to accomplish that end ; whkK last method is too fire^ 
quently used by smnreyors to approximate or arrive near the 
contents, which will ever remain uncertain, let these diagonals be 
ever so many, till the station or stations wherein the error or 
errors were committed be found ; and the fault or faults be 
corrected. 

Where one diagonal is taken, it may perhaps close or meet 
with one part of the survey ^nd not with the other ; in this 
case, if the surveyor would discover his error, he must survey 
that part of the land which did not close, and this may be half 
or more of the whole. And should the diagonal close with 
neither part, but be too long or too short, or should it fall on 
either side of the. assigned point it was to close with, he ought 
to go over the whole, and make a new survey of it, in order to 
discover his error. 

A number of diagonals are frequently taken, the sum of the 
lengths of which very oflen exceeds the circuit of the ground, 
and after all they are but approximations, and the contents 
remain uncertain as before ; therefore, he who returns a map 
made up by the assistance of diagonals, where there remains a 
misclosure in any one part, runs the risk of being detected in 
an error, and must suffer uneasiness in his mind,' as he cannot 
be certain of the return he makes. 

The frequent misclosures which are botched up by diagonals 
occasion the many and frequent scandalous broils and animosi- 
ties between surveyors, which tend to the loss of character of 
the one or the other, and indeed often to the disrepute of both, 
as well as to that of the science they profess. 

But these may be easily remedied by intersections and the 
bearing or line to be adj«sted where the fault was committed ; 
and till this be found, nothing can be certain. 



SECTION VI. 
TO ENLARGE OR DIMINISH MAPS. 

To enlarge or diminish a mapt or to reduce a map from one scale to 
another ; also, the manner of uniting separate maps of lands which join ea^h 
other into one map of any assigrted size. 

Lay the map you would enlarge over the paper on which 
you would enlarge it, and with a fine protracting pin prick 
through every angular point of your map ; join these points on 
your paper (laying the map you copy before you) by pencilled 
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or popped lines, and you have the copy of the map yon are to 
enlarge: in this manner any protraction may he copied on 
paper, vellum, or parchment, for a fair map* 

If you would enlarge a map to a scale which is double, or 
treble, or quadruple to that of the map to be enlarged, the 
paper you must provide for its enlargement must be two, or 
three* or four times as long and broad as the map ; for which 
purpose in large things you will find it necessary to jom ^several 
sheets of paper, and to cement them with white wafer or paste, 
but the former is best 

Then pitch upon any point in your copied map for a centre ; 
from whence if distances be taken to its extreme points, and 
thenee if those distances be set in a right line with (bat from) 
the centre, and these last points fall within your paper, the map 
may be increased on it to a scale as large again as its own ; and 
if '&e like distances be again set outwards in right lines from 
th6 centre, and if these last points fall within your paper, it will 
contain a map increased to a scale three times as large as its 
own, &c. 

Th. 12. Jig. 2, 

Let the pricked or popped lines represent the copy of a down 
or old survey, laid down by a scale of 80 perches to an inch, 
and let it be required to enlarge it to one laid down by 40 to 
an inch. 

Pitch upon your centre as © , from whence through a lay the 
fiduciiail edge of a thin ruler ; with a fine-pointed pair of com- 
passes take the distance from a to the centre 0, and lay it by 
the ruler's edge froih a to ^ ; in the like manner take the dis- 
tance from the next station b to the centre ® , and lay it over in 
a right line from b to B, and join the points A and B by the 
right line AB; in the like manner set over the distance from 
every station to the centre, from that station outwards, and you 
will have every point to enlarge to: the joining of these j»n- 
stantly as you go on by right lines will give you the enlarged 
map required. 

In taking the distance from every station to the centre, set 
one foot of the compasses in the station, and the other very 
lightly over the centre-point, so lightly as scarcely to touch it, 
otherwise the centre-point will become so wide, that it may 
occasion several errors in the enlarged *map : for if you err 
fi'om the exact centre but a little, that error will become double, 
or treble, or quadruple, as you enlarge to a scale that is double, 
or treble, or quadruple of the given one ; therefore great accu« 
racy is required in. enlarging a map. 
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When you have done with a station, give a dash with a pen 
or pencil to it, such as at the station a and b : by this means 
you cannot be disappointed in missing a station, or in laying 
your ruler over one station twice. 

From what has been said if is plam, that if a map is to be 
enlarged to one whose scale is double the given one, that the 
distances firom the respective stations to the centre, being set 
over by the ruler's edge, will give the points for the enlarged one. 
And thus may a map be enlarged from a scale of 160 to one of 
80, from one of 80 to one of 40, from one of 20 to one of 10 
perches to an inch, Slc, For to enlarge to a scale that is double, 
the number of perches to an inch for the enlarged map must be 
half of those to an inch for that to be enlarged : to enlarge to 
a scale that is treble the given one, the number of perches' to 
an inch for the enlarged map will be one-third of those for the 
other ; if to a scale fiiat i& quadruple the given one, the number 
of perches to an inch for the enlarged map will be one-fourth 
of those for the other, &c. : therefore, if you would enlarge a 
map which is laid down by a scale of 120 perches to an inch 
to one of 40 perches to an inch, the distance from the several 
stations to the centre, being set twice beyond the said stations, 
wfll mark out the several points required, for these points will 
be three times farther from the centre than the stationary points 
of the map are. 

In the same manner, if you would enlarge a map from a 
scale of 160 to one of 40 perches to an inch, the distance from 
the several stations to the centre, being set three times beyond 
said stations, will lay out the point's for your enlarged map, for 
these points will be four times farther from the centre than are 
the stations of the map. 

When a map is enlarged to another, whose scale is double, 
or treble, or quadruple, &c. of the given one, every line, as 
well as the length and breadth of the enlarged map, will be 
double, or treble, or quadruple, &>c, those of the given one, for 
it must be easy to conceive that those maps are like ; but the 
area if the scale be double will be four times, if treble nine 
times, if quadruple sixteen times that of the given figure; 
that is, it will contain four, nine, or sixteen times as many square 
inches a^ the given one (for it has been shown thslt like polygons 
are in a duplicate proportion with the homologous sides). Yet 
these figures bein^ cast up by their respective scales will pro- 
duce the same contents. 

Thus much is sufficient for enlarging maps, and from hence, 
diminishing of them will be obvious ; for one-fourth. x>ne-third, 
or half the distances from the several stations to the centre 
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will mark out points which if joined will compose a map 
similar to the given one, whose scale will be four times, three 
times, or twice as small as the given one. 

Thus, if we would reduce a map of from 40 to 80, fh>m 20 
to 40, from 10 to 20 perches to an inch. Sic, half the distance 
of the stations from the centre will give the points requisite for 
drawing the map ; if we would reduce from 40 to 120, from 20 
to 60, from 10 to 30 perches to an inch, &;c., one-third of the 
distances to the centre will give the points for the map ; and if 
we would reduce from 40 to 160, from 20 to 80, from 10 to 40 
perches to an inch, &c., one-fourth of the distances to the centre 
will give the points for the map. 

By the methods here laid down I have reduced a map from 
a scale of 40 to one of 20 perches to an inch, which contained 
upwards of 1200 acres, and consisted of 224 separate divisions, 
without the least confusion from the lines ; for none can arise 
if the^ methods here laid down be strictly observed. 

I have also from the same methods reduced a large book of 
maps, each of which was an entire skin of parchment, and the 
whole contained upwards of 46,000 acres, to a pocket volume \ 
and afterward connected all these maps into one map, which 
was contained in one skin of parchment : therefore, upon the 
whole I do recommend these methods for reducing maps to be 
much more accurate than any of the methods commonly used, 
such as squaring of paper, using a parallelogram, proportion* 
able compasses, or any other method I ever met with, though 
the figures to be reduced were ever so numerous, irregular, or 
complicated. 

To unite jieparate maps of lands which join each other into one map of any 

assigned size. 

If there be several large maps contained in a book, each of 
which suppose to take up a skin of parchment, or a sheet of 
the largest paper, which maps of lands join each Other, and 
it be required to reduce them to so small a scale that all of 
them when joined together may be contained in one skin, half a 
skin, or any assigned sized piece of parchment or paper : — 

Having pricked off and copied the several maps on any kind 
of paper, unite them by cutting with scissors along the edge 
of one boundary which is adjoining the other, but not cutting 
by the edge of both, ^ and throw aside the parts cut off: then 
lay these together on a large table, or on the floor, and where the 
boundaries agree they will fit in with each other as indentures 
do ; and afler this manner they are easily connected : measure 
then the length and breadth of the entire connected maps, and 
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the Yengik and breadth of the parchment or paper yon are con- 
fined to ; if the former be three, four, or five times greater (that 
i^, longer and broader) than the latter, reduce each copied map 
severally to a scale that is three, or four, or five times less, as 
before ; and the same parts of the boundaries you cut by in the 
large maps, by the same you must also cut in small ones, and 
unite the small as the large ones were united ; cementing them 
together vnth white wafer : thus your map will be reduced to the 
assigned size, which copy over fair on the parchment or paper 
you were confihed to. 

But it is not always that a person is confined to a given area 
of parchment, or paper ; in such cases, if there are many large 
maps to be united into one, reduce each of them severally to a 
scaie of 160 perches to an inch, and unite those by the con- 
tiguity or boundaries, as before : or if you have a few, it will 
be sidficient to reduce them to a scale of 120, &c. ' But having 
the maps given, and the scale by which they are laid down, 
your reason will be sufficient to direct you to know what scale 
they should be reduced to. • 

Directions concerning surveys in general. 

If you have a large quantity of ground to survey, which con- 
sists of many fields or holdings,, and that it be required to map 
and give the respective contents of the same, it is best to make 
a survey of the whole first, and to be satisfied that it is truly 
taken, as well as to find its contents ; and as you go round the 
land, to make a note on the side of your field-book at every 
station where the boundary of any particular field or holding 
intersects or meets the surround ; then proceed from any one 
of those stations, and in your field-book say, ** proceed from 
such a station,'' and when you have gone round that field or 
division, insert the station you close at, and so through the 
whole : a little practice only can render this sufiiciently familiar, 
and the method of protraction must be evident firom the field- 
notes. When the whole is protracted, and you are satisfied of 
the closes of the particular divisions, cast up each severally, 
and if the sum of their contents be equal to the contents of the 
whole first found, you may safely conclude that all is right. 

The protraction being thus finished and cast up, transfer it 
on clean paper, vellum, or parchment as before ; be careful to 
draw your lines with a fine pen, write on it the names of the 
circumjacent lands, and set No. 1, 2, 3, 4, ^c. in every par- 
ticular field or division ; let every tenant's particular holding be 
distinguished by a different coloured paint being run finely along 
the boundaries ; let all the roads, rivulets, rivers, bogs, ponds. 
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houses, castles, churches, beacons, or whatever else may be 
remarkable on the ground, be distinguished on the map. 
Write the title of the map in a neat compartment, eithef drawn or 
done from n good copper-plate engraving, with the gentleman's 
arms. Prick off one of your parallels with the map, and on it 
mak^e a mariner's compass, and draw a flower«de-luce to the 
north, and this will represent the magnetical north ; after which 
set off the variation, which express in figures, and through the 
centre of the compass let a true meridian line be drawn of about 
3 inches long, by which write True Meridian. Let a scale be 
drawn, or it is sufficient to express the number of perches to 
an inch the map was laid down by. Draw a reference table 
of three or, if occ^ion be, of four or more columns : in the 
first insert the number of the field or holding ; in the nett its 
name, and by whom occupied ; in the thiid the quantity of 
acres, roods, and perches it contains ; if you have unprofitable 
land, as bog or mountain, let the quantity be inserted in the 
fourdi column ; and if it be required, you may make another 
colmnn for statute measure, and then the map is completed. 



SECTION VII. 



THE METHOD OF DIVIDING LAND, OR OF TAKING 
; OFF OR ENCLOSING ANY GIVEN QUANTITY. 

SXAMPLE I. 
Pl. 12./g^. 1. 

Let ABCD^ &c. be a map of ground containing 1 1 acres ; 
it is required to cut off a piece, as DEFGID^ that shall con- 
tain 5 acres. 

Join any twd opposite stations, as D and 6r, with the line 
DG (which you may nearly judge to be the partition line), and 
find Uie area of the part DEFG^ which suppose may want 3R. 
20P. of the quantity you would cut off; measure the line DO, 
which suppose to be 70 perches. Divide 3R. 20?., or 140P., 
by 25, the half of DG^ and the quotient 4 will be a perpendicular 
for a triangle whose base is 70 and area 140P. Let HI be 
drawn parallel to DG^ at the distance of the perpendicular 4, 
and from /, where it cuts the boundary, draw a line to D, and 
that line DI will be the division line ; or a line fix)m G to H 
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will hare the same effect ; all which must be evident from what 
has been already said. 

But if hills, trees, &c. obstruct the view of the points D and 
/ from each other, it will be necessary, in order to run a par- 
tition line, to know its bearing ; and it may be proper on some 
occasions to have its length ; both these, may be easily calcu- 
lated from the common field-notes only, as in the following ex- 
ample, without the trouble of any other measurement on the 
ground, or any dependence on the map and scale. 

« 

EXAMPLE II. 
Pl. 12.^. 3. 

Let ABCDEFGHIA be a tract of land to be divided into 
two equal parts by a right line from the comer / to the oppo- 
site boundary CD ; required the bearing and length of the par- 
tition line IN, by calculation, from the following field-notes, viz. 



Field-Notes and Area. 


4 

Bound. 


Bearing. 


Perch. 


AB 


N 19° 0' E 


108 


BC 


S77 E 


91 


ci>; 


S27 E 


115 


DE 


S52 W 


58 


EF 


S 15 30 E 


76 


FG 


West. 


70.9 


GH 


N36 W 


47 


HI 


North. 


64.3 


lA 


N 62 15 W 


59 


152A. IR. 25.9P 


> 




■ 







Operatior 


1. 








lABCI 


Per. 

59 

188 
91 


N. 


S. 


E. 


W. 


CD 

H: 

• 

^ ■ 

• 


lA 
AB 
BC 
CI 


N 62J°W 
N 19 E 

S 77 E 


27.5 
102.1 


20.5 

109.1 


35.2 

88.7 


52.2 
71.7 


Area, 8722.3 perches. 


129.6 


129.6 


123.9 


123.9 
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152A. IR. 25.9P. =24385.9 perches. 
Half, to be divided off, ?=12192.9 ( . . -^ , 
The pan lABCT = 8722.3 J ^^^^^^^ 



Triangle ICNI 



= 3470.6 perches. 
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♦I 



ICDI. 


Per. 


K 


S. 


E. 


W. 


1 Meridian dist. &c.| 


IC 

CD 

Dl 


N E 
S 27E 


115 


109.1 


102.5 
6.6 


71.9 
52 


123.9 


Area 6522.1 per. 


109.1 


109.1 


123.9 


123.9 



™ „ ( ICDI : CD: : ICNI : CN ) .. _ ,a ,„„ , 
^^°' " \ 6522.1 : 116 : : 3470.6 : 61.19 \ *^' ^®''«*'-^' 
which determines the point iVin CD. 



ICML 


Per. 


N. 


S. 


E. 


W. 


IC 

CN 
Nl 


as before 
S27°E 


61.2 


109.1 


54.6 
54.6 


71.7 

27.8 


99.5 





As dif. lat. 54.6 
Radius S. 90^ 
: Depart. .99.5 
Tang. Bear. 61° 15' 



As S. Bear. 61° 15' 
: Depart. 99.5 
: : Radius S. 90° 
: Distance 113.49 



A«o«.^. 5 INnms N. 61° 15' E. ^ , ,o K^ u 
Answer, ^-^^ ^^ S. 61 15 w,\^^^'^Verc\i^^ 

In the part lABCIy the difference between the northings and 
the southings of the three lines I Ay AB, and BC (109.1) is 
the difference of latitude, and that of their eastings and 
westings (71.7) the departure of the line C/, which is placed 
thereto, so as to balance the columns; see theo. 1, sect 5: 
hence the contents are obtained, as already taught, without the 
bearing or length of the line CL 

For the triangle ICDI, the dif. 1^ and dep. of IC are 
taken from the preceding table, which in going from J to C 
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will be northing and easting: those of CD are found by the 
bearing and distance, and of DI by balancing the oolmnns, as 
before for CI, 

The difference of latitude ,(64.6) and departure (99.5) of the 
line iVJ, in the third table, are found by b^ancing those of IC 
and CN; and as they are the base and-perpendicular of a 
right-angled triangle, ^ which the line NI is the hypothenuse, 
and the angle opposite to the departure. the bearing, we have 
the answer by two trigonometrical statings, as above ; and thus 
may any tract be accurately divided, or any proposed quantity 
readily cut off or enclosed. 

Now the student or practitioner may calculate the contents of 
the part ABCNIA (the bearing and distance, or the dit lat 
and dep. of CN and of NI being known), and if it be found 
equal to the intended quantity, it proves the troth of the 
operation. 

EXAMPLE m. 
Pl. 12. Jig, 8. 

It is proposed to cut off 38 A. 16|P. to the south end of this 
tract, by a line running from E due west 40 perches to a well 
at O, and from thence a right line to a point ifif in the boundary 
HI ; the place of M and the bearing and length of the line 
OM are required, the field-notes being as in example second. 

4 ( JIf from H, north 43.23 ) , 

• ^^^^'' I OM, N. 78° r W. 39.03 ] ^"^^^ 

In this example we find, 

The area of OEFGHO =6270.6 ^ 
Consequently of jfiTOiWH = 828.0 f , 
Dif. lat. of the line HO^HV = 36.2 ( P«'«*»®«- 
Departure of ditto =0V = 38.2 ) 

As HJ happens to be a meridian, the area of HOMH divided 
by half OF (19.1) quotes HM (42.23), without finding the 
area of HOIH, as we did of ICDI in example second, and 
HM—HV=^ FJIf=8.03= dif. laU of OJf, which with its dep. 
FO=38.2, gives the bearing and distance as before. 

EXAMPLE IV. 
Pl. 12.^. 4. 

A trapezoidal field ABCD, bounded as under specified, is to 
be divided into two eq|pi parts by a right line EF parallel to 
ABox CD\ required -AJP or \BF. 
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iltt 



Bou. 


Bearing. 


Per. 


AB 
BC 
CD 
DA 


South. 
N80° W 
N39}W 
S 80 E 


30 
60 
45.5 
89.4 


ISA. 3R. 7P. 1 



In the triangle CBCh are given BC and all the angles 
(known by the bearings) to find BG^ and thence the area by 
prob. 9, sect. 4. which, + half the area of ABCD ^= area of 
EFG ; then, as the area of CBG is to that of EFG, so is the 
square of BG to the square of FG, BndFG—BG=BF 

Operation at large. 

Angle G 39'' 30', log. S. Co. Ar. 0.19649) 
Side B€ 60 per. log. 1.77815 ) add 

Angle C40° 30^ sine 9.81254 ) 



Side BO 61.26 per. 
Side BC 60 per. 
Angle B 100^ 0', sine 

2)3619.8, log. 

As CJBGf=1809.9 Co. Ar. 

1103.5=BCJ5JP 
Is to £JPG= 2913.4, log. 

Soissq.BG 61.26, log. 

To sq. FG 77.72, 

» 
Ans. BF= 16.46 perches 



1.78718 1 
1.77815 > add 
9.99335 ) 



3.55868 
'6.^4235^ 

3.46440 

1.78718 
1.78718 

2)3.78111 

1.89055 



add 



By the application of this method a tract of land may be 
divided accurately, in any proportion, by a line running in any 
assigned direction. 

Note. — ^When the practitioner would wish to be very accu- 
rate, it will be much better to work by four-pole chains and 
links than by perches and tenths ; one-tenth of a perch square^ 
being equal to 6j- square links. 

K 
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EXAMPLE T. 



The following Field-notes {from A. Burns) are of a piece cf 
landy which is proposed, as an example^ to he divided into three 
equal parts by two right lines running from the sixth and seventh 
stations: and proved by calculating the contents of the middle part. 



St. 


Bearing. 


4-P. ch. 


1 


N.E. 661° 


21.60 


2 


N.E. 26i 

> 


13.44 


3 


S.E. 7^ 


18.96 

1 


4 

• 

5 
6 

7; 


S.E. 26^ 


13.44 


S.W. 71^ 


18.96 


S^E. 46 


8.47 


S.E. 63^ 


13.44 


8 


N.E. 45 


8.47 


9 
10 
11 
12 


S.E. 261 


13.44 


S.W. 45 


8.47 


S.W. 631 


13.44 

1 


N.W. 76 


24.73 


13 


N.W.36I 


30.00 


Area, 167A. IR. 24P. | 



I '-■» 



EXAMPLE VI. 
Pl. 8. fig. 5, 

The plot ABCDEFGHA is proposed to be divided geometri-' 
eally, in the proportion of 2 to 3, by a right line from a given 
point in any boundary or angle thereof, suppose the point D. 

Reduce the plot to the triangle cDcy as already taught; 
divide the base ce in the point N, so that cN be to iV« in the 
rati0 of 2 to 3, by prob. 14 ; draw DiV, and it is done. 
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EXAMPLE Vn. 
Ft. 12, fig, 2. 

Example second may liketnse be performed geometrieaUy. 

Produce CD both ways for a base, and reduce the whole to 
a triangle, making / the vertical point ; then bisect the base in 
iV, and draw IN. But, 

Notwithstanding this geometrical method is demonstrably 
true in theory, it is not as safe, on practical ocQasions requiring 
accuracy, as the calculation, even when performed with the 
greatest care ; for which reason we will not enlarge on it here. 

« 

EXAMPLE Vm. 

Suppose 864 acres to be laid out in form of a right-angled parallelogram^ 
of tohich the sides shaU be in proportion asbtoZ.; required their dimensions. 

For the greater side, multiply the area by the greater num- 
ber of the given proportion, and divide by the less, or, for the 
less side, multiply by the less number, and divide by the greater ; 
the square root of the quotient will be the side required : thus, 
864 A.-= 138240?.'^ 1.38240 

5 3 



3)691200 6)414720 



. Ans. \/ 230400»«480. \/829€4»288 

EXAMPLE IX. ' 

If it be required to lay out any quantity of ^ground, suppose 
47A. 2R. 16P., in form of a parallelogram, of which ^he 
length is to exceed the breadth by a given difference, fpr instance, 
80 perches, then add the square of half this difference to the 
area, and take the square root of the sum ; to which add half 
the difference for the greater side, and subtract it therefrom for 
the less : thus, 

2)80 47A. 2R. 16P.«7616 perches. 

1600 



40 



40 '/9216=»90 



1600 half diff. ; add and subt. 40 



Ans. < 



the length»136 



the breadth»66 
K2 
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• «. . . , 

Any proposed quantity of ground may be laid out or enclosed*' 
in the fq^m 

r Square by prob. 2d, ^ 

Q - 1 Parallelograni, one side given, by prob. 4th, r . 
* J Triangle of a given base, . by prob. 7th, ^ ' * . 

\ Circle by prob. 13th, J 

It is sometimes most convenient, when land is to be laid oiA 
adjacent to a creek, river, or other crooked botmdary, to 
measure offsets to the angles or bending thereof, from a right 
line or lines taken near such boundary, and to deduct the area 
of these offsets from the given quantity, and then to lay off the 
remainder from the right line or lines, in the desired form. 

In laying out new lands, attention must be paid to the allow- 
ance for roads, as exemplified in prob. 14th. 



SECTION VIII. 

r 

OF SURVEYING HARBOURS, SHOALS, SANDS, Ac. 

Pl. 13. >^. 1. 

There are three methods whereby this may be performed ; 
for the observations may be made either oh the water or on the 
land. Those made on the water are of two kinds ; one by the 
log-line and compass (as in plane sailing measuring) the course 
and distance round the sand ; and then to be plotted as a large 
wood, or any enclosure taken by the circumferentor. 

This method I omit, for two reasons : first, because it is to 
be deduced from the writers of navigation ; and, secondly, be- 
cause the distances thus measured are liable to the errors of 
currents, which generally attend shoals or sands near the shore. 

The second method, when there are ^ no distances to be 
measured on the water, though still there is one inconvenience, 
common also to the former, because the bearings Or observa- 
tions are to be taken on that unstable element (an error scarce 
mentioned by practical artists), I shall briefly hint at ; and so 
rather choose a third, which is liable to neither of these imper- 
fections. 

Let a boat be manned out with a signal flag, a log and line, 
lead and line, and, to observe the bearings of any landmark, a , 
compass with sights. 

Take two or more objects or places, as A, B^ C, oh the 



OF SURVEYING HARBOURS, &c. 221 

shore, from whence the boat may be seen on the several parts 
of this shoal, and determine their relative position by bearing 
and distances either before or afler the other necessary obser- 
vations are made. 

One of the boat's crew is to sound till he finds himself on 
the edge of the sand, by the depth of water, and then to come 
to an anchor ; which he is to signify to two persons on the. 
shore at B and C, by his'signal. And then from those known 
landmarks B and C the observers are to take the bearings of 
the boat, and to register their observations ; which, when done, 
they are to signify to the crew by waving a flag, or by some 
other signal. 

And in the mean time, to prevent mistakes, let the crew take 
the bearings of each of these landmarks : then weigh anchor, 
which suppose at D. 

Then, by sounding, proceed to E, and make like observa- 
tions. And so at E, F, G, &c., till you have surrounded your 
sand. 

And if in the process you are about tp lose the sight of one 
of your landmarks, suppose C, let your assistant at C, or B^ 
who at that time will also be about to lose the sight of the boat, 
by signals (before agreed on) remove to some other object 
beforehand agreed on, suppose to H or JC, and then to proceed 
as before. 

Lastly^if the sand runs so far out at sea that the object can- 
not be seen by the boat, nor the boat by the observer on shore, 
there may be rockets fired by the boat*s creW, and also by the 
observers on the shore in the night, whereby those bearings 
may be taken almost at as great a distance as the light can be 
seen. For supposing they rise but a quarter of a mile above 
the apparent horizon, its stay will be about 9 seconds, and its 
distance for this quarter of a mile will be visible about 44 miles. 

But rockets rise much higher, and then the distances are 
much greater whereby they are visible. 

Or two boats may lay at anchor, instead of the landmarks, 
and then you may work as before. 

Now since the landmarks B and G. are fixed, their position 
may be laid down in the draught, as in common surveying, by 
plotting the distance between B and C. And then by plotting 
the line 'JBZ), and the line DC, according to their position, their 
common intersection will give the point D. And in Hke man- 
ner J5, Fi G, &c. may be plotted ; and so the shoals completed. 
And this from the bearings taken at B and C, 

If this be a standing lake, environed by bogs, or other im- 
pediments, the observations at J}, JB, JP, &;c., by taking their 
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opposites, may sujQice to plot the same from the landmarks, Af 
B, C, &c. as well as those taken on the land : or, indeed, by 
the com*se and distance, as in navigation, if the water be smoodk 
and without a current. 

In sea shoals, it is convenient to note at each observation 
-* the depths of the water found by the lead, and the drift and 
setting of the current by the log and compass, while the boat 
is at anchor, which may be done with ease and expedition 
enough. For while the boat rides at an anchor, her stem points 
out the setting of the current, and the log and glass will 
measure its drifl. 

And these ought to be noted o|i the draught, which may be 
thus: . 

The currents may be shown, by drawing a dart pointing 
out its setting, and its drift by the Roman capital letters, the 
depth of the water by the small figures, and rocks by little 
crosses, &c. 



SECTION IX. 
OF LEVELLING. 



Pl. 13.^. 2. 

LEVELLma is the art of ascertaining the perpendicular ascent 
or descent of one pllce (or more) above or below* the horizon- 
tal level of another, for various intentions, and of marking out 
courses for conveyance of water, Sic, 

The true level is a curve conforming to the surface of the 
earth ; as ABG. . 

The apparent level is a tangent to that curve ; as ADE. 

The correction or allowance for the earth's curvature is the 
difference between the apparent level and the true ; as BD. 
The quantity of this correction may be known by having in the 
right-angled triangle CAD the two legs AC = the semidiameter 
of the earth (=1267500 perches), and ^Z> = the distance of the 
object, to find the hypothenuse CD, from which taking CB 
(=CJ.), the remainder will be the correction BD\ but it may 
be obtained more practically thus : 

o^ , { four-pole chains, and divide by 800, ) for thcrcX)r- 

oquare ine i ^^ ^^ perches, and divide by 12800 ^ rection in 
is ance "* ^ qj j^ miles, and multiply by 8 j inches. 
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' ' EXAMPLE. 

Required the correction for 20 four-pole chains =« 80 perches 
= \ mile. 

800)20 X 20 =400(.5 
12800)80 X80=6400(.5 
i^=.25, and .25 X .26 X 8=.6. 
That is, .5, or j^ inch, the correction required. 
But, to save the trouble of calculation, we insert the follow- 
ing table of corrections. 

A. Tahle of Corrections. 
The distances in four-pole chains. 



Distan. 


Correc. 


Distan. 


Correc. 


Chains. 


Inches. 


Chains. 


Inches. 


1 


0.00126 


27 


0.91 


2 


0,006 


28 


0.98 


3 


0.01126 


29 


1.06 


4 


0.02 


30 


1.12 


6 


0.03 


31 


L19 


6 


0.04 


32 


1.27 


r 


0.06 


33 


1.36 


8 


0.08 


34 


1.44 


9 


0.10 


36 


1.63 


10 


0.12 


36 


1.62 


11 


0.16 


37 


1.71 


12 


0.18 


38 


1.80 


13 


0.21 


39 


1.91 


14 


0.24 


40 


2.00 


16 


0.28 


46 


2.28 


16 


0.32 


> 
60 


3.12 


17 


0.36 


66 


3.78 


18 


0.40 


60 


4.60 


19 


0.46 


66 


6.31 


20 


0.60 


70 


6.12 


21 


0.66 


76 


7.30 


22 


0.60 


80 


8.00 


23 


0.67 


85 


9.Q3 


24 


0.72 


90 


10.12 


26 


0.78 


96 


11.28 . 


26 \ 


0.84 


100 


12.60 



# 
» 
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The first thing necessary in levelling b the adKusting of the 
. level, which, may he performed several ways. The following 
is very easy and practical. 

Choose some ground which is not above 4 or 5 'feet out of 
the level,, for the distance of 8 or 10 chains in length, and 
suppose it be ^^ (fig. 3), and find the middle between A 
'and By which suppose to be C; plant the intstrument at C, 
. direct the tube to a station-stafi' held up at Aj and elevate or 
depress the tube till the bubble is exactly. in the middle of the 
divisions ; then by signals direct your assistant 3tApo raise or 
depress the vane sliding on the station-staff till the horizontal 
hair in the glass cuts the middle of that vane ; then see how 
many feet, inches, and parts are cut by the upper part of the 
vane, which suppose to be 3 feet 4 inches and 6 tenths. 

In like manner direct to the iSitier stafi" at JB, and suppose 
the up])er edge of that vane to be cut at the height of 6 feet 5 
inches, and 2 tenths, then will these two vanes be on a level. 

From 6 feet 5.2 inches subtract 3 feet 4.6 inches, and re- 
serve the remainder 3 feet 0.6 inches. 

Now remove the instrument as close to the higher station- 
stafi* as you can ; so that the middle of the telescope may 
almost touch it. Then bnng the telescope as near to a level 
as the judgmexlt of the eye will direct , 

Measure from the ground the height of the top of the tele- 
scope ; and also of the bottom in feet, inches, and parts ; suppose 
them to be 4 feet 1Q.5 inches, and 5 feet 0.8 inches ; then half 
the sum of the heights 4 feet 11 A inches is the height of the cen- 
tre of the glass ; and to this add haif the breadth of the vane, 
which suppose to be 1 inch and 5 tenths, and to the sum 5 feet 
0.9 inches add the preceding remainder 3 feet 0.6 inches ; then 
let the person at B move his vane till the upper edge cut 8 feet 
^1.5 inches, the sum of the preceding numbers. 

Now so elevate or depress the hair of the buBble till the 
hair cut the middle of the vane at £, and at the same time 
the bubble stands at the middle of the divisions ; and then wiU 
the instrument be duly adjusted. 

. If you have a mind to be more accurate, repeat the opera- 
tion ; but when you place the instrument at C, turn the tube 
at right angles to the line JL^, and there set it level; then 
proceed with a repetition of the work. Onjy observe to cross- 
l^el it in this adjustment, and in all future uses whatsoever. 

Or the level maybe adjusted thus : As before, first plant the 
instrument in the middle between A and B (fig. 4)j, and ob- 
serve the heights on the station-staves, which suppose to be as 
above ; and consequently their difibr^iee, as before, is 3 feet 
0.6 inches. Now measure from C towards the highest ground 



OF LEVEUJNG. 235 

il, some distance that comes almost to A^ suppose 4 chains to 
Z> ; and DB will be 9 chains^ ^nd DA one chain ; then plant the 
instrument at Z>, direct the telescope to A^ and setting the 
bubble to the middle of the division direct your assistant to 
move the vane till the hair cuts the middle of it, and note down 
the feet« inches, and parts cut by the upper edge of the vane, 
which suppose to be 3 feet 8.4 inches : to this add the differ- 
ence 3 feet 0.6 inches, and the sum 6 feet 9 inches reserve. 

Now direct the telescope to the staff at B, level it, and 
direct your assistant to move the vane till the hair cuts the 
middle thereof; and then if the upper edge of the vane cuts 
the foregoing sum 6 feet 9 inches, the hair and bubble are truly 
adjusted. But if not, say, as BD less AD is to the difference 
betwee^i the numbers cut by the upper edge of the vane and 
the number 6 feet 9 inches, so is the distance AD to a number 
which, added to that cut by the vane when less than 6 feet 9, 
and subtracted from the number cut by the vane when it is greater 
than 6 feet 9, will give a number, to which let the assistant fix the 
vane ; then so elevate or depress the hair or the bubble till the 
hair cuts the middle of the vane at B^ and the bubble stands in 
the middle of the divisions ; for then the level will be adjusted. 
The operation may be again repeated, and at every station 
cross-levelled, which will confirm the former adjustment. 

Or it will be still better to set the station-staves equally dis- 
tant from the instrument (suppose about46 or 20 perches each) 
at an angle of about 60°, or so as to form nearly an equilateral 
triangle therewith, and level the two vanes {A and B, ^g. 5), as 
before, which will be then both in the same horizontal level, 
whether the instrument be rightly adjusted or not, because one 
will be as much above or below the true level of the instru- 
ment as the other, being in the same distance from it ; then 
remove the instrun^ent as near as may be to one of them, sup- 
pose A, and raise or lower the vane A to the exact level of 
the visual ray in the instrument, noting precisely how much it 
is moved, and have the other vane B moved just as much, in 
order to bring them again to a level, allowing for the correction 
of the apparent level if it be a sensible quantity ; then adjust 
the instrument to the level of the vane at B. 

To adjust the rafler-level (plate 13, fig, 6), which may be 
10, 12, or 14 feet in the span AB ; set it oil a plank or hard 
ground nearly level, and mark where the plumb line cuts the 
beam mn, suppose at c ; then invert the position by setting 
the foot A in the place of B^ and B in that of A, marking 
where the line now cuts, as at e ; the middle point between c 
and e will be the true levelling mark» 

K3 
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To continue a level. course with this iqatniment, set the 
foot A to the starting place, and move B upward or downward 
towards D or £, till the point B be determined and marked 
for a level with A ; then carry the instrument forward in the 
direction of C, till the foot A rests at B^ whence the point C 
is levelled as before, &c. Sights may be placed at r and s, 
and the instrument adjusted to them, as before, by reversing 
them in the directioa of some distant object. 

Afler the instrument is duly adjusted, you may proceed to 
use it Let the example be this annexed (fig. 7), where A 
everywhere represents the level, and B the station-staves ; and 
suppose the route be made from a to e : first plant the instru- 
ment between the staves a and b; bX A direct the level to aB, 
bring the bubt^le to the middle of the divisions, and instruct 
your assistant so to place the vane that the hair in the tele- 
scope cuts the middle of the vane ; then in a book divided into 
two columns, the one entitled Back-sights^ the other Fare-sights, 
enter the feet, inches, and parts cut by the upper edge of the 
vane at aB in the column entitled Back-sights. 

Then look towards the other stafiT bB, bring the bubble to 
the middle of the divisions, and direct your assistant to place 
the vane so that the hair cuts the middle of the vane ; then 
enter the feet, inches, and parts cut by the upper edge of the 
vane in the column of Fore-sights. 

Now plant the instrument at A^ still keeping the staff Bh 
exactly in the same place, and carry the staff aB forward to 
the place cB ; now look back to the staff bB, and enter the 
numbers cut by the vane there under the title . Back-sights ; 
then look forwards to cB, and enter the observation under 
the title Foresights. Do the like when the instrument is 
planted at il^ A\ &;c., always taking care to keep the stafif in 
the same place when you looked at it for a fore-sight, till you 
have also taken with it a back-sight. 

Having finished your level, add up the column of back* 
sights into one sum, and the column oi fore-sights also into 
one sum ; and the difiTerence between^ these sums is the ascent 
or descent required. And if the sum of the fore-sights be 
greater than the sum of the back-sights, then e is lower than 
a ; but if the sum of the fore-sights be less than the sum of 
the back-sights, e is higher than a. For example, let the 
numbers be as in the following table. 
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Baek'sights 




Fore-sights, 


Feet Inches. Tenths. 
d . 7 . 5 
4.6.8 
6.0 . 2 
0.5.0 
1.0 . 7 


Feet Inches. Tenths. ^ 
6.4.5 
8.8 .2 
5.4.7 
8.7.8 
0.4.8 


24 . 8 • 


2 


38 . I . 
24 . 8 . 2 



Hence the descent 



H 



13 
13 



4 
4 



8 
8 



Observatums» 



1. And if the distances thus taken are short, the curvature 
of the earth may he rejected. For, if the distance from the 
instrument be everywhere about 100 yards, all the curvatures 
in a mile's work will be less than half an inch. 

2. If the distance from the instrument to the hindermost 
staff be everywhere equal to the distance from the instrument 
to the corresponding staff, the curvature of the earth and the 
minute errors of the instrument will both be destroyed. Hence 
it will be much better to set the instrument as equally distant 
from both staves as may be, 

3. If the distances of the instrument from the staves be 
very unequal and very long, the curvatures must be accounted 
for, and the distances, in order thereto, must be measured. 

4. Therefore it appears, that the best method to take a level 
is, to measure the several distances from the instrument to the 

' back and forward station-staves ; and enter them in the field- 
book, according to the titles of their several columns, as in the 
following example ; and correct the heights from the table of 
allowances, which may be done at home when you are about 
to sum up the heights. 
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Backwards. 




Forwards. 


Distan. 


Height 


Corrected. 

1 


Distan. 


Height. 


Corrected. 


Links. 


Inches. 


Inches. 


Links. 


Inches. 


. Inches. 


370 


3.25 


304 


418 


4.36 


4.34 


420 


6.10 


6.08 


328 


7.18 


7.17 


760 


5.38 


6.31 


289 


6.76 


6.67 


684 


7.25 


7.21 


630 


9.53 


9.50 


326 


8.16 


8.14 


485 


11.25^ 


11.22 


658 


10.25 


10.20 


376 


8.65 


8.63 


^30 


6.32 

* 


0.20 


720 


10.34 


10.28 


36.58 


46.47 


31.46 


57.81 


31.46 




\ 


• 




46.47 


68.04 


11.34 



r 



So that the fall in 68 chains is about 11 inches, and ^ of ap 
inch. 

Lastly, though hitherto we hare considered the level with 
one telescope only, the same observations may he applied to a 
level with a double telescope ; and I would advise those who 
use the double telescope, at every station to turn that end of 
the telescope forward which before was the contrary way. 

• 

A more general method of leveUing^ adapted to the ntroeying of roadt 
and hiUygraundj is exhibited tn the foC^ioing example^ in which ike measures 
are given in links, 

EXAMPUB. 

Pl. 13. fig. 8. 

Required the bearing and distance of the place B from A^ 
and its perpendicular asceiit or descent above or below the 
horizontal level of A* 
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St. 


Course or 
Bearing. 


Elevation or 
Depression. 


Obi. 
Dist. 


Hor. 
Dist. 


Perpen. 
Ascent 
or Des. 


Dif. 
Lat 

131 
164 
602 
76 
200 

622 

N. 


f 
s 


1 

% 

3 
4 
5 


N.E. 79° 16^ 
N.E. 76 00 
N.E. 50 30 
S.E. 85 15 
kE. 70 00 


D. 17° 16' 

D. 21 45 

E. 14 00 

D. 11 30 

E. 19 15 


738 

684 
976 
930 
620 

3948 


705 
635 
i947 
911 

585 

• 

3783 


218.9 
253.4 
236.1 
185.4 
204.0 


.692 
613 
730 
908 
549 




217.6 
Desc. 


3492 
E. 



► Answer. 



As dif. lat. 622 As S. bear. 79° 45' 

Is to radius S. 20°, Is to dep. 3492, 

So is dep. 3492 So is radius S. 90° 

To T. bear. 79° 54'. To dist. 3547. 

As 100 links : 66 feet : : 217.6 links : 143.6 feet, the descent 
B below the level of ^. 

Hence, B bears N. 79° 64' E. from A. 
Nearest horiz. dist. 3547 links. 
Sum of obi. dist. 3948 links. 
Sum of horiz. dist. 3783 links. 
Perp. desc. 2 17.6 links = 143.6ft. 

With the angular elevation or depression in the third column, 
and the oblique distance in the fourth (as course and distance) 
are found the horizontal distance in the fifth, and the perpen-' 
dicular ascent or descentx)n the si:!cth, for each station (as dif- 
ference of latitude and departure) : then, with the bearing and 
horizontal distance, we get the difference of latitude and de- 
parture in the last two columns.^ 

The ascents and descents in the sixth column are distin- 
guished by the letters £ and D in the third, 'signif3ring eleva- 
tion or depression ; and being added separately, the difference 
of their sums is set at the bottom of the column with the name 
of the greater, and shows the perpendicular descent oi B below 
the horizontal level of A. 

In like manner the northings and southings in the seventh 
column are distinguished by the letters N and S in the 
second, &c. 

FROMI9C170VS QUESTIONS. 

1. The perambulator, or surveyiftg wheel, is so contrived as 



S80 PROMISCUOUS QUESTIONS. 

to turn jttst twice in the length of a pole^ or 16| feet ; what 
then is die diameter? Ans. 2.626 feet 

2. Two sides of a triangle are respectively 20 and 40 
perches ; required the third, so that the contents may be just an 
acre. Ans. either 23.099 or 58.876 perches. 

3. I want the length of a line by which my gardener may 
strike out a round orangery that shall contain just half an acre 
of ground. Ans. 27} yards. 

4. What proportion does the arpent of France, which con- 
tains 100 square poles of 18 feet each, bear^to the American 
acre, containing 160 square poles of 16.5 feet each, considering 
that the length of the French foot is to the American as 16 
to 15 1 Ans. as 512 to 605. 

5. The ellipse in Grosvenor Square measures 840 links the 
longest way, and 6^2 the shortest, within the rails : now the 
wall being 14 inches thick, it is required to find what quantity 
of ground it encloses, and how much it stands upon. 

'Ans. It encloses 4 A. 6P., and stands on 1760^ square feet. 

6. Required the dimensions of an elliptical acre with the 
greatest and least diameters in the proportion of 3 to 2. 

Ans. 17.479 by II. 653 perches. 

7. The paving of a triangular court at ISd. per foot, came 
to lOOZ. The longest of the three sides was 88 feet: what 
then was the sum of the other two equal sides ? 

Ans. 106.85 feet. 

8. In 110 acre^ of statute measure, in which the pole is 16| 
feet, how many Cheshire acres, where the customary pole 
is 6 yards, and how many of Ireland, where the pole in use is 
7 yards ? 

Ans. 92A. IR. 28P. Cheshire ; 67A. 3R. 25 P. Irish. 

9. The three sides of a triangle containing 6A. IR. 12P. are 
in the ratio of the three numbers 9, 8, 6, respectively ; re- 
quired the sides. . Ans. 59.029, 52.47, and 39.353. 

10. In a pentangular field, beginning with the south side, 
and measuring round towards the east, the first or south side is 
2735 links, the second 3115, the third 2370, the fourth 2925, 
and the fifth 2220 ; also the diagonal from the first angle to 
the third is 3800 links, and that from the third to the fifth 4010 ; 
required the area of the field. Ans. 117A. 2R. 28P. 

1 1. Required the dimensions of an oblong garden containing 
three acres, and bounded by 104 perches of, pale fence. 

Ans. 40 perches by 12. 

12. How many acres are contained in a square meadow, the 
diagonal of which is 20 perches more than either of its sides f 

' AnS. 14A. 2R. IIP. 
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t 

13. If a man six feet high travel round the earth, how much 
greater will be the circumference described by the top of his 
head than by his feet ? Ans. 37«69 feet. 

N. B. — The required difference is equal to the circumference 
of a circle 6 feet radius, let the magnitude of the earth be what 
it may. 

14. Required the dimensions of a parallelogram containing 
200 acres, which is 40 perches longer than wide. 

Ans. 200 perches by 100. 

15. What diffetence is there betweeh a lot 28 perches long 
by 20 broad, and two others^ each of half the dimensions ? . 

Ans. lA. 3R. 
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PART III. 

Containing the astronomdcai methods of finding the latitude^ variation 
of the compass, 4*<^.9 with a description of the iTistruments used in these 
operatiofu, 

SECTION I. 

INTRODUCTORY PRINCIPLES. 

Day and night arise from the circumrotadon of the earth. 
That imaginary line about which the rotation is performed is 
called the axis, and its extremities are called poles. That 
towards the most remote parts of Europe is called the north 
pole\ and its opposite the south pole. The earth*s axis being 
produced will point out the celestial poles. 

The equator is a great circle on the earth, every point of 
which is equally distant from the poles ; it divides the earth 
info two equal parts, called hemispheres : that having the north, 
pole in its centre is called the northern hemisphercy and. the 
other the southern hemisphere. The plane of this circle being 
produced to the fixed stars will j)oint out the celestial equator, 
or equinoctial. The equator, as w^U as all other great circles of 
the sphere, is divided into 360 equal parts, called degrees; each 
degree is divided' into 60 equal parts, called minutes ;, and the 
sexagesimal division is continued. 

Note. — ^The ancients, having no instruments by which they 
could make observations with any tolerable degree or accuracy, 
supposed the length of the year, or annual motion of the earth, 
to be completed in 360 days : and hence arose the division of 
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the circumference of a circle into the same number of equal 
parts, which they called degrees* 

The meridian of any place is a sepaicirele passing throu^gh 
that place, and terminating at the poles of the equator. The 
: other half of this circle is called the opposite meridian, - 

The latitude of any place is that portion of the meridian of 
that place which is contained between the equator and the 
given place ; and is either south or norths according as the 
given place is in the northern or southern hemisphere, and there- 
^TQ cannot exceed ^0°. 

The parallel of latitude of any place is a circle passing 
tlirough that place parallel to the equator. 

The difference of latitude between any two places is an 
arch of a meridiannntercepted between the corresponding paral- 
lels of latitude of those places. Hence, if the places lie be- 
tween the equator and the same pole, their difference of lati- 
tude is found by subtracting the less latitude from, the greater; 
but if they are on opposite sides of the equator, the difference 
of latitude is equal to the sum of the latitudes of both places. 

The first meridian is an imaginary semicircle, passing 
through any remaritable place, and is therefore arbitrary. 
Thus, the British esteem that to be the first meridian which passes 
throiigh the royal obfeervatory at Greenwich ; and the French 
reckon for their first meridian that which passes through the 
royal observatory at Paris. — ^Formerly many French geogra- 
phers reckoned the meridian of the island of Ferro to be their 
first meridian; and others, that which was exactly 20 de» 
grees to the west of the Paris observatory. The Germans, 
again, considered the meridian of the Peak of Teneriffe to be 
the first meridian. By this mode of reckoning, Europe, Asia, 
and Africa are in east longitude, and North and South America 
in we^t lengitude. At present the first meridian of any coun- 
try is generally esteemed to be that which passes through the 
^principal observatory, or chief city, of that country. 

The longitu(]e of any place is that portion of the equator 
which is contained between the first meridian and the meridian 
of that place ; and is usually reckoned either east or west^ ac- 
cording as the given place i^ on the east or west side of the 
first meridian ; and, therefore, cannot exceed 180°. 

The difference of longitude between any two places is the 
intercepted arch of the equator between the meridians of those 
places, and cannot exceed 180°. % 

There are three different horizons, the apparent, the sensi- 
ble, and the titie. The apparent or visible horizon is the ut-? 
most apparent view of the sea or land \ the sensible, is a plane 
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passing through the eye of an observer, perpendiculaCr to a 

plumbjine hanging freely ; and the true or rational horizon is 

a plane passing through the centre of the earth, parallel to the 

senstt>le horizon. 

I Altitudes observed at sea are measured from the visible 

horizon. At land, when an astronomical 'quadrant is used, or 

when observations are taken with a Hadley's quadrant -by the 

method of ^ reflection, the altitude is measured from the sensible 

horizon ; and in either case the altitude must be reduced to the 

true horizon. 

) The zenith of any given place is the point immediately 

above that place, and is, therefore, the elevated pole of the 

horizon. The nadir is the other pole, or, point diametrically 

opposite. 

• A vertical is a great circle passing through the zenith and 

nadir ; and therefofe intersecting the horizon at right angles. 

The altitude of any celestial body is that portion of a ver- 
tical which is contained between its centre and the true hori- 
zon. The meridian altitude is the distance of the object from 
the true horizon, when on the meridian of the place of obser- 
vation. When the observed altitude is corrected for the de^ 
pression of the horizon and the errors arising {rom the instru- 
ment, it is called the apparent altitude ; and when reduced to 
the true horizon, by applying the parallax in altitude, it is 
called the true altitude. Altitudes are expressed in degrees and 
parts of a degree. 

The zenith distance of any object is its distance from the 
zenith, or the complement of its altitude. 
\ The declination of any object is that portion of its meridian 
which is contained between the equinoctial and the centre of 
the object ; and is either north or south according as the star 
is between the equinoctial and the north or south pole. 
' The ecliptic is that great circle in which the annual revolu- 
tion of the earth round the sun is performed. It is so named 
because eclipses cannot happen but when the moon is in or near 
that circle. The inclination of the ecliptic and equinoctial is 
at present about 28° 28' ; and by comparing ancient with mod- 
em observations, the obliquity of the ecliptic' is found to be 
diminishing-^which 'diminution, in the present century, is about 
half a second yearly. 

The ecliptic, like all other great circles of the sphere, is di- 
vided into 360° ; and is further divided into twelve equal parts, 
called signs : each sign, therefore, contains 30°. The names 
and characters of these signs are as follows : 
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Aries, fir I Cancer, 
Taurus, ^ I Leo, £t 
Gemini, n | Virgo, itjj 



Capricomus, v^ 
Aquarius, sff 
Pisces, >£ 



Libra, ^^ 

Soorpio, nx 
Sagittarius, f 

Since the ecliptic and equinoctial are great circles, they 
therefore bisect each other in two points, which are called the 
equinoctial points. The sun is in one of these points in Marchf 
and in the other in September ; hence, the first is called the 
vernaly and the other the autumnal equinox— r-and that sign 
ivhich begins at the vernal equinox is called Aries. Those 
points of the ecliptic which are equidistant from the equinoc- 
tial points]are called the solstitial points ; the first the summer j 
and the second the winter solstice. That great circle which 
passes through the equinoctial points and the poles of the earth 
is called the equinoctial colur^; and the great circle which 
passes through the solstitial points and the pol6s of the earth 
is called the solstitial colure* , * 

When the sun enters Aries it is in the equinoctial, and 
therefore has no declination. From thence it moves forward 
in the ecliptic, according to the order of the signs, and ad- 
vances towards the north pole, by a kind of retarded motion, 
till it enters Cancer, and is then most distant from the equinoc- 
tial ; and moving forward in the ecliptic, the sun apparently 
recedes from the north pole with an accelerated motion till it 
enters Libra, and, being again in the equinoctial, has no decli- 
nation ; the sun, moving through the signs Libra, Scorpio, and 
Sagittarius, enters Capricorn ; and then its south declination is 
greatest, and is^ therefore most distant from the north pole ; 
and moving forward through the signs Capricorn, Aquarius, and 
Pisces, again enters Aries : hence a period of the seasons is 
completed, and this period is called a solar year. 

The signs Aries, Taurus, Gemini, Cancer, Leo, and Virgo 
are called northern signs^ because they are contained in that 
part of the ecliptic which is between the equinoctial and north 
pole ; and, therefore, while the sun is in these signs, its decli- 
nation is north : the other six signs are called southern signs. 
The signs in the first and fourth quarters of the ecliptic are 
called ascending signs, because while the sun is in these signs 
it approaches the north pol^ ; and, therefore, in the northern, 
temperate, and frigid zones, the sun's meridian altitude daily 
increases ; or, which is the same, the sun ascends to a greater 
height above the horizon every day. The signs in the second 
and third quarters of the ecliptic are called descending signs. 

The tropics are circles parallel to the equinoctial, whose 
distance therefrom is equal to the obliquity of the ecliptic* 
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The northern tropic toucihes the eeliptic at the heginning of 
Cancer, and is therefore caUed the tropic of Cancer; and the 
southern tropic touches the ecliptic at the beginning of Capri- 
corn, and is hence called the tropic of Capricorn, 

Circles about the pples of the equinoctial, and passing 
through the poles of the ecliptic, are called polar circles ; the 
distance, therefore, of each polar circle from its respective pde 
is equal to the inclination of the ecliptic and equinoctial. That 
circle which circumscribes the north pole is called the arctic 
or north polar circle ; and that towards the south pole, the ant^ 
arctic or south polar circle. 

That semicircle which passes through a star, or any given 
point of the heavens, and the poles of the ecliptic, is called a 
circle of latitude. ' 

The reduced place of a star is that point of the ecliptic 
which is intersected by the circle of latitude passing through 
that star. 

The latitude of a star is that portion of the circle of latitude 
contained between the star and its reduced place ; and is either 
north or souths according as the star is between the ecliptic and 
the north or south pole thereof. 

' The longitude of a star is that portion of the ecliptic con- 
tained between the vernal equinox and the reduced place of 
the star. 



SECTION II. 

Description of the instruments requisite in astronomical observations* 

THE QUADRANT. 

It is generally allowed that we are indebted to John Hadley, 
Esq. for the invention, or at least for' the first public account, 
of that admirable instrument commonly called Hadley's quad- 
rant, who in the year 1731 first communicated its principles to 
the Royal Society, which were by them pubhshed soon after 
in their Philosophical Transactions; before this period the 
cross-staff and Davis'S quadrant were the only instruments 
used for measuring altitudes at sea, both very imperfect, and 
liable to considerable error in rough weather ; the superior ex- 
cellence, however, of Hadley's quadrant ^oon obtained its 
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general use among seamen, and the many improvements this 
instrument has received from ingenious men at various tunes 
have rendered it so correct, that it is now apphed, with the 
greatest success, to the important purposes of ascertaining both 
3ie latitude and longitude at sea or land. 

Figure 2, Frontispiece, represents a quadrant of reflection, 
the principal parts of which are, the octant or frame ABC 
(which is generally made of ebony, or other hard wood, and 
consists of an arch firmly attached to two radii or bars, which 
are strengthened and bound by the two braces in order to pre- 
vent it from warping), the graduated arch BC, the index D, the 
nonius or vernier scale £, the index glass jP, the horizon glasses 
6r and jRT, the dark glasses or screens J, and the sight vanes 
K and L. 

The arch, or limb BC, although only the eighth part of a 
circle, is, on account of the double reflection, divided into 90 
degrees, numbered 0, 10, 20, 30, &c,^ from the right towards 
the left ; these are subdivided into three parts, containing each 
20 minutes, which are again subdivided into single minutes, by 
means of a scale at the end of the index. The arch extending 
from towards t^e right-hand is called the arch of excess. 

The index D is a flat brass bar, that turns on the centre of 
the instrument ; at the lower end of the index there is an ob- 
long opening ; to one side of this opening a nonius scale is 
fixed, to subdivide the divisions of the arch ; at the bottom or 
end of the index there is a piece of brass whidi bends under 
the arch, carrying a spring to make the nonius scale Ue close 
to the divisions ; it is also furnished with a screw to 6x the 
index in any desired position. 

Some instruments have an adjusting or tangent-screw^ fitted 
to the index, that it may be moved more slowly, and with 
greater regularity and accuracy than by the hand ; it is proper, 
however, to observe, that the index must be previously fixed 
near its right position by the above-mentioned screw, before the 
adjusting screw is put in motion. 

Hie nonius is a scale fixed to the end of the index, for the 
purpose, as before observed, of dividing the subdivisions on the 
arch into minutes ; it sometimes contains a space of 7 degrees, 
br 21 subdivisions of th^ limb, and is divided into 20 equal 
parts ; hence each division on the nonius will be one-twentieth 
patt greater, that is, on6 minute longer, than the divisions on 
the arch; consequently, if the- first division of the nonius, 
marked 0, be set precisely opposite to any degree, the relative 
jyosition of the nonius and the arch mu^t be altered one 
toinute, before the next division on the nonius will coiiacide 
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with the next dmsion on the arch, the. second divkioQ wOl^ 
require a change of two minutes, the third of three minutes^ and> 
so on, till the 2Mk stroke on the nonius arrives at the next 20 
minutes on the arch ; the on the nonius will then have moved . 
exactly 20 minutes from the division whence it set out, and the 
intermediate divisions of each minute have been regularly 
pointed out by the divisions of the nonius. 

The divisions of the nonius scale are in the above case 
reckoned from the middle towards the right, and from the left 
towards the middle; therefore the first 10 minutes are con* 
tained on the right of the 0, and the other 10 on the left. But 
this method of reckoning the divisions being found inconvenient, 
they are more generally counted beginning from the right- 
hand towards the left ; and then 20 divisions on the nonius 
are equal* to 19 on the limb, consequently one division on the 
arch will exceed one on the nonius by one-twentieth part, that^ 
is, one minute. 

The on the nonius points out the entire degrees and odd 
twenty minutes subtended by die objects observed ; and if it 
coincides with a division on the arch, points out the required 
angle : thus, suppose the on the nonius stands at 25 degree^, 
then 25 degrees will be the measure of the angles observed ; 
if it coincides wilh the next division on the left-hand, 25 de- 
grees 20 minutes is the angle ; if with the second division 
beyond 25 degrees, then the augle will be 25 degrees 40 
minutes ; and so on in every instance where the on the no- 
nius coincides with a division on the arch ; but if it does not 
coincide, then look for a division on the nonius that stands 
directly opposite to one on the arch, and that division on the 
nonius giues the odd minutes to be added to that on the arch 
nearest the right-hand of the on the nonius ; for example, 
suppose the index division does not coincide with 25 degrees, 
but that the next division to it on the nonius is the fir^t coin- 
eident division, then is the required angle 25 degrees 1 minute ; 
if it had been the second division the angle would have been 
25 degrees 2 miniites, and so on to 20 minutes, when the on 
the nonius would coincide with the first HO minutes on the 
arch from 25 degrees. Again, let us suppose the on the 
nonius .to stand between 50 degrees and 50 degrees 20 minutes, 
and that the 15th division on the nonius coincides with a 
division on the arch, then is the angle 50 degrees 15 minutes. 
Further, let the on the nonius stand between 45 degrees 
20 minutes and 45 degrees 40 minutes, and at the same time 
the 14th division on the nonius stands directly opposite to a 
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division on the arch, then will the angle he 45 degrees 34 
minutes. ^ 

The index glass P is a plane speculum, or mirror of glass 
quicksilvered, set in a hrass frame, and so placed that the face 
of it is perpendicular to the plane of the instrument, and imme- 
diately over the centre of motion of the index. This mirror 
heing fixed to the index moves along with it, and has its direc* 
tion changed hy the motion thereof. 

This glass is designed to reflect the image of the sun, or any 
other object, upon either of the two horizon glasses, from 
whence it is reflected to the eye of the observer. The brass 
frame, with the glass, is fixed to the index by the screw My 
the other screw iV" serves to place it in a perpendicular position, 
if by any accident it has been put out of order. 

The horizon glasses G and H are two small speculums on 
the radius of the octant; the surface of the upper one is par- 
allel to the index glass when the on the nonius is at on the 
arch ; these mirrors receive the rays of the object reflected 
from the index glass, and transmit them to the observer. The 
fore horizon glass G is only silvered on its lower half, the 
upper half being transparent, in order that the direct object 
maybe seen through it. The back horizon glass H is silvered 
at both ends ; in the middle there is a transparent slit, through 
which the horizon may be seen. Each of these glasses is set . 
in a brass frame, to which there is an axis ; this axis passes 
through the wood- work, and is fitted to a lever on the under side 
of the quadrant, by which the glass may be turned a few de- 
grees on its axis, in order to set it parallel to the index glass. 

To set the glasses perpendicular to the plane of the quad- 
rant there are two sunk screws, one before and one behind 
each glass : these screws pass through the plate on which the 
frame is fixed into another plate, so that by loosening one and 
tightening the other of these screws, the direction of the fi-ame, 
with its mirror, may be altered, and thus be set perpendicular 
to the plane of the instrument. 

The dark glasses, or shades, /, are used to prevent the bright 
rays of the sun, or the glare of the moon, from hurting the eye 
at the time of observation ; there are generally three of them, 
two red, and one green. They are each set in a brass frame 
which turns on a centre, so that they may be used separately 
or together, as the brightness of the object may require; The 
green glass may be used also alone, if the sun be very faint ; 
it is likewise used in taking observations of the moon ; when 
these glasses are used for the fore observation, they s^e set 
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immediately before the fore horizon glass, as in ^g. 1, but in 
front of the other horizon glass at O when a back observation 
is made. 

The sight vanes K and L are pieces of brass, standing per- 
pendicular to the plane of the instrument : the vane K is called 
the fore sight vane, and L the hack sight vane* There are two 
holes in the fore sight vane, the lower of which and the upper 
edge of the silvered part of the fore hjorizon glass are equi- 
distant from the plane of the instrument, and the other is oppo- 
site to the middle of the transparent part of that glass; the 
back sight vane has only one hole, which is exactly opposite 
to the middle of the transparent slit in the horizon glass to 
which it belongs : but as the back observations are liable to 
many inconveniences and error^, we shall not give any direc- 
tions for their practice. 

The adjusting lever (fig. 3), which is fixed on the back of 
the quadrant, serves to adjust ^the horizon glass, by placing it 
parallel to the index glass ; when tbis lever is to be used, the * 
screw B must be first loosened« and when by the adjuster A^ 
the horizon glass is sufficiently moved, the screw B must be 
fastened again, by which means the horizon glass will be kept 
from changing its position. 

ADJUSTMENTS. 

The several parts of the quadrant being liable, to be out of 
order from a variety of accidental circumstances, it is neces- 
sary to examine and adjust them, so that the instrument may 
be put into a proper state previous to taking observations. 

An instrument properly adjusted must have the index glass 
and horizon glasses perpendicular to the plane of the quadrant ; 
the plane of the fore horizon glass parallel, and that of the 
back horizon glass perpendicular, to the plane of the index 
glass, when the on the nonius is at on the arch ; hence, 
the quadrant requires five adjustments, the first three of which, 
being once made, are not so liable as the last two to be out of 
order ; however, they should all be occasionally examined, in s 
case of an accident. 

I. To set ike plane of the index glass perpendicular to that of the in» 
strument, ♦ 

Place the index near to the middle of the arch, and holding 
the quadrant in a horizontal position, with the index glass close 
to the eye, look obliquely down tlie glass, in such a manner 
that you may see the arch of the quadrant by direct view and 
by reflection at the same time ; if they join in one direct line, « 



240 THE QUADRANT. 

and the arch seen by reflection forms atf exact plane^ or straight 
line, with the arch seen by direct view, or if the image of any 
point of the arch near B appear of the same height as th& 
corresponding part of the arch near C, seen direct, the glass 
is perpendicular to the plane of the quadrant ; if not, it must 
be restored to its right position by loosening the screw Jf» 
and tightening the screw iV, or vice versa^ by a contrary ope- 
ration. 

II. To set the fort horizon gktss parallel to the index glass, the index 
heiugatO, 

Set the on the nonius exactly against on (he arch, and 
fix it there by the screw at the under side. Then holding the 
quadrant vertically, with the arch lowermost, look through the 
' sight vane, at the edge of the' sea, or any other well-defined 
and distant object Now, if the "horizon in the silvered part 
exactly meets, and forms one continued line with that seen 
through the unsilvered part, the horizon glass is parallel to the 
index glass. But if the horizons do not coincide, then loosen 
the button-screw in the middle of the lever, on the under side 
of the quadrant, and move the horizon glass on its axis, by 
turning the nut at the end of the adjusting lever, till you have 
made them perfectly coincide ; then fix the lever firmly in this 
situation by tightening the button-screw. This adjustment 
ought to be repeated before and after every observation. Some 
observers adopt the following method, which is called finding 
the index error. Let the horizon glass remain fixed, and move 
the index till the image and object coincide; then observe 
whether on the nonius agrees with on the arch, if it does 
not, the number of minutes by which they differ is to bje added 
to the observed altitude or angle, if the on the nonius be to 
the right of the on the arch, but if to the left of the on the 
limb, it is to be subtracted. 

It has already been observed, that that part of the arch be- 
yond towards the right-hand is called the arch of excess : 
the nonius, when the on it is at that part, must be read the 
contrary way, or, which is the same thing, you may read ofi" the 
^inutes in the usual way, and then their complement to 20 
minutes will be the real number to be added to the degrees and 
minutes pointed out by the on the nonius. 

III. To set the fore horizon glass perpendicular to the plane of the 
qtiadrant. 

Having previously made the above adjustment, incline the 
quadrant on one side as much as possible, provid^ the horizon 
continues to be seen in both parts of the glass ; if, when the 
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instniment is thus inclined, the edge of the sea seen through 
the low^r hole of the sight vane continues to form one unbroken 
line, the horizon glass is perfectly adjusted ; but if the reflected 
horizon be separated from that seen by direct vision, the specu- 
lt;im is not perpendicular to the plane of the quadrant : then if 
the limb of the quadrant is inclined towards the horizon, with ^ 
the face of the instrument upwards, and the reflected sea ap- 
pears higher than the real sea, you must slacken the screw 
before the horizon glass, and tighten that which is behind it ; 
but if the reflected sea appears lower, the contrary must be 
performed. Care must be always taken in this adjustment to 
loosen one screw before the other is screwed up, and to leave 
the adjusting screws tight, so as to draw with a moderate force 
against each other. 

This adjustment niay be also made by the sun, moon, or 
a star : in this case the quadrant is to be held in a vertical posi- 
tion ; if the image seen by reflection appears to the right or 
lefl of the object seen directly, then the glass must be adjusted 
as before by the two screws. 

It will be necessary, after having made this adjustment, to 
examine if the horizon glass still continues to be parallel to 
the index glass, as sometimes by turning the sunk screws the 
plane of the horizon glass will have its position altered. 

USE OF HADLEY'S QUADRANT. 

The use of the quadrant is to ascertain the angle subtended 
by two distant objects at the eye of the observer ; but princi- 
cipally tp observe the altitude of a celestial object above the 
horizon. This is pointed out by the index when one of the 
objects seen by reflection is made to coincide with the other, 
seen through the transparent part of the horizon glass. 

To take an aUiiude of the sun^ moon, or a star, by a fore observation* 

Having pre^^iously adjusted the instrument, place the on 
the nonius opposite to on'the arch, and turn down one or 
more of the screens, according to the brightness of the sun ; 
then apply the eye to the upper hole in the fore sight vane, if 
the sun's image be very bright, otherwise to the lower, and 
holding the quadrant vertically, look directly towards the sun, 
so as to let it be behind the silvered part of the horizon glass, 
then the coloured sun's image will appear on the speculum ; 
move the index forward till the sun's image, which will appear 
to descend, just touches the horizon with its lower or upper 
limb ; if the upper hole be looked through, the sun's image 
must be made to appear in the middle of the trans arent part 

L 
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of the horizon, but if it be the lower hole, hold the qBadraat 
•0 that the sun's image may be bisected by the line joimng the 
silvered and transparent parts of the horizon glass. 

The svn's limb ought to touch that part of the horizon irame« 
diately under the sun, but as this point cannot be exactly ascer- 
tained« it will be therefore necessary for the observer to give 
the quadrant a slow motion from side to side, turning at the 
tame time upon his heel, by which motion the sun will appear 
10 sweep the horizon, and must be made just tio touch it at the 
lowest part of the arch ; the degrees and minutes then pointed 
out l^ the index on the limb of the quadrant will be the ob> 
served altitude of that limb which is brought in contact with 
the horizon. 

When the meridian or greatest altitude is required, th^ ob« 
servation should be commenced a short tame before the object 
comes to the meridian ; being brought down to the horizon, it 
will appear for a few minutes to rise slowly ; when it is again 
to be made to coincide with the horizon by moving the index 
forward ; this must be repeated until the object begins to de- 
scend, when the index is to be secured, and the observation to 
be read off. 

FroiD this description of the quadrant and itsuse^ the manner of adjost- 
ing and using the sextant will be readily apprehended. Our limits will 
not allow a particular description of this excellent instrument. 

The Artificial Horizon. 

In many cases it happens that altitudes are to be taken on 
land by the quadrant or sextant ; which, for want of a natural 
horizon, can only be obtained by an artificial one. There has 
been a variety of these sorts of instruments made, but the kind 
now described is allowed to be the only one that can be de- 
pended upon. It consists of a wooden or metal-framed roof, 
containing two true parallel glasses of about 5 by 2^ inches, 
fixed not too tight in the frames of the roof. This serves to 
shelter from the air a wooden trough filled with quicksilver. 
In making an observation by it with the quadrant or sextant, 
the reflected image of the sun, moon, or other object is brought 
to coincide with 3ie same object reflected from the glasses of 
the quadrant or sextant : half the angle shown upon the limb 
is the altitude above the horizon or level required. It is neces- 
sary in a set of observations that the roof be always placed 
the same way. When done with, the roof folds up flatwise, 
and, with the quicksilver in a bottle, &c. is packed into a port- 
able flat case. 
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SECTION m. 

VARIATION OP THE COMPASS. 

The variatioii of the compass is the deviation of the points 
of the mariner's compass from the corresponding points of the 
horizon, and is termed east or west rariation according as the 
magnetic needle or north point of the compass is inclined to the 
eastward or westward of the true north point of the horizon. 

The troe amplitude of any celeftial object is an arch of the horizon con- 
tained between the true east or west points thereof and the centre of the 
object at the time of its rising or setting ; or it is the degrees and minutes 
the object rises or sets to the northwanl or southward of the true east or 
west points of the horizon. 

The magnetic amplitude is an arch contained between the east or west 
points of the compass and the centre of the object at rising or setting ; or 
it is the bearing of the object by compass when in the horizon. 

The true azimuth of an object is aa arch of the horizon contained be- 
tween the true meridian and the azimuth circle passing through the cen- 
tre of the object. 

The magnetic azimuth is an arch contained between the magnetic me- 
ridian and the azimuth circle passing through the centre of the object ; or 
it is the bearing of the object by compass at any time when it is above the 
horizon. 

The true amplitude or azimuth b found by calculation, and the mag- 
netic amplitude or azimuth by an azimuth compftss. 

The magnetic amplitude or azimuth of the 8U% or any celestial object, 
may be accurately observed by Mr. M^Culloch's patent compass, of which 
the following is a description. 

DESCRIPTION OF THE AZIMUTH COMPASS. 

Frontispiece, fig. 4, contains a perspective view of the azi- 
muth compass ready for observation. The needle and card of 
this compass are similar to those of the steering compass, with 
this difference only, that a circular ring of silvered brass, divided 
into 300°, or rather four times 90°, circumscribes the card : 
b represents the compass-box, which is of brass, and has a hol- 
low conical bottom ; e is the prop or support of the compass- 
box, which stands in a brass socket screwed to the bottom of 
the wooden box, and may be turned round at pleasure; h is 
one of the guards, the other, being directly opposite, is hid by 
the box, — each guard has a slit, in which a pin projecting from 
Ihe side of the box may move freely in a vertical direction ; 
1 is a brass bar, upon which, at right angles, the side-vanes are 
fixed,— 41 line is drawn along the middle of this bar, which line, 
Ibe l^es in the vanes, and the threads joining their tops are in 
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the same plane ; 2 is a coloured glass moveable in the vane 3 ; 
4 is a magnifying glass moveable in the other vane, whose 
focal distance is nearly equal to the distance between the 
vanes ; 5 is the vernier, which contains six divisions, and as 
the limb of l}ie card is divided into half-degrees, each division 
of the vernier is therefore five minutes, — ^the interior surface 
of the vernier is ground to a sphere, whose radius is equal to 
that of the card ; 6 is a slide or stopper connected with the 
vernier, which serves to push the vernier close to the card, 
and thereby prevent it fjfom vibrating as soon as the observa- 
tion of the amplitude or azimuth is completed, and hence the 
degrees and parts of a degree may be read off at leisure with 
certainty ; 7 is a convex glass, to assist the eye in reading off 
the observed amplitude or azimuth. 

To observe the surCs amplitude. 

Turn the compass-box until the vane containing the magnifying 
glass is directed towards the sun ; and when the bright speck, or rays of 
the sun collected by the magnifying glass, falls upon the slit in the 
other vane, stop the card by means of the nonius, and read off the am- 
plitude. 

Without using the magnifying glass, the sight may be directed through 
the dark glass towards the sun ; and in this case the card is to be stopped 
when the sun is bisected by the thread in the other vane. 

The observation should be made when the sun's lower limb appears 
somewhat more than his semidiameter above the horizon, because his 
centre is really then in the horizon, although it is apparently elevated on 
account of the refraction of the atmosphere : this is particularly to be no- 
ticed in high latitudes. 

To observe the sutCs azimuth. 

Raise the magnifying glass to the upper part of the vane, and move the 
box, as before cmrected, until the bright speck fall on the other vane or on 
the line in the horizontal bar ; the card is then to be stopped, and the 
divisions being jead off will be the sun's magnetic azimuth. 

If the card vibrate considerably at the time of observation, it will be 
better to observe the extreme vibrations and take their mean as the mag- 
netic azimuth. When the magnetic azimuth is observed, the altitude of 
the object must be taken in order to obtain the true azimuth. 

It will conduce much to accuracy if several azimuths be observed, with 
the corresponding altitudes, and the mean of the whole taken for the ob- 
servation. 

To find the variation of the compass by an amplitude. 

RiTLE. — 1. To the log. secant of the latitude, rejecting the 
index, add the log. sine of the sun's declination, corrected for 
the time and place of observation; their sum will be the log. 
aine of the true amplitude, to be reckoned from the east in thai 
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morning or the west in the afternoon, towards the north or south, 
according to the declination. 

2. Then if the true and magnetic amplitudes bet both north 
or both south their difference is the variation, but if one be 
north and the other south their sum is the vanation ; and to 
know whether it be easterly or westerly, suppose the observer 
looking towards that point of the compass representing the 
magnetic amplitude ; then if the true amplitude be to the right- 
hand of the magnetic amplitude the variation is east, but if to 
the left-hand it is west* 

EXAMPLE I. 

July 3, 1812, in latitude 9° 36' S. the sun was observed to rise £. 12^ 
42' N. ; required the variation of the compass. 

Latitude 9^36'S. - - Secant 0.00613 

Declination 22 59N. - - Sine 9.59158 



True amplitude E. 23 20 N. - - Sine 9.59771 
Mag. amplitude £. 12 42 N. 

Variation 10 38 W., because the true amplitude is to 

the left of the magnetic. 

EXAMPLE ' n. 

September 24, 1812, in latitude 26^ 32' N. and longitude 78^ W. the 
sun's centre was observed to set W. 6o 15' S. about 6h. P. M. ; required 
the variation of the compass. 

Sun's declination 0? 30' S. 

Corr. for long. 789 W. J- 6 
Corr. for time 6h. P. M. -f- ^ 

Reduced dedination 41 - • - Sine 8.07650 
Latitude . 26 32 - - - Secant 0.04834 



True amplitude W. 46 S. - - Sme 8.12484 
Mag. amplitude W. 6 15 S. 

Variation 5 29 £., because the true amplitude is to 

the right-hand of the magneUe. 

To find the variation of the compass hy an aaimuth. 

Rule. — 1. Reduce the sun's declination to the time and place 
of observation, and compute the true altitude of the sun's centre. 

2. Subtract the sun's declination from 00° when the latitude 
and declination are of the same name, or add it to 90° when 
they are of contrary liames, and the sum or remainder will 
be the sun's polar distance. 

3. Add together the sun's polar distance, the latitude of the 

Elace, and the altitude of the sun ; take the difference between 
alf Uieir sum and the polar distance, and note the remainder. 
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4. Then add together' 

the log. co-sine of the hali^sum, 
and the log. co^sine of the remainder. 

5. Half the sum of these four logarithms will he the sine 
of an arch, which doubled will be the sun's true azimuth ; to 
be reckoned from the south in north latitude, and from the north 
in south latitude ; towards the east in the morning, and towards 
the west in the afternoon. 

6. Then if the true and observed azimuths be both on the 
east or both cm the west side of the meridian, their difference 
is the variation ; but if one be on the east and the other on the 
west side of the meridian, their sum is the variation : and to 
know if it be east or west, suppose the observer looking to- 
wards that point of the compass representing the magnetic 
azimuth ; then if the true azimuth be to the right of the mag- 
netic, the variation is east, but if the true be to the left of the 
magnetic the variation is west. 

EXAMPLE. 

November 2, 1812, in latitude 25° 32' N. and longitude 75° 
W. the altitude of the sun's lower limb was observed to be 15° 
36', about 4h. 10m. P. M., his magnetic azimuth at that time 
being S. 58° 32' W., and the height of the eye 18 feet ; re- 
quired the variation of the compass. 

Sun's dec. Nov. 2, at n. 14P 48' S. Obs. sit. sun's lower Hmb 15<>36' 
Corr. for long. 76<^ W. 4- 4 Semidiameter 16' 

I. af. n.-|- 



Co. fortL 4h. lOm. 



4 
3 



Dip 



16') 
4 i 



+ 12 



iced declination 


14 
90 


55 

00 


Refraction 

True altitude 

- - Secant 0.01662 
" - Secant 0.04463 

• • Co-sine 9.46345 

- • Co-sine 9.92929 


15 48 
3 


Polar distance 

Altitude 

Latitude 


104 
15 
25 


55 
45 
32 


15 45 


Sum 
Half 
Remainder 


146 
73 
31 

32 


12 

6 

49 

14 
2 




. 


19.45399 
- - Sme 9.72699 




True azimuth S. 
Mag; aasimsth S. 


64 
68 


28 W. 
32 W. 





Variation 
light of the magnetic 



5 56 east, because the true azimuth is to the 
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To iroto ft tme meridian Umt to a mapj hamng ike variation and nu^* 

netieal meridian given. 

On any ma^netical mefidiAii or parallel, upon ^vliich the map Ib pro- 
tncted, set off an angle from the north towards the east, equal to the de- 
grees or quantity of variation if it be westerly, or from ike north toward* 
the west if it be easterly, and the line which constitutes such aft ai%le 
with the magnetical meridian will be a true meridian line. • ^ ' w' 

For if the variation be westerly, the magnetical meridian will be &e 
quantity of variation of the west side of the trae meridian, but if easterly, 
on the east side ; therefore the true meridian must be a like quantity on 
the east side of the magnetical one when the variation is westerly, and 
on the west side when it is easterly. 

To lay out a true meridian line ly the drcwmfertmtor. 

If the variation be westerly, turn the box about till the north of the needle 
points as many degrees from the flower-de-luce towards the east of the 
box, or till the south of the needle points the like number of decrees from 
the south towards the west, as are the number of degrees contamed in the 
variation, and the index will be then due north and south ; therefore, if a 
line be struck out in the direction thereof, it will be a true meridian line. 

If the variation was easterly, let the north of the needle point as many 
degrees from the flower-de-luce towards the west of the box, or let the 
south of the needle point as many degrees towards the east, as are the 
number of degrees contained in the variation, and then the north and south 
of the box will coincide with, the north and south points of the horizon, 
and consequently a line being laid out by the direction of the index will 
be a true meridian line. 

This will be found to be veiy useful in setting a horizontal dial, for if 
you lay the edge of the index by the base of the stile of the dial, and keep 
the angular point of the stile towards the south of the box, and allow the 
variation as before, the dial will then be due north and south, and in its 
proper situation, provided the plane upon which it is fixed be duly hori- 
zontal, and the sun be south at noon ; but in places where it is north at 
noon the angular point of the index must be turned to the north. 

Hoiw maps may he traced by the help of a true meridian line. 

If all maps had a true meridian line laid out upon them, it would be 
eai^, by producing it, and drawing parallels, to make out field-notes ; 
and by knowing the variation, and allowing it upon every bearing, and 
having the distances, you would have notes suflicient for a trace. But 
a true meridian line is seldom to be met with ; therefore we are obliged to 
have recourse to the foregoing method. It is therefore advised to lay out 
a true meridian line upon eveiy map. 

To find the difference hetween the present variationj and that at a time 
when a tract was formerly surveyed, in order to trace or run out the original 
Unes, 

If the old variation be specified in the map or writings, and the present 
be known, by calculation or otherwise, then the difference is immediately 
seen by inspection ; but as it more frequently happens that neither 
is certainly known, and as the variation of different instrumelits is not 
always alike at the same time, the following practical method wiU be found 
to answer evezy purpose. 



• ..■ 



«w 
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^^U 



Go to anr part of the premises where any two adjacent comers are 
^own ; and if one can be seen ^m the other, take their bearing ; which, 
compared with that of the same line in the former surrey^ shows the dif> 
ference. But if trees, hills, dbc. obstruct the view of the object, run the 
line according to the given bearing, and observe the nearest distance be- 
-,tween the line so. run and the comer, then, 
£^9 ^ /^^ * ' ^* ^^® length of the whole line 
^i.i^^-'^ l e t s Whfrdegrees,* 
^ So is the said distance 

To the difiersnce of variation required. 

EXAMPLE. 

Suppose it be required to run a line which some years ago bore NE. 45*^, 
distance 80 perches, and in running this line by the given bearing, the 
comer is found 20 links to^the left>hand ; what allowance must be mi^e on 
each bearing to trace the old lines, and what is the present bearing of thia 
particular line by the compass 1 



P. 

As 80 
25 


Deg. L. 
: 67.3 : : 20 
20 


2|000 


1146.0(00 34' 
60 




2)68 760.0 



^'■ 



Answer, 34 minutes, or a little better than half a degree to the left* 
hand, is the^allowance required, and the line in question bears N. 44^ 26'B. 
N^e* — ^The difierent variations do not affect the area in the ca 



as th^ are similar in eveiy part of the survey. 



calculation, 



57.3 is the radias of a circle (nearly) in such parts as the drcttiP^Mice contains 960. 



THE END 
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